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FOREWORD 


THE PLAN to publish a memorial to Irving Langmuir, including all of the 
scientific output of his brilliant career in research, was announced to me by 
Captain I. R. Maxwell, managing director of Pergamon Press, late in 1958. 
My associates and I were asked to aid the venture by providing editorial advice 
and counsel, by enlisting the cooperation of scientific friends and acquaintan- 
ces, and by assisting in the collection and identification of material. Our enthu- 
siasm for the project and our willingness to cooperate sprang from two impor- 
tant considerations. 


First, Langmuir’s career provides an outstanding example of how free, 
but discriminating, inquiry in pure science may yield not only vital new know- 
ledge and understanding of nature, but also a great bounty of practical use- 
fulness for society. Secondly, Langmuir’s associates hold him not only in great 
respect, but in very great affection as well. Hence the preparation of these 
volumes has been more than a service; it has been a labor of love. 

The original plan was to publish Langmuir’s works in three or four volumes, 
but for very good reasons, which developed during the course of the project, 
the series has grown to twelve volumes. The quantity of Langmuir’s published 
scientific work proved to be far greater than we had estimated, and some 
previously unpublished wartime research and reports on meteorological studies 
were of such importance that their inclusion in the volumes was mandatory. 
Moreover, some exceptionally interesting philosophical papers and publications 
served to round out the literary portrait of Langmuir as a man and as a scientist. 

My associate editors, Sir Eric Rideal and Professor P. W. Bridgman, have con- 
tributed generously from their great wealth of knowledge and their intimate 
acquaintance with Dr. Langmuir. It is a pleasant duty to acknowledge that the 
many members of the Honorary Editorial Advisory Board have participated 
in this venture with enthusiasm, and that their editorial contributions to the 
separate volumes have added tremendously to the appraisal and interpreta- 
tion of Langmuir’s collected works. I particularly want to acknowledge with 
gratitude the valuable work of Professor Harold E. Way of Union College 
who, in the capacity of Executive Editor, has carried the major task of assuring 
that our responsibilities and commitments were fulfilled. 

I first met Irving Langmuir in the General Electric Research Laboratory 
when I joined the research staff in 1930, but our first meeting might equally 
well have taken place on a ski hill in the Adirondacks, at Lake George where 
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he liked to spend the summer, or on a climb on Mt. Marcy, for he had a prevail- 
ing love of the out-of-doors. Whether in the Laboratory or in the mountains, 
an intense curiosity about natural phenomena constantly pervaded his thoughts. 
In fact, I have never met anyone else who was so well coupled to nature. 

I am sure that, like all observant people, Langmuir perceived the beauty 
of nature as portrayed by the qualities of form, color, mass, movement, and - 
perspective. In addition, however, Langmuir was delighted and entranced 
even more by the challenge to understand the working of nature as portrayed 
in the phenomena of everyday life — clouds, ripples on water, bubbles in ice, 
the temperature fluctuations of air and of water, the plastic quality of snow,, 
the flight of a deer fly, and the thousands of “simple” phenomena which nearly 
everyone takes for granted. These manifestations of nature held endless fas- 
cination for Langmuir, and he constantly challenged himself to explain basic 
phenomena in terms of known laws of science. Of course, the same curiosity 
characterized his work in the Laboratory, and hence, provided the unifying 
motivation for his career, whether at “work” or at “play”. 

Langmuir’s scientific work is so completely and perceptively described 
and appraised in the separate volumes of this work that only a few general 
comments and observations are appropriate, or indeed possible, at this point. 

One striking feature of his research method was its instrumental simplicity. 
Although his career extended into the glamour age of science, characterized 
by large, impressive, and expensive machinery such as the cyclotron, the 
synchrotron, and particle and radiation diffraction equipment, his own ex- 
periments were almost invariably simple and uncluttered. He seemed posi- 
tively attracted to simple experimental techniques, in refreshing contrast to 
what sometimes appears to be a fashionable reliance on impressive and expen- 
sive complexity of research equipment. His work with heat transfer in gases, 
and later with electron emission phenomena from metals, employed laboratory 
glassware of stark simplicity. His studies of surface films, especially films 
on water, employed beautifully simple experimental equipment. The Labor- 
atory work on aerosols and smokes, and later on the nucleation of supercooled 
clouds, was all carried on with apparatus that could be assembled from the 
equipment of a typical home. His classical experiments on the “speed of deer 
fly” came about as close as possible to the string, wax, and paperclip approach 
to science; yet they sufficed to establish the essential facts sought by the inves- 
tigation. Probably few scientists, before or since Langmuir, have gained 
so much important new knowledge of nature with such simple research equip- 
ment. 

Similarly, Langmuir preferred to work with a few collaborators, rather 
than a large group or team of researchers, for this favoured a close contact 
with the work on a participating basis. His ability to apply mathematical anal- 
ysis to physical problems was of a high order, and he divided his time about 
equally between experimental work and theoretical work. The combination 
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of outstanding experimental and analytical ability which he possessed occurs 
but rarely in a single individual; most scientists have somewhat greater interests, 
aptitudes, and hence accomplishment in one area or the other. 

Langmuir almost invariably worked on an intense basis and was generally 
completely preoccupied with his current problems. His concentration was 
exceptional, and he might pass you in the hall without seeing you. If you 
reminded him of it, he would smile and acknowledge that he was highly excited 
about some experiments that were in progress, or about some calculation 
that was presenting some puzzling aspects. 

We spend a good deal of time and thought nowadays on the question of 
motivation for scientists, seeking to understand the source and character 
of their drive. In Langmuir’s case, one needs to inquire no further than his 
curiosity. This pronounced trait provided an intense internal source of moti- 
vation, which constantly drove him to inquire and probe and test hypotheses 
unti] a pattern of understanding was developed. When he was on the trail 
of an exciting mystery, which was usually the case, his intense concentration 
was remarkable to behold. 

Langmuir’s career contributes much to our understanding of creative 
output in research. For example, on the perennial question of creativity and 
age, it has been held by some that the bulk of human creative work is accom- 
plished in early adult life, say in the age bracket between 25 and 35 years. It is 
probable that some purely statistical information might support this view. 
However, I would disagree strongly with the corollary conclusion that creative 
ability is characteristic of this age bracket. In the Laboratory, it is not unusual 
for creative young workers to acquire a greater span of research guidance, 
counselling, and even management responsibility as their career matures, and 
hence their creative contribution will, to a corresponding degree, appear 
in the work of others. I believe that in such cases scientists are generally not 
less, but more creative with advancing age, frequently up to and even through 
retirement. It is clear that purely statistical information would not readily 
reveal this fact. 

It is interesting to examine Langmuir’s career as an example of a scientist 
who remained in active research up to and through retirement, to see what 
role age played in his output. In Volume XII we have depicted Langmuir’s 
achievements as a function of his age, using his scientific publications as evi- 
dence of his gross scientific output, and his principal accomplishments as evi- 
dence of his creative output. The resultant charts show remarkably constant 
productivity throughout his scientific career, and even through retirement. 
Throughout this period Langmuir published an average of five to six scientific 
papers per year. His principal accomplishments, both scientific and practical, 
took place almost uniformly over the period of his researches. Certainly no 
“creative age” can be identified in his career. The example of Langmuir’s 
scientific history does not prove the general thesis, but from the observation 
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of many research careers, I am persuaded that human creativity in science 
is not a significant function of age. 

Creative output, however, is a function of many other factors that comprise 
the research environment. One important factor is the changing field of re- 
search. Some of the most creative scientists in the history of the General Electric 
Research Laboratory have worked intensively in one field for a period of some 
years, and have then changed quite abruptly to a new field as a source of fresh 
stimulation and new challenge. It is evident that in a period of 5 years, or so, 
one can bring a fresh point of view to a new field, make a major contribution, 
and perhaps exhaust one’s ideas on the subject. At that point of fruition, there 
is a great temptation to sit back and bask in a reputation for eminence which 
has been established in a specialized field of science. The more courageous 
scientist, however, will be challenged, or will, like Langmuir, challenge himself 
to enter a new field. This requires courage, because in the new field he will 
be a neophyte but, at the same time, a scientific entrepreneur with a reputation 
at risk, and this risk may not pay off. ; 

Langmuir’s career exemplifies the courageous entrepreneur in science. 
It would be difficult to find a common demoninator, except curiosity, in many 
of the fields of science in which he made basic contributions. He never hesi- 
tated to attack new fields, such as protein monolayers, the generation of smoke, 
or meteorology, which were completely new and, hence, challenging territory 
to him. In each of these diverse fields, and in a great many others, he has made 
major basic contributions. 

Some discussion of the very important applied aspects of Langmuir’s scien- 
tific work is appropriate. It is a fact that, although his prevailing motivation 
in research was curiosity about all natural phenomena, he was always perceptive 
of the practical usefulness of research results, and he himself suggested pos- 
sible practical applications of many of the new phenomena which he discovered. 
He was generally able to communicate his enthusiasm to applied scientists 
and engineers interested in the proposed application and to give them guidance 
in its exploration. 

It is interesting to speculate on the way that Langmuir’s career might 
have developed had he chosen an academic, rather than an industrial environ- 
ment for his work in science. My personal belief is that his research would, 
in any environment, have resulted in a high order of scientific accomplishment. 
Although he evidenced little interest in teaching, he was in fact an outstanding 
teacher, and in a university he would have exerted a great influence on students 
who might have been fortunate enough to be in contact with him. But I doubt 
if an academic career for Langmuir would have, or could have, developed 
the great bounty of useful results for society which did come from his exposure 
to a creative industrial scientific environment. The human and economic 
impact of gas-filled lamps, high-vacuum electron tubes, atomic-hydrogen 
welding, space charge emission phenomena, techniques and discoveries in 
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surface chemistry, thyratron arcs (with A. W. Hull), and cloud seeding tech- 
niques has been very great indeed, and in most of these developments the 
influence of his research environment has been unmistakable. 

Wherever Langmuir worked, or might have worked, the world is vastly 
better because of him, and both his former associates and colleagues, and the 
public at large, bear a tremendous debt of gratitude for his genius in science 
and for his perception of human need. 


June 15, 1960 
C. Guy Suits 


Vice-President and Director of Research 
General Electric Company 
Schenectady, New York 
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PREFACE TO VOLUME 5 


Tuis volume represents a continuation of the research work of Irving Langmuir 
in the field of gas discharges. Practically all of these papers were written during 
the 1920’s and early 1930’s. It is interesting to note that Langmuir originated 
the word plasma to denote the luminous discharge regions, a term that is in 
common use today. 

Following Penning’s discovery of oscillations in ionized gases, he, with 
Lewi Tonks as co-author, wrote one of the more comprehensive and most 
important papers in the field entitled ‘‘General Theory of the Plasma of an 
Arc”, : 

Irving Langmuir, by his many papers, contributed greatly to the field of 
plasma physics which is assuming a position of major importance in the field 
of science today. . 

Dr. J. D. Cobine, research physicist at the General Electric Research Labo- 
ratory, and an outstanding man in the field of plasma and oscillations, was 
asked to write the contributed paper for this volume. 


Haroip E. Way 
Executive Editor 
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INTRODUCTION TO VOLUME 5 
A CONTRIBUTION IN MEMORIAM 


BY Dr. J. D. CoBINe 


Plasma and Oscillations 


THE introduction to the previous volume has pointed out that gas discharges 
represented a relatively old field at the time Dr. Langmuir began devoting 
considerable study to the subject, i.e., about 1922. Since the beginning of the 
study of electricity scientists have been attracted to the discharges because 
‘*\,.the luminous discharges are spectacular and fascinating; they have an 
intrinsic appeal, which the simpler but tamer phenomena want; they challenge 
attention for their beauty and variety and mystery, as well as their adaptability 
and their danger”. Lightning, which is an impulse arc on a grand scale, had 
challenged man’s attention for ages; the carbon arc and the low-pressure mer- 
cury arc had long been used for illumination; alternating-current power was 
being converted to direct current by means of mercury-arc rectifiers; and 
power arcs occurred whenever electric circuits were interrupted or insulation 
failed. A considerable amount of scientific literature had been devoted to the 
general characteristics of the various discharges and much research had been 
devoted to studies of the various simple processes occurring in discharges, 
such as: ionization, the mobility and diffusion of gaseous ions, and spark 
discharges. The principal gas discharge treatises in English were those of 
J.J. Thomson? and J. S. Townsend’. The stimulation provided by the techniques 
and analysis originated by Langmuir in the papers presented in Volume 4 
of this collection greatly increased the studies being made of the luminous 
portions of gaseous discharges. These luminous discharge regions Langmuir 
named plasma, a name in general use today to characterize the phenomenon. 
His probe technique, generally called a ‘“‘Langmuir Probe”, established the 
fact that the plasma was pervaded by an electron gas in which the electrons 
had a maxwellian velocity distribution and a characteristic temperature. 
Langmuir’s papers presented in Volumes 4 and 5 were published during 
the years 1923-1932. By the time Langmuir’s most significant gas discharge 
research was completed the literature of this field was reviewed in four new 
and significant treatises, two in English’ and two in German®-*, The field 
has grown until at present the author’s personal file lists over 12,000 references. 
Over a thousand of these references are to papers on the subjects of plasma, 
plasma oscillations and closely related phenomena. An indication of the accel- 
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erated growth of research in plasma and discharges is given by the fact that 
more than one-half these papers have been published since 1955. The stimuli 
for much of the recent studies in plasma physics are to be found in the intriguing 
possibilities of controlled nuclear fusion; shock ionization, and ionosphere 
studies for rocket needs; the direct conversion of thermal energy of hot ionized 
gascs to electrical form by the magnetohydrodynamic (MHD) generator; and 
the possibilities of using plasma for space travel propulsion and guidance. 

In reviewing Dr. Langmuir’s laboratory notebooks for the period of his 
greatest activity in the field of gas discharges the author was impressed by the 
wide range of subjects, often quite far from the main course of his work, that 
he saw fit to discuss in his notes. Some of these have been mentioned in the 
introduction to Volume 4, a few others follow. In August 1928 he became 
interested in a light source for color television. He noted that it was his belief 
that 90% of the television would be based on movies taken shortly before their 
transmission. Since most present day TV movies seem to have considerable 
age, it would appear that we have not quite caught up with Langmuir’s imagi- 
nation! At this point on the subject of light sources he remarks on the high 
brilliance of an arc in a vortex of whirling water that he saw at the Siemens- 
Halske Company during his visit to Germany the previous fall. Only in the 
last few years has this arc received much scientific attention and has it been 
exploited as a source of high intensity plasma for MHD studies, testing missile 
nose cones to simulate atmospheric re-entrant conditions, welding, etc. His 
early interest in aviation is indicated in a proposal to Dr. Dushman for a model 
airport covered by model clouds, and an investigation of the brightness of 
sunlight, moonlight, and starlight as well as a theory of the scattering of light 
by clouds. He noted that Lindbergh, during his visit to the Laboratory, had 
said that when in the clouds he could see the arc flashes from trolleys even 
when he could not see large flares of burning gasoline. On July 12, 1930 he 
noted that Dr. Whitney had left for Europe and that Dr. Coolidge, as acting 
director, wished a meeting with him to discuss the work. There followed a 
careful, methodical, outline of all the subjects that he thought should be dis- 
cussed, research of importance, etc. In a number of places he suggested the 
possibility of using gas discharges as amplifiers and generators of oscillation. 
However, such uses have been relatively few to date except for relaxation oscilla- 
tors, low frequency inverters and the ‘‘plasmatron’’. Some attention has been 
given to the plasma amplifier which is unfortunately troubled with noise. In 
fact, probably the largest application of the intrinsic variational phenomena, 
discussed in a number of the papers of this volume, is as a source of electrical 
noise. Gas-discharge tube noise sources developed by the author and his asso- 
ciates were used extensively in radar jamming transmitters as part of the 
countermeasure program during World War II. 

Plasma-boundary phenomena are discussed in the first and third papers. 
The former discusses the difference in gas pressure that may develop in the 
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zone near the cathode and that near the cathode, and the development of pres- 
sure at walls, probe techniques, etc.; the latter paper develops the field about 
a hole in a plate, such as a grid, and considers the flow of plasma through it. 

The second paper discusses the use of a probe to separate the primary elec- 
tron beam, that leaves the cathode zone, from the scattered electrons. Most 
of the scattered electrons have lost much of the initial energy and he gave them 
the name ‘‘ultimate”, which is still applied. The mechanism whereby the com- 
plete randomizing of the velocities to give velocity components exceeding the 
value of the initial beam is discussed. Oscillations are suggested as a source 
of this ‘‘Langmuir Paradox’’?*. The study of these phenomena is continued 
in the fourth paper in considerably more detail. The reader should note that 
a correction to the third paper of Vol. 4 is presented in the fourth paper. 

Oscillations in ionized gases, first discovered by Penning®, were extensively 
studied by Tonks and Langmuir and are the subject of papers bearing that 
title. In these papers a theory is developed showing the high frequency ones 
to be compression, or sound, type waves in the electron gas. Their limiting 
frequency is calculated to be » = (ne*/xm,)!!* = 8980 n'/2, where n is the elec- 
tron density, e is the electron.charge and m, is the mass of the electron. This 
limiting frequency is today known as the plasma frequency or the plasma resonance 
frequency. Low frequency oscillations are ascribed to plasma-ion oscillations 
and an equation developed for them. Both groups of oscillations are present 

* in plasma and much more complicated relations have been developed in recent 
years to explain them. The Tonks and Langmuir equations, however, predict 
oscillations in the range of frequencies observed. In the seventh paper Tonks 
and Langmuir note the presence of non-coherent, random disturbances which 
they call noise. It is this electrical noise that was referred to earlier in this 
introduction as having practical and rather extensive application. 

The paper, ‘‘General Theory of the Plasma of an Arc”, of which Tonks 
is the senior author is one of the most important papers in the field. Darrow! 
refers to it as “‘...important, but formidable paper of Tonks and Langmuir, 
bristling with one hundred and eleven symbols dispersed through ninety equa- 
tions spread over forty-six pages of the Physical Review ...” The author, after 
struggling through it in order to abridge it for inclusion in his own textbook, 
felt the designation fully justified. 

Various collision and interaction processes are considered in the eighth, tenth 
and eleventh papers. In the eighth paper the important point is made that even 
with an unlimited supply of positive ions the ion current cannot exceed the 
ratio (m,/m,)"*. Further it is shown that the cathode fall of potential cannot 
be destroyed. The last two papers in this Volume present interesting phenomena 
observed in a neon discharge. In these it is shown that slightly off resonance 
radiation from the plasma in neon has a quite long mean free path and can pro- 
duce metastable atoms of neon as much as 20 to 30 cm from the discharge 
plasma. 
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As the author indicated in the introduction to Volume 4, it is futile to 
attempt a review of the science of plasma physics in the brief space available 
here. The field is the principal concern of two divisions of the American Physi- 
cal Society, namely the Division of Plasma Physics, and the Gaseous Electron- 
ics Conference of the Division of Electron Physics. Every two years an inter- 
national conference meets in Europe for the presentation of a large number 
of papers. The new edition of the famous Handbuch der Physik! contains 
two ponderous volumes, mostly in English, on the subject of Gaseous Dis- 
charges and numerous authoritative textbooks are available. In all of these, 
references will be found to Langmuir’s pioneering research which is assembled 
in these volumes. 


J. D. Cosine 
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THE PRESSURE EFFECT AND OTHER PHENOMENA 
IN GASEOUS DISCHARGES* 


Journal of the Franklin Institute 
Vol. CXCVI, No. 751 (1923). 


WHEN an electric discharge of rather high current density is passed through 
a monatomic gas at low pressure, the gas tends to move towards the anode and 
causes the pressure at the anode to exceed that at the cathode. This pressure 
effect has been observed and studied by L. Hamburger,! F. Skaupy*® and 
A. Riittenauer.2 Hamburger and Skaupy have attempted to explain the motion 
of the gas to the anode by assuming the presence of negative ions having a mo- 
bility higher than that of the positive ions. Skaupy,‘ in a later paper, considers 
that the effect may be due to the fact that electrons make elastic collisions 
with atoms while positive ions make inelastic collisions. Thus he assumes that 
the electrons deliver twice their momentum to gas molecules (because they 
rebound), while the positive ions cannot deliver more momentum than cor- 
responds to their velocity. A little analysis, shows, however, that there is a fal- 
lacy in this argument since the rebounding electrons would subsequently col- 
lide with other atoms and thus deliver momentum in the opposite direction. 
In fact, it is readily seen that the effect is thus neutralized. Since positively 
and negatively charged particles must be present in equal numbers in any uni- 
formly ionized gas, the momenta delivered by the electric force to the positive 
and to the negative particles in each unit of time must be equal and opposite. 
Thus, as long as the particles remain in the gas, there is no resultant force acting 
on the gas. 

Hamburger’s and Skaupy’s experiments have been cited by Franck and 
Grotrian® as evidence for the existence of negative ions in discharges in such 
gases as argon, which have been thought to have no appreciable electron af- 
finity. 

Let n,, n, and n, be respectively the number of electrons, positive ions and 
negative ions per unit volume and let v,, v, and v, be the corresponding 
average velocities parallel to the axis of the discharge tube. Then, since there 
can be no appreciable space charge in any uniform positive column, 


n, + n= Ny ’ (1) 
* Communicated by the Author. 


(1) 
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assuming that both the positive and negative ions are univalent. If ¢ is the cur- 
rent carried by the discharge then (taking all velocities positive) 


tle = nv, +n,0,+2,0,. (2) 


The number of molecules of gas which drift towards the anode through any 
given cross-section is 1,0,—n,v,. Thus if n,v, is greater than n,v,, the gas 
will be carried electrically towards the anode. As the pressure at the anode 
increases, gas flows back through the tube to the cathode, but the viscosity 
of the gas makes it necessary for the pressure at the anode to rise to a certain 
limiting value before a steady state is reached. Experiments have usually shown* 
that the mobility of negative ions is somewhat larger than that of positive 
ions, but the difference is not large, the ratio of the mobilities ranging from 
1.0 to 1.6. Thus to cause an increase in pressure at the anode, n, would have 
to be at least 60 per cent of #,. It is well known that electrons attach them- 
selves to molecules in electronegative gases such as oxygen at high pressures, 
but the data of Townsend,’ Loeb® and others seem to indicate that there is 
no such tendency in the inert gases. However, in these experiments negative 
ions would have been detected only if the current carried by the negative ions 
had been appreciable in comparison with that carried by electrons. The mo- 
bility of the electrons in argon may be assumed to be of the order of magni- 
tude of 183440, or 271 times that of the ions. Thus we may assume as 
an example within the range of possibility: v, = 271v,; v, = 1.6v,; n, = 0.72, 
and thus find by Equation (1) that n, = 0.43n, and by Equation (2) that the 
current carried by negative ions (n,ev,) is only 0.014 of that carried by electrons 
(n,ev,), even under these conditions which would cause gas to accumulate at 
the anode. Although it appears probable from the work of Townsend and others 
that the current carried by negative ions in argon is much less than 1 per cent 
and therefore cannot explain the pressure effect in this gas, yet it cannot be 
said that the experiments have proved this point. 

In connection with a study of the positive column of the mercury arc, the 
writer has, however, developed a theory capable of explaining the increase of 
pressure at the anode without the necessity of assuming negative ions. By 
measuring the volt-ampere characteristics of small electrodes in the path of the 
discharge, at low pressures, such as ten bars, it has been found that the elec- 
trons in a given volume move nearly in random directions with an average 
kinetic energy which is independent of the current density in the arc (in the 
range from 0.1 to 1.0 ampere per square centimetre) but which depends on 
the mercury vapor pressure as shown in Table I. 

The third column gives the potential difference through which electrons 
must fall to acquire a kinetic energy equal to the average kinetic energy of those 
in the arc. The distribution of velocities about the mean has been found to 
correspond to that given by Maxwell’s law. The kinetic energies of the elec- 
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Tasie I 


Kinetic Energy of Electrons in the Mercury Arc 








Temp. of Pressure of vapor Average kinetic energy Equivalent 

mercury (bars) (volts) temp. 
15°C | 1.0 | 3.9 30,000°K 
32°C 4.4 | 2.9 22,400°K. 
60°C 33.0 | 1.7 13,900°K. 





trons are thus the same as those of molecules in gases at the temperatures given 
in the fourth column. 


A negatively charged electrode in the ionized gas of the arc repels electrons 
from its neighborhood, so that there is a positive ion sheath around the 
electrode.* By calculation from the space charge equations, it is found that 
the thickness of this sheath is usually not more than about 0.1 mm. The sheath 
acts as an electrostatic screen so that the field due to the negative charge on 
the electrode does not extend beyond the edge of the sheath. All positive ions 
that reach the sheath are attracted to the electrode. If the electrode is large 
compared to the sheath thickness, the positive ion current that flows to the 
electrode is thus practically independent of the applied voltage, and is a true 
measure of the positive ion current density I, in the arc. 

When the electrode is positively charged and the gas pressure is not too 
high, an electron sheath is formed in a similar manner and the electron cur- 
rent over a certain range is nearly independent of the applied voltage and is 
a measure of the electron current density I, in the surrounding space. 

The ratio I,:J, is nearly the same at different current densities or mercury 
vapor pressures and averages about 340:1. The value of J, may be too low 
because of the reflection of some electrons, whereas ions are apparently not 
reflected to an appreciable degree. ~ 

If the kinetic energy of the electron is the same as that of the ions, the 
ratio should be equal to 200 x 1834 = 605. The experiments prove conclu- 
sively, however, that the current carried by electrons in the mercury arc is at 
least 340 times that carried by positive ions. 

The glass wall of the tube (or any isolated electrode) must acquire such 
a potential that it receives the same number of negative and of positive charges. 
Thus it must be sufficiently negatively charged to repel at least all but one 
electron out of every 340 that move towards it. To do this the walls need to 
have a negative potential with respect to the surrounding space, which, ac- 
cording to the Maxwell law, is roughly four times the potential corresponding 
to the average energy of the electrons; according to Table I the walls will thus 
be from 7 to 16 volts negative, depending on the mercury vapor pressure. It 
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is clear that very serious errors are made by attempting to measure poten- 
tials in ionized gases by using sounding electrodes.®* 

There are, however, two simple methods by which the true space potentials 
can be measured. In the first method a tungsten filament is used as sounding 
electrode, so arranged that it can be heated when desired. The filament is 
first heated to a temperature just below that at which there is appreciable 
electron emission, but a key is arranged to short-circuit a part of the resistance 
in series with the filament and thus momentarily raise its temperature to 
a point where it is capable of emitting an easily measurable current. The po- 
tential of this hot sounding electrode is then varied and at each potential it 
is noted whether or not the current to it changes when the temperature is 
altered by pressing the key. It is evident that the electrons emitted from the 
filament can escape only when there is an accelerating field around it. The 
filament is at the same potential as the space when the electrons are just able 
to escape. Small corrections need to be made for the voltage drop along the 
filament and for the initial velocities of the electrons emitted. 

The second method consists in measuring the volt-ampere characteristics 
of a cold sounding electrode, preferably of such large size that its dimensions 
are fairly large in comparison with the thickness of the electron sheath that 
forms about it when it is positively charged. As the potential of the electrode 
is raised, starting from negative values, if first takes up positive ions, then 
also takes up high velocity electrons. At some definite potential it takes up 
all the electrons moving toward it (except those reflected); a further increase 
in potential causes no increase in electron current except as a result of an 
increase in the sheath thickness, By plotting the current on semi-logarithmic 
paper against the potential, it is thus found that there is a definite kink in 
the curve at the point when the electrode potential is the same as that of the 
surrounding space. This method is found to give results in good accord with 
those obtained by the hot sounding electrodes and both methods prove that 
the wall of the tube, or any electrode to which no current flows, is negatively 
charged with respect to the surrounding space by an amount usually ranging 
from 5 to 15 volts, 

All but a minute fraction of the electrons moving toward the wall are thus 
elastically reflected in the positive ion sheath near the glass surface and are 
unable to deliver energy to the wall. Direct experimental measurements of the 
number of electrons striking the wall and comparison with the power con- 
sumed by the arc prove that 99.7 per cent of the electrons moving towards 
the wall are reflected, and that these electrons lose less than 0.5 per cent of 


* Because of this error arising from the use of sounding electrodes, measurements of the 
anode drop have been altogether too high. In the mercury arc the anode drop is usually about 
2 to 3 volts, whereas measurements with ordinary sounding electrodes show 10 to 18 volts, 
In some cases the anode drop is actually a few volts negative. The conditions at the anode and 
cathode will be discussed in subsequent articles. 
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their energy by such reflection. At first sight it would seem that the reflection 
should be specular, that is, that there should be no change in average momentum 
parallel to the axis of the tube. Experiments which will be described in a sub- 
sequent paper seem to prove, however, that the reflection is about 30 per 
cent diffuse, the collisions of an electron with the wall having the effect of 
reducing the average longitudinal velocity component by about one-third. 
This effect is made manifest particularly by the action of transverse and lon- 
gitudinal magnetic fields, which change the number of collisions of electrons 
with the walls, without altering the number of collisions with gas atoms. It is 
perhaps possible that the diffuseness of the reflection is due to the fluctuations 
of the positive ion space density in the sheath resulting from statistical causes. 
Both theory and experiment, however, indicate that the positive ions are 
absorbed by the wall and deliver to it all their energy and momentum. 


Heating of the Wall by Positive Ions 


Let us assume that the positive ions have an average kinetic energy corre- 
sponding to a voltage V,. Let I, be the current density of positive ions striking 
the wall (amperes per cm*). There will be an equal number of electrons striking 
the wall to neutralize the charges of the ions. The energy corresponding to 
the ionizing potential (10.4 volts) will be liberated presumably in the form 
of heat when the positive ion and the electron combine. Let V, be the poten- 
tial drop through the sheath, near the glass surface. The energy carried to 
the wall by the positive ion in the form of kinetic energy thus corresponds 
to V,+(4/3)V>. The factor 4/3 comes from the fact that the kinetic energy 
of particles passing a given plane (2kT) is 4/3 times as great as that of the 
particles in a given volume (3/2) kT. The energy of the electrons striking the 
walls is (4/3) V.. The total energy corresponds to 10.4+V,+(8/3) V, volts. 

In an experiment with a four-ampere arc flowing through a tube 3.2 cm 
in diameter with mercury vapor at a pressure of 1.0 bar, the positive ion cur- 
rent density J, was found to be 0.0011 ampere per cm*. Taking V, = 3.9 
volts, from Table I, and V, = 16 volts, we should get a heating effect corre- 
sponding to 37 volts. Thus 37x0.0011, or 0.042 watt, should be liberated 
as heat on each square centimetre of tube surface as a result of the positive 
ion bombardment. As the voltage drop in the arc was 0.24 volt per centimetre, 
the total energy per second generated in the arc per square centimetre of wall 
was 0.095 watt. Thus 44 per cent of the power consumed in the arc path was 
liberated on the walls as a result of the positive ions striking the walls. 

At higher mercury vapor pressure the percentage of heat thus carried to 
the wall decreased and it also decreased as the arc current decreased. Thus 
in a six-ampere arc with a pressure of 15 bars, 23 per cent of the energy con- 
sumption was caused by positive ions, but at the same pressure with an arc 
current of one ampere, the percentage was only 15. 
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Pressure Effect due to Positive Ion Impacts on Walls 


The positive ions that strike the wall of the tube have an average velocity 
component 9, in the direction towards the cathode. Let m, be the mass and e 
the charge of a positive ion. The force p, exterted by the ion impacts on each 
unit area of the inner surface of the tube in a direction towards the cathode 
is thus 
em,v,1, 
= : (3) 


Pp: = 


since the number of ions striking unit area per unit time is J,/e. The factor 
e is a number less than unity which represents the degree to which the reflec- 
tion of the electrons by the wall may be regarded as being specular. This factor 
seems to be approximately of the order of 0.3. 

The reaction from this force p, must be exerted in the gas and must tend 
to cause an increase in pressure at the anode. It is easy to understand the me- 
chanism of this reactive force. We have seen that the forces due to impacts 
of ions and electrons against atoms must balance one another in any mass of 
ionized gas containing equal numbers of positive and negative charges, as 
long as all the accelerated particles remain within the gas. But when positive 
ions leave the gas the impact of the electrons against the atoms, producing 
a force acting towards the cathode, is no longer balanced by the impacts of 
the positive ions against the atoms. 

If the gas pressure is so low that the normal mean free path A, is large com- 
pared to the radius r of the tube, the gas moves towards the anode until the 
increase in pressure there balances the force due to p,, but at higher gas pres- 
sure the force p, causes the gas near the wall to move towards the anode while 
the gas near the axis of the tube will move in the opposite direction, the increase 
in pressure at the anode being thereby decreased. 

At higher pressures the reactive force due to the positive ion impacts on 
the wall may thus be assumed to be exerted on the gas at a distance r—A from 
the axis of the tube; the gas at this point will have the greatest velocity towards 
the anode. Let wv be this velocity. Then between r and r—A the volume of 
gas flowing per unit time will be Jux[r?—(r—A)*]. If no gas should flow back 
along the axis of the tube (because of the increased pressure near the anode), 
the volume of gas flowing per unit time between 0 and r—A would be va(r—A).* 
But by Poiseuille’s law, the volume of gas per unit time that flows back because 
7m ot ie A) dp 

axe Ls 
In a steady condition ae a discharge tube closed at the end, the total amount 
of gas flowing through the tube must be zero, so that we have 


~f(-2)¢ ° 


if we neglect 34? in comparison with 1°. 


the pressure gradient is -— where 7 is the coefficient of viscosity. 
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Besides the force p, (per unit area) acting on the wall of the tube due to 
the impact of positive ions, there is also a force p, due to the impact of neutral 
atoms because the gas at r—A is moving towards the anode with the velocity v. 
The number of atoms per unit area per unit time striking the wall of the tube. 
is p(2xMRT)" and of this the fraction (r—A)/r may be assumed to have come 
from the region where the velocity is v. Thus we find 


pam po(t—T) y/o (6) 


Here M is the atomic weight of the gas and R is the gas constant per gram 
molecule 8.37 107 ergs per degree. 

The actual force per unit area acting on the wall of the tube is thus p,—p, 
and this multiplied by the circumference of the inside of the tube must be 
equal to the pressure gradient multiplied by the cross-section, so that 


ip 
r ax 2(P:—Pa) (6) 


Eliminating v and p, from Equations (4), (5) and (6) and solving for dp/dx, 
we find 


dp 2p,/r 
t-— 0 
ae, (oa ay V ear InRT 


This equation is derived for the case that the pressure is so high that A, 
is smaller than jr. At lower pressure where 4, >r, the equation reduces to 


ap _ 2», 
‘ax (8) 


To calculate p, we need to know the velocity component v, of the ions 
in the direction of the field. 

The time taken by an ion to travel a free path 4 with the velocity Q is A/Q. 
If y is the acceleration due to the field, then the velocity component in the 
direction of the field, acquired during the average path, is given by 


dx _ ya 
at 2 0) 








This equation has been derived by G. Hertz! for the velocity of drift of 
electrons in a field. Because of the persistence of velocities of the ions after 
collisions" this should be multiplied by 1.26. Since the acceleration is 
(e/m,) (dV /dx), we have 

eA dV 


t= 1.26 5 ae (10) 
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The average velocity Q of the ions in a given volume may be calculated 


from V4, the potential corresponding to the average kinetic energy of the iong 
in a given volume by the relation 


16V,e 
a= 7/ ee (un) 


Combining Equations (10) and (11) 
e av 
0, = 0.9619) ae (12) 


me a (13) 





and by Equation (3) 








If we express p in dyne cm-*, x and A in cm, J, in amps cm-*, V in volts, 
and insert the values e = 1.591 10-*° e.m. units and m, = M~6.06x 10%, 


the equation becomes 


‘M dV 
Pz = 9.80 ed, 5 Pe (14) 


In this equation, as well as those immediately preceding, A is not the nor- 
mal free path which would occur in a large volume, but is the average actual 
free path which at low pressures is limited by the wall of the tube. Where 4, 
is larger than 7, the value of A should then be put equal to 2r, the dia- 
meter of the tube. 

The pressure effect may now be calculated by combining Equations (14) 
and (8) go: 

dp _ A M adv 

de 18.6e], 7(i-+Fe) V, dx (15) 
where for convenience the second term in the denominator of the second 
number of Equation (7) has been represented by g. Putting in the numerical 
value of R, we thus have 


= _s7P A\S.. /M 
e = 1.09x 10 (1A) V7 . (16) 


Riittenauer measured the pressure effect in helium and argon at pressures 
ranging from 700 to 1200 bars, current densities from 0.6 to 1.6 amperes per 
cm? with an arc in a tube 0.75 centimetre in diameter. Within the relatively 
narrow ranges covered by these experiments, he was able to express his results 
for the pressure gradient by the empirical equation 

dp __,IVM dv 

> i Cc eae (17) 
where C is a constant, and J is the current density in the arc. Expressing p 
in bars, J in amps cm~, V in volts, x in cm, the value of the constant best 
fitting the results is C = 77. 
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Comparing Equations (15) and (17) we see that they are in many respects 
similar. If the two equations are to give the same value for dp/dx, we must 
have 


IVV, slp 
= 0.241 —=—_ 18 
I, r(1+e) ( ) 





The temperature of the gas in the tube may be assumed to be roughly 
1000°K. The viscosities of helium and argon at this temperature are given 
in Table II. The free path at the average pressure (900 bars) is calculated from 
the viscosity in the usual way. The quantity @ is found from Equation (16). 
The values of 














Tape II 
Analysis of Riittenauer’s Data on the Pressure Effect 
Gas | 0 | ap Alr e IVVe | V pic 
ely m 
He 4.25x 10-* 115 0.34 0.10 67 86 
A 5.6 x 10-* 48 0.14 0.71 18 273 

















I/V,|(el,) which have been calculated by Equation (18) are reasonable. The 
experiments with the mercury vapor arc give the ratio I,:J, = 340:1, but the 
true value may lie close to 605:1, which is the square root of the ratio of the 
mass of the mercury ion to that of the electron. Because of elastic collisions 
between the electrons and the mercury atoms and the walls of the tube, the 
electron current density J is sometimes as much as twenty times as great as 
the apparent current density J in the arc. Therefore, in general, we may assume 
that I/I, may be several times less than Ym,/m. The data of Table II show 
that the ratio of y/m,/m to I/eI, is equal to about 1.3 for helium and 1.5 for 
argon. 

Riittenauer finds that when the pressure is lowered dp/dx reaches a maxi- 
mum and slowly decreases. An arc in argon with a current of 0.16 ampere 
in a tube 0.75 centimetre diameter gave a maximum pressure gradient of 1.86 
bars per centimetre at p = 600 bars; 1.63 at 333; 1.30 at 133, and 0.97 at 75 
bars. As the potential gradients were not recorded these data cannot be used 
directly to test the equations. It is clear, however, from Equation (15) that as 
the pressure decreases the gradient should increase about inversely proportional 
to the pressure until 4 becomes about equal to the diameter of the tube. 
At lower pressures 4 must be considered to remain approximately constant. 
The decrease in the gradient at still lower pressure is probably accounted for 
the increase in V, as was found for the case of mercury (Table I). 
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Summary 


In the positive column of the mercury arc the electrons have velocities 
distributed in accord with Maxwell’s law, and the directions of motion are 
distributed nearly at random. The average velocity of the electrons is approxi- 
mately independent of the arc current but depends on the pressure. The average 
kinetic energy of the electrons, expressed in terms of the corresponding voltage, 
is 3.9 volts at 1 bar pressure, 2.9 at 4.4 bars and 1.7 at 33 bars. 

Isolated electrodes, or glass surfaces, in the uniformly ionized gas of the 
arc, become charged 5 to 15 volts negatively with respect to the gas. The wall 
of the tube thus absorbs all positive ions moving towards it, but repels all 
but a minute fraction of the electrons, so that these act largely as if specularly 
reflected from the wall without loss of energy or momentum. 

The impact of the positive ions on the wall causes a heating effect on the 
wall which ranges from 15 to 50 per cent of the total energy in the positive 
column. 

The momentum delivered to the wall by the ions is the probable cause of 
the pressure effect observed by Hamburger and Skaupy by which the pressure 
of the gas near the anode is greater than at the cathode. Equations are derived 
by which this pressure effect may be calculated. The results are in rough agree- 
ment with the meager experimental data available. 

Two methods are described for measuring the space potential in ionized 
gases. The first consists in the use of a hot sounding electrode whose potential 

* is adjusted unti] the electrons emitted by it are just able to escape. The second 
is based upon a kink observed in a semi-logarithmic plot of the current voltage 
curve of a cold sounding electrode, which occurs when the electrode reaches 
the same potential as the surrounding space. 
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SCATTERING OF ELECTRONS IN IONIZED GASES 


Physical Review 
Vol. XXVI, No. 5, November (1925). 


ABSTRACT 


Velocity distribution of electrons in low pressure discharges from hot cathodes.—Analysis of 
the current received by a collector placed opposite a hot cathode indicates that there are three 
groups of electrons present: (1) primary electrons which retain practically all the momentum 
they acquired in passing through the positive ion sheath around the cathode; (2) secondary 
electrons moving in random directions with a Maxwellian velocity distribution corresponding 
to a temperature roughly proportional to the energy of the primaries (200,000° for 100 volt 
primaries) and approximately independent of the nature or pressure of the gas or the current 
density; (3) ultimate electrons having a Maxwellian distribution of velocities corresponding to 
a much lower temperature than that of the secondaries, a temperature which is independent 
of the current density or the voltage of the primary electrons and which varies with the gas 
used and decreases slowly as the pressure is raised. The number of ultimate electrons is roughly 
1000 times that of the primaries and secondaries for mercury vapor, although relatively less nu- 
Merous in the case of hydrogen. In the uniform positive column of arcs only ultimate electrons 
are present. 

The velocity distribution of the primary electrons may be resolved into a drift velocity 
normal to the cathode surface and a random motion with a Maxwellian distribution correspond- 
ing to a temperature which varies approximately with the square of the current and is a maxi- 
mum at a mercury vapor pressure of about 0.6 bar, falling to a low value at 8 bars, and is con- 
siderably higher with 35 volts accelerating potential than with 80 volts. Under favorable con 
ditions with 40 milli-amp. this temperature may rise to 80,000° and there are then appreciable 
numbers of these primaries which can reach a collector charged to a potential as much as 40 
volts below that of the cathode. Experiments with two crossed electron beams prove that the 
secondary and ultimate electrons, directly or indirectly, are responsible for very little if any of 
he scattering. 

A study of the ultimate electrons in the positive column of a low voltage mercury arc shows 
that the Maxwellian velocity distribution corresponding to a high temperature (30,000°) is 
maintained in a small tube in spite of the fact that the negatively charged walls of the tube 
constantly tend to disturb this distribution by selective removal of the faster electrons. The 
number of collisions of the electrons with each other and with atoms were far too few to 
maintain the observed distribution. Measurements of the mobilities of electrons in arcs and 
of the electron concentration differences produced by a transverse magnetic field gave values 
for the mean free path only 1/10 as great as the values determined by a direct method, These 
results all indicate that the electrons in low pressure arcs suffer many changes of momentum 
during the time intervals between successive collisions between atoms, ions or electrons. 

Mechanism of electron scattering — After analyzing the effects to be expected when a beam 
of primary electrons encounters a cloud of stationary electrons or a cloud of particles of small 
mass but of high temperature, it appears that the experimental results for the ratio of the scat- 
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tering to the average retardation of the beam was best accounted for by collisions with a cloud 
of radiation quanta, a kind of Compton effect. The observed scattering is, however, about 10'* 
times greater than a normal Compton effect would give. It is suggested that the joint action of 
excited atoms and radiation may multiply the Compton effect sufficiently, or it may be that 
the presence of a free electron within a distance of a wave-length from an excited atom may 
greatly increase the probability of a quantum jump and that momentum is delivered to the electron 
in the process. In arcs the ultimate electrons may be in a kind of thermal equilibrium with 
radiation and excited atoms.’ 

Scattered electrons in high vacuum.—In connection with a study of the Barkhausen-Kurz 
effect and in a magnetron with negatively charged end plates, evidence of the presence of electrons 
with abnormally high speeds has also been obtained. These have been explained as due to 
electric oscillations, but the ‘effects have also been obtained when oscillations are not present. 
This seems to indicate that electron scattering similar to that observed in low pressure gases can 
also occur in high vacuum. 


I. Electrons in the Positive Column of Low Voltage Arcs 


Distribution of velocities—By studying the volt-ampere characteristics of 
small electrodes or collectors placed in the path of an arc in mercury vapor 
at low pressures, it has been found! that the free electrons in the arc are mov- 
ing in nearly random directions with velocities which are distributed quite 
accurately in accordance with Maxwell’s distribution law. 

When the collector is at large negative potentials with respect to the sur- 
rounding gas, it receives only positive ions, but at higher potentials (algebraical- 
ly) electrons also are collected. At first only electrons of the highest velocities 
are able to reach the collector against the retarding potential, but as the 
potential is raised, making the retarding field weaker, electrons of lower velocity 
can be collected. If the velocities of the electrons are distributed according to 
Maxwell’s law, the logarithm of the electron current flowing to a negatively 
charged collector should be a linear function of the potential of the collector, 
with a slope (when plotted using natural logarithms) of e/kT, where T is the tem- 
perature corresponding to the electron velocities and e/k has the value 11,600 
degrees per volt. 

When the collector is made positive with respect to the surrounding gas 
the electron current increases with the potential more slowly and according to 
entirely different laws. Thus the semi-logarithmic plot of the current-voltage 
characteristic should be a straight line only for negative voltages and a kink 
therefore should occur in the curve at a point at which the potential of the 
collector is the same as that of the surrounding gas. By this method collectors 
may be used to measure the true space potentials. 

When a small plane collector is at the space potential is an arc in mercury 
vapor, the electron current is about 400 times as great as the positive ion cur- 
rent which flows when large negative voltages, sufficient to repel all electrons, 


1 Langmuir, J. Franklin Inst. 196, 751 (1923). 
* Langmuir and Mott-Smith, Gen. Elect. Rev. 27, 449, 538, 616, 762, 810 (1924). 
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are used. Thus if the collector is disconnected (or is allowed to ‘‘float’’) it 
charges itself negatively with respect to the surrounding gas until it is able to 
repel 399/400 of all the electrons which move towards it, the electrons and 
positive ions then being collected in equal numbers. Experiments with mer- 
cury vapor, hydrogen, nitrogen, argon and neon at low pressures have shown 
that the semi-logarithmic plots for negative voltages are usually surprisingly 
straight over very wide ranges of current. The straight semi-logarithmic plot 
of the electron current extends to negative voltages far beyond that to which 
the collector charges itself when it is floating. For example, the straight plot 
was easily observed down to currents only 1/6000 of the total current. A. F. 
Dittmer working with Karl Compton at Princeton has recently found, using 
an improved method by which positive ions and electrons are separated, that 
with a 40 milli-ampere arc in nitrogen at 8 bars pressure, the straight line 
plot extends down to current densities of less than 10-* of the total current 
density. The electron temperature in this case was about 50,000°. 

The electron temperatures corresponding to these straight plots are prac- 
tically independent of the current densities in the arcs, but increase as the 
pressure is lowered. For example, currents of from 0.1 to 5 amperes in a tube 
3 cm in diameter gave electron temperatures of about 30,000° with mercury 
vapor at 1 bar; 20,000° at 5 bars, and 10,000° at 30 bars. With other gases 
the electron temperatures are usually higher. 

If thermal equilibrium existed in the ionized gas the electrons would of 
course have a Maxwellian distribution of velocities corresponding to the tem- 
perature of the gas. If this distribution is disturbed by any external cause it 
tends to re-establish itself through the agency of every mechanism by which 
electron velocities can be modified. For example, collisions of electrons with 
each other, with atoms or excited atoms, or the interaction of electrons with 
the black body radiation, will all tend to bring back the Maxwellian distri- 
bution of the electrons. The rate of re-establishment of this distribution would 
be different for each mechanism if that alone were allowed to act. Corresponding 
to each mechanism we may therefore conceive of a ‘‘time of relaxation” which 
is the time that would be needed for any disturbance in the Maxwellian distri- 
bution to fall to 1/e of its value, if only the one mechanism were effective. 

We will consider first the interaction between atoms and electrons. The 
mercury atoms which strike the walls of the tube deliver their surplus energy 
and leave the glass with a kinetic energy corresponding to room temperature. 
For mercury vapor at 1 bar and a temperature of 300°K, there are 2.4.x 108 
atoms per cm*. Measurements with collectors in a 2 amp arc in a 3 cm tube 
have shown that there are 8 x 10!° free electrons per cm*. In this case the ave- 
rage distance an atom will travel before colliding with an electron is 1.5 cm 
and in a tube 3 cm in diameter it will make only about four collisions with 


* See, for example, Fig. 1 in Gen. Elect. Rev. article (loc. cit.*), p. 451. 
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electrons between consecutive collisions with the wall. Taking the temperature 
of the electrons as 30,000°, the mercury atom gains on the average only 0.08° 
at each collision. Thus the temperature of the mercury vapor which strikes 
the walls will be only 0.3° above the temperature of the walls. This at least 
represents the temperature that can be acquired by direct interaction with the 
electrons. Of course there will be a minute fraction of mercury atoms which 
_ collide with excited mercury atoms and thus acquire very high kinetic energy, 
but we may ignore these at present. The time of relaxation corresponding to 
the interaction between electrons and atoms by collisions is thus at least 100,000 
times too great to be effective in bringing about temperature equilibrium and 
thus affording a means of maintaining a Maxwellian distribution for the electrons. 

Since the normal free path 2, of electrons under the conditions considered, 
is 30 cm, it is clear that the average distance an electron would have to travel 
before colliding with an excited atom would be much greater than this and 
therefore collisions of the second kind, in the ordinary meaning of this term, 
cannot be responsible for bringing about the electron velocity distribution. 
The same may be said of collisions of electrons with each other. The concentra- 
tion of electrons is only 1/300 that of the atoms and if we assume the target 
area of an electron is the same as that of an atom, the average distance that an 
electron would move before colliding with another electron would be 6400 cm 
(allowing for the velocity of the electron being struck). A careful calculation 
has been made, based on Coulomb’s law, of the effect of the electric force 
between the electrons in increasing the transfer of momentum by collisions. 
It is found that the effective free path varies with the electron velocity, but 
that the free path is still so great that this kind of interaction between electrons 
must be completely rejected as a possible mechanism for bringing about the 
observed Maxwellian distribution. 

Effect of the charged glass walls.—The glass walls of the discharge tube are 
negatively charged because of the fact that the electron current density in 
the discharge is greater than the positive ion current density. In accordance 
with observation we may take the electron current in mercury vapor to be 
400 times the ion current. If the electron temperature is 30,000° it can then 
be calculated (in agreement with experiment) that the walls will be charged 
to —15.5 volts with respect to the ionized gas and will thus be covered by 
a positive ion sheath. All electrons which have energy components normal 
to the surface of the glass of less than 15.5 volts will be specularly reflected 
from the walls without loss of energy, but electrons having energy components 
greater than this will pass through the sheath and be taken up by the walls 
except for the few that are reflected back. Thus the walls are continually disturb- 
ing the Maxwellian distribution by removing the high speed electrons. We 
should therefore expect distinct departures from a straight line semi-logarithmic 
plot at collector voltages below that to which the glass walls become charged, 
unless there is a mechanism which effectively re-establishes the Maxwellian 
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distribution within a distance less than that which separates the collector from 
the opposing glass walls. 

In the experiments made by Harold Mott-Smith Jr. and the writer with 
mercury arcs in a tube 3 cm in diameter,‘ the collector which was designated. 
H consisted of a square nickel plate 1.9 cm on a side which had been bent 
into a cylindrical surface which conformed to the inner surface of the tube. 
If electrons traverse the tube in straight paths with constant velocity and are 
specularly reflected from the cylindrical walls, the radial velocity components 
in successive collisions with the walls remain constant. If then the walls of 
the tube are negatively charged to say — 15.5 volts few electrons can reach 
a cylindrical collector such as H, with radial components greater than 15.5 volts 
unless these electrons have acquired this large radial velocity within the distance 
they have travelled since their last collision with the wall. 

The experiments showed in all cases that the straight semi-logarithmic 
plot extended to negative voltages far below those to which the collector H char- 
ged itself when it was allowed to float. This must be taken as proof that the 
higher velocity electrons were produced from low velocity electrons while 
these travelled a distance of less than 3 cm. 

From the complete absence of a kink in the semi-logarithmic plot at the 
wall potential we must conclude that the time of relaxation corresponding to 
the mechanism by which the electrons acquire their Maxwellian distribution 

‘is small compared to the time taken for the electrons to traverse the tube, in 
other words, that the free path of the electrons corresponding to this mechan- 
ism is small compared to 3 cm. 


Effect of charged conducting walls.—Recently Mott-Smith has carried out 
experiments with a mercury arc at low pressures passing through a metallic 
cylinder split lengthwise into two halves, which are insulated from one another. 
One half was used as a collector while the other was maintained at a series 
of different negative voltages to see if the velocity distribution of the electrons 
reaching one electrode was modified in any way as different groups of electrons 
were removed by means of the opposite electrode. It was found in fact that 
by charging one electrode so strongly negative that even the high speed elec- 
trons were reflected from it, the temperature of the electrons collected by the 
opposite half-cylinder was distinctly higher than if the electrode were at 
only —15 volts with respect to the gas so that all the higher speed electrons 
were removed. But in both cases a perfectly straight semi-logarithmic plot was 
obtained. The removal of the high speed electrons lowered the temperature, 
but the Maxwellian distribution was established while the electrons moved 
between the two collectors. Experiments are now in progress by A. F. Dittmer 
using plane collectors whose distance apart can be varied, to determine di- 
rectly the rate at which the Maxwellian distribution is brought about. 


* Loe. cit.,® p. 538. 
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Evidence as to the mean free path of electrons.°—If a small potential gradient 
dV dx is allowed to act on electrons having a Maxwellian velocity distribution, 
the electrons drift in the field with an average velocity v, given by the mobi- 
lity equation 


0, = 4yA/n0 (1) 
where y, the acceleration of the electrons is 
e dV 

= de” @) 


4 is the mean free path of the electrons and v is the average velocity of the 
electrons (assumed to follow Maxwell’s law). Expressing v in terms of T, and 
inserting the value of e/m we get 


A a 
=—— 3 
VT dz (3) 
where v,, A and x are expressed in cm-second units and V is in volts. 

The current density J, of the arc is related to v, by the equation 


0, = 3.62x 10°. 





I, = n,ev, 
or if J, is in amp per cm? 
I, = 1.59 10-* n,v,. (4) 
Combining these equations 


2 fe al 

I, = 5.76 x 107 VT de (5) 
With the 2 ampere arc in mercury vapor at 1 bar in a tube 3.2 cm in dia- 
meter the current density J, was 0.25 amp per cm’, n, = 8x10", dV/dx 
= 0.25 volts per cm, and 7, = 30,000°. Substituting these into Eq. (5) 
iand solving for A we find that the free path A of the electrons in the arc 
s 3.8 cm. Direct measurement of the number of 50 to 250 volt electrons 
which pass through ionized mercury vapor at 1 bar without collision with 
atoms, give a free path of at least 30 cm. The recent investigations of Ram- 
sauer and others, show that for lower velocities (below those necessary to 
produce ionization), the free paths tend to increase. A large number of meas- 
urements of 2 with arcs in mercury vapor at various pressures, in tubes of 
various diameters and with a wide range of current densities have been made 
in this laboratory. The free path calculated from the mobility always comes 
out to be 5 to 10 times lower than can be reconciled with direct determina- 

tion or with values calculated by the usual methods of the kinetic theory. 


* A brief note on the abnormally small values of the free paths of electrons obtained from 


the mobility and from the effects of tranverse magnetic fields was given in the last paper by 
Langmuir and Mott-Smith, loc. cit. p. 819. 
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The application of transverse magnetic fields of 50 to 100 gauss to a mer- 
cury arc at low pressures causes the arc to be deflected to one side. By 
measuring the ratio of the electron concentrations at two points along a dia- 
meter of the tube which is perpendicular to the magnetic field, it is possible 
to calculate the free path by a method entirely independent of that involving 
the mobility. This method also gives free paths about 10 times smaller than 
the distances which electrons travel before colliding with atoms as obtained 
by direct measurement. 

Both of these results as well as the rapid establishment of the Maxwel- 
lian distribution of electron velocities, suggest that the electrons in a mercury 
arc suffer many changes in momentum during the time that elapses between con- 
secutive collisions with atoms. 

Summary.—This discussion of the results obtained from a study of low pres} 
sure arcs shows: (1) that the free electrons have velocities with a Maxwel- 
distribution corresponding (in the case of mercury vapor at 1 bar) to a tem- 
perature of 30,000°; (2) that this distribution is maintained even when the walls 
are negatively charged and hence are constantly removing the faster electrons; 
(3) that the number of collisions with atoms and electrons is far too small 
to maintain this distribution, the mean free path being of the order of the 
tube diameter; (4) that mobility experiments indicate that the electrons suffer 
at least ten changes of momentum between consecutive collisions with atoms. 
A possible explanation of these results will be presented and discussed in 
Part IV below. 


Il. Electrons Accelerated from a Hot Cathode 


These Maxwellian distributions occur not only in ordinary low pressure 
arcs but are produced in gaseous discharges under many different conditions. 
We will now consider some experiments which have been made with spherical 
bulbs or cylindrical vessels containing a hot tungsten cathode and a disk- 
shaped anode. With gases at low pressures, currents of the order of ten milli- 
amperes and anode potentials of 50 to 250 volts, the space potential in the 
strongly ionized gas is nearly uniform and is somewhat above that of the anode. 
The cathode is surrounded by a positive ion sheath in which there is a sharp 
potential drop so that the electrons from the cathode are accelerated within 
a distance of a fraction of a millimeter, to a velocity exceeding that which cor- 
responds to the potential difference between the anode and cathode. 

Recently a very large number of experiments have been made by S. P. 
Sweetser, C.G. Found and H.A. Jones to investigate the production of 
these high speed electrons. A brief report of this work was made at the April 
meeting of the Physical Society® in Washington. 


* Langmuir, Abstract in Phys. Rev. 25, 891 (1925). 


2 Langmuir Memorial Volumes V 


Google 


18 Scattering of Electrons in Ionized Gases 


In one set of experiments (Exp. 548) a straight tungsten filament 1.1 cm 
long and 0.18 mm in diameter was mounted within about 2 cm of the center 
of a spherical bulb of 12 cm diameter. A disk-shaped collector 1.1 cm in dia- 
meter, backed by mica and movable in the direction of its axis, was mounted 
so that the axis passed through and was perpendicular to the filament at its 
center. The lead to the disk was insulated so that the collector could receive 
electrons only on the surface facing the filament. An anode was also placed 
in the bulb to one side of the line connecting the other electrodes. 

By lighting the filament so that it emitted 5 milli-amperes and applying 
—50 volts to the cathode with respect to the anode (assumed to be at zero 
volts) the mercury vapor became strongly ionized and its potential was nearly 
uniform and equal to that of the anode. The electrons emitted by the fila- 
ment acquired their full velocity within a few tenths mm and were therefore 
projected outwards in directions normal to the filament, thus forming a disk- 
shaped ‘‘beam” of electrons. Those electrons which reach the collector with 
a large part of the momentum which they acquired in passing through the posi- 
tive ion sheath, we shall call primary electrons. The primary electrons in this 
beam which were intercepted by the collector were moving perpendicularly 
to its surface. To prevent these electrons from reaching the collector it was 
necessary to apply a potential lower than that of the cathode. 

Thus as the collector passed through the potential of the cathode, the 
current-voltage curve of the collector showed a sudden change in current 
which was a measure of the number of primary electrons which reached the 
collector without collisions. This discontinuity was very sharp when the 
cathode emission was only 5 m-amp taking place within a range of only 
about 2 volts, which was not greater than would be expected because of such 
effects as the initial velocities of the emitted electrons and the voltage drop 
along the filament. Thus no appreciable number of electrons was present 
in the gas with velocities higher than those of the primaries. 

Scattering of primary electrons.—When the electron emission was raised 
to 10 m-amp however, there were found to be unmistakable indications of 
the presence of electrons having velocities higher than the original primaries. 
Fig. 1 shows some typical data taken with 10 m-amp, with a cathode po- 
tential of —50 volts, and a distance of 3 cm between filament and collector. 
The mercury vapor pressure was only 0.23 bar corresponding to saturated 
vapor at 0°C. The curve marked J, gives the collector current in micro-amperes 
as a function of the collector potential. The curves 0.1 J, and 0.01 J, represent 
the same data on a scale 10 and 100 times smaller so as to bring the upper 
portions of the curve within the plot. 

It is seen that at collector potentials below —60 only positive ions are col- 
lected. The currents vary with the potential because of an ‘‘edge correction” 
which causes’ the area of the positive ion sheath to increase as the sheath thick- 


7 See loc. cit.,® p. 540. 
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ness increases. The dotted line A shows how this current would vary at higher 
potentials if no electrons were collected. At potentials above —59 volts, at 
point M, electrons being to be collected, showing the presence of appreciable 
numbers of electrons having energies of from 52 to 59 volts although the energy 
of the primaries was only 50 volts. 

From the data of Fig. 1 we see that with the collector at —40 at point N 
practically all the primaries have been collected. With a cathode current 
of only 5 m-amp on the other hand, the primaries were all collected with 
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Fic. 1. Electron scattering in mercury vapor at 0.23 bar (0°C) with 10 m-amp 
primary current and the cathode at —50 volts. 


voltages of about —47. This shows that the effect of raising the primary cur- 
rent from 5 to 10 m-amp was to scatter the primary electrons, causing not 
only an increase in the velocities of some of the primaries but a decrease in 
the velocity of others. The average energy of all the primaries was slightly 
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lowered to about 47 volts. The total number of primary electrons collected 
was twice as great with 10 as with 5 m-amp cathode current, so that the effec- 
ctive free path of the injected electrons remained the same, if by free path we 
mean the distance that the electrons travel before losing the greater part of 
their momentum in their original direction. 

By subtracting from the observed currents (Fig. 1) the positive ion currents 
corresponding to the dotted line A we obtain the total electron current AI, 
to the collector. In Fig. 2 the logarithms of these currents in micro-amperes 
have been plotted against the collector voltage. In this way the data for from 
—55 to 0 volts are brought within a single convenient curve. The rise MN 
which occurs between —55 and —40 volts corresponds to the primary electrons. 
If these all had the original energy of 50 volts the rise should occur as a vertical 
line at an abscissa of —50 volts. The inclination of the line from the vertical 
thus measures the amount of electron scattering. 

The line N’B in Fig. 1, corresponding to the horizontal dotted line NB 
in Fig. 2, gives the current as it would be if no other electrons than the prima- 
ries were collected. The differences between the observed currents N’P and 
those of line N’B (Fig. 1) thus correspond to a new group of electrons which 
probably result from collisions of the primary electrons with gas molecules. 
We shall call these secondary electrons. This group includes primaries which 
have lost most of their energy and also electrons which are ejected from gas 
molecules by these collisions. 

The distribution of velocities among the secondary electrons is found by 
taking the differences between the observed currents and the current corre- 
sponding to N’B (Fig. 1), and by plotting the logarithms of these differences 
as indicated by the points along the line D (Fig. 2). Within the range from —30 
to —12 volts the points lie on a straight line. This proves that the velocity distri- 
bution follows Maxwell’s law. From the slope the temperature of this secondary 
electron group is found to be 95,000°. By extrapolation to higher voltages along 
the straight line D, the currents corresponding to the secondary electrons are 
calculated as indicated by the dotted line PC. Thus the line NPC is the curve 
of the secondary electrons. 

The difference between the observed currents PR and the secondary cur- 
rents PC (Fig. 1) gives another group of electrons which we will see have a 
Maxwellian velocity distribution and are in fact the same as the free electrons 
found in the positive column of the low voltage discharge. We shall call these 
the ultimate electrons. If the currents due to these are small compared to the 
current flowing to the anode the logarithms of the currents may be plotted 
and the slope of the resulting straight line taken to measure their temperature. 
But it often happens that the concentration of the ultimate electrons is so high 
that the current taken by the collector becomes comparable with that flowing 
to the anode. The collector may, in fact, rob the anode of nearly all its current 
and thus raise the space potential along with the collector potential. In these 
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cases, as mathematical analysis shows, we should plot the logarithm of the 
ratio of the electron current to the collector, to the current to the anode. The 
slope of this line as indicated by line E measures the temperature of the ulti- 
mate electrons. In view of the logarithmic scale of Fig. 2 it will be seen that 
the number of ultimate electrons greatly exceeds that of the primary or secon- 
dary electrons. The relative numbers of electrons in the various groups is seen 
more clearly in Fig. 1 because there the currents themselves are plotted as 
ordinates. The dotted lines N’B and PC on Fig. 1 are drawn to correspond 
to those in Fig. 2. 

In other experiments disk-shaped collectors were mounted close to the 
primary electron beam but in a plane perpendicular to the axis of the cathode 
so as to be parallel to the direction of the electron beam. The current to such 
a collector gives no indication whatever of the primary electrons corresponding 
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Fic. 2. Semi-logarithmic plot of the electron currents from the data of Fig. 1. 


to the rise MN, but the groups of secondary and ultimate electrons correspond- 
ing to the rises between NP and PR are exactly the same as those shown in 
Fig. 2: for a collector mounted perpendicular to the beam. Such experiments 
justify our separation of the electrons into groups of primaries and secondaries 
and establish the fact that the primaries move mainly in one direction while 
the secondaries and ultimate electrons move equally in all directions. 

In our present discussion our interest centers on the distribution of the velo- 
cities of the primary electrons after they have passed through the ionized gas. 
The portions of the curves MN in Figs. 1 and 2 should give us this distribution, 
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In order to analyze such curves mathematically the hypothesis was made that 
the scattering of the primaries takes place in such a way that the resultant velocity 
distribution can be analyzed into a uniform translational velocity and a super- 
posed Maxwellian distribution corresponding to a temperature T — this distri- 
bution being analogous to that of the molecules of a gas which is moving with 
uniform velocity. 

We can now calculate what fraction of the electrons in such a beam can 
move against a given retarding field like that in the sheath of a negatively char- 
ged plane collector. Assuming that the velocities due to temperature motion 
are small compared to those of translation it can be shown that the current 
I of electrons which reaches a collector is given by 


I= }1,(1+erff) (6) 
where erf denotes the error function 


erf x = Za ferds. (7) 
va 3 
I, is the current when all the primary electrons are collected and f is defined 


by the equation 
B= (V—V_-YV))IVV; - (8) 
Here V is the potential of the collector with respect to the ionized gas (or 
anode), V, is the potential corresponding to the translational velocity of the 
primary electrons and V, is the potential corresponding to the energy kT, 
k being the Boltzmann constant. If V, is expressed in volts 


V, = T/11,600. (9) 


When the collector potential is not too far from that of the cathode the value 
of B from Eq. (8) may be expanded giving 


B = const + V/(2V/V,V;). (10) 


Thus £ is a linear function of the collector potential and from Eqs. (6) and 
(10) we then see that erf-[(2J—I,)/Iy] is a linear function of V having a slope 
equal to 1/(2/V,V;). If this function of J is plotted against V and a straight 
line is obtained it proves the existence of the kind of velocity distribution we 
have assumed, and enables us to determine the temperature corresponding 
to the random part of the motion. These operations may be more conveniently 
carried out by using probability paper in which the vertical lines are uniformly 
spaced and the horizontal lines, which are denoted by various values of a para- 
meter a, are spaced according to the relation 


y = erf-1(2a—1) 


Temperature of primary electrons.—In Fig. 3 the primary electron currents 
corresponding to the data of Figs. 1 and 2 are plotted on probability paper. 
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The abscissas are the collector voltages while the ordinates are AJ,/I, where I, 
has been taken as 257 micro-amperes in accordance with the data of Fig. 1. 
It is seen that the observed points lie very close to a straight line. The differ- 
ence in voltage corresponding to the 2 points J/I, = 0.1 and 0.9 is 9.0 volts. 
The increment of erf-!(2a—1) corresponding to these values is 1.812. Thus 
by (10) 
aV [dB ="9/1.812 = 2y'V,V;. 

Since the energy of the primary electrons in the beam corresponds to 50 volts 
we place V, = 50 and thus find V, = 0.122 volts or by (9) T = 1420°. The 
voltage on the probability plot (Fig. 3) which corresponds to the midpoint 
(ie. where J/J, = 0.5) measures the average translational velocity of the electron 
beam. Thus from Fig. 3 the forward velocity of the beam corresponds to 47.2 
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Fic. 3. Probability plot of the primary electron current from data of Fig. 1. 


volts although the original velocity of the primary electrons corresponded to 
50 volts. The mechanism producing the scattering therefore does not act uni- 
formly in all directions but produces the greatest changes in momentum in 
a direction opposite to that of the original beam. 

The data from large numbers of experiments, of which the data of Fig. 3 
are typical, confirm the correctness of the hypothesis that the primary electrons 
have random Maxwellian velocities superposed upon the translational velocity. 
The degree of scattering in this case is very small as the voltage corresponding 
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to the random velocities is only 0.122 while the voltage of the translational 
velocity is 47. 

Variation with current density.—To illustrate the effects produced by modi- 
fication in the experimental conditions we may consider another typical run 
made with the same apparatus. The pressure of the mercury vapor was 1.6 bars 
corresponding to saturated vapor at 20°C. The electron emission from the 
cathode was 30 m-amp. The cathode was at a potential of —50 volts with respect 
to the anode, and the distance from the collector to the cathode was 3 cm as 
in the run illustrated in Figs. 1 to 3. The data were plotted and analyzed as 
before. Appreciable electron currents were observed with collector potentials 
as low as —90 volts showing that some electrons (about 3 micro-amperes) 
having energies as high as 90 volts had been produced from the original beam 
of 50 volt electrons. The secondary electrons gave a straight semi-logarithmic 
plot corresponding to T = 95,000° which is the same temperature as found 
from the data of Fig. 1. The temperature of the group of ultimate electrons 
was 15,600°. The plot of the primary electron current to the collector, on pro- 
bability paper, gave 17 consecutive points in the voltage range from —90 to 
—10 volts which came very close to a straight line (maximum departure 3 volts) 
whose slope corresponded to T = 56,000°. The mid-point of this line was 
at —36 volts that the beam had been retarded by an amount corresponding 
to 14 volts. 

The very much higher temperature of the primary electrons in this experi- 
ment as compared to the previously described run is due mainly to the higher 
primary current density, but is partly due to the higher pressure of mercury 
vapor. 

Fig. 4 illustrates the current-voltage curves of the collector for potentials 
below that of the cathode with a series of different primary current densities. 
The figures written near the curves are the electron emissions from the cathode 
in milli-amperes. Three different cathode potentials were used, —35, —50 
and —70 volts. The actual experimental points are indicated in only one curve, 
which being typical, illustrates the accuracy with which the observations fit 
the curves. 

The moderately sloping parts of the curves, which are continued as dotted 
lines to the right, give the positive ion currents. The departures from these 
lines measure, as before, the primary electron currents. It will be noted that 
with 5 m-amp the electrons begin to be collected only when the collector comes 
within 1 or 2 volts of the cathode potential, showing that there are very few 
electrons having higher velocities than those of the original primaries. As the 
current density is increased to 10 or 20 m-amp, however, electrons begin to 
be collected at potentials of 10 or even 20 volts below that of the cathode. The 
effect seems to be somewhat more marked at 35 and at 50 volts than at 70 volts. 

In a series of later experiments the primary electron temperatures were 
determined for each of a series of primary current densities corresponding 
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to electron emissions ranging from 3 to 30 m-amp. The mercury vapor pressure 
was 0.23 bars (0°C), the collector distance 3 cm, and the cathode potential 
—50 volts. The primary electron temperature was found, within the experi- 
mental error, to be proportional to the 2.2+0.2 power of the current. 
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Fic. 4. The effects of cathode voltage and current density on the scattering of 

electrons. The ordinates give the ratio J,/I, where I, is the negative current received 

by the collector and J, is the electron emission from the cathode. The figures mark- 
ing the curves are the values of J, in milli-amperes. 


Variation with the distance of the collector —Experiments in which different 
distances between the cathode and the collector were used have shown that 
the primary electron temperatures increase roughly in proportion to the_distance 
traversed by the electrons, Further experiments on this effect are in progress. 

Variation with cathode voltage.—In a series of experiments with mercury 
vapor at 0.23 bar (0°C) with a collector distance of 3 cm and a current of 
10 m-amp the primary electron temperatures varied with the voltage as follows: 

voltage: —80 -—70 -—-50 -40 —35 
T: 800° 900° §=1300° 1700° 2200° 
With 20 m-amp current, the other conditions being the same,’ the tempera- 
tures were 
at —80 volts at —50 volts 
2050° 4750° 


The greatest scattering of the electrons thus occurs at the lowest voltages, but, 
in general it is difficult and unsatisfactory to work with voltages below 50 volts 
because the effects of the scattering then tend to be masked by the secondary 
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and ultimate electrons. As the voltage difference between cathode and anode 
decreases not only does the velocity of the primary electrons decrease but the 
character of the excitation of the ionized gas may change. For example, with 
higher voltage, atoms may be excited to higher energy levels. These experi- 
ments do not enable us to determine which of these factors is responsible for 
the change in the amount of scattering. 


Tass I 


Effect of Mercury Vapor Pressure on Electron Scattering 

















rimary Mercury ! 
¥ ‘: — Electron | Retardation AE, 
(m-amp) Temp. acid temperature (volts) AE, 
10 0° 0.23 1360° 3.1 17.6 
20 1.6 870 2.3 20.4 
30 3.7 240 1.8 | 58, 
40 8.0 140 | 1.4 77. 
20 0 0.23 5500 | 5.0 ; 70 
5 0.37 7100 | 4.5 4.9 
10 0.61 9800 ‘ 4.8 3.8 
15 1.0 5900 H 3.5 46 
20 1.6 4000 | 3.2 6.2 
35 5.5 750 1.8 18.5 























Variation with mercury vapor pressure.—Table I shows the way that the elec- 
tron scattering varied with the vapor pressure of mercury. The cathode was 
at —50 volts and the collector distance was 3 cm. The last column gives the 
retardation of the beam or the decrease in the translational energy of the beam 
as determined from the voltage of the mid-point of the straight line on the 
probability plot. 

Experiments with crossed beams.—The fact that the electron scattering is negli- 
gible at low current density and increases rapidly at higher currents suggests 
that it is caused by the action of radiation or by excited atoms or ions. To gain 
more information as to the effect of ionization and excitation of the gas a spher- 
ical bulb (12 cm in diameter) was provided with two straight cathode filaments, 
A and B, each 1.1 cm long, mounted in the same plane at right angles to each 
other. Facing these cathodes at distances of 4cm there were disk-shaped collec- 
tors (A’ and B’) of 1.1 cm diameter, the axes of these disks being in the same 
plane as the two cathodes. 

By lighting only one cathode, A, a single disk-shaped beam of primary 
electrons (about 1 cm thick) was produced. The two collectors A’ and B’ being 
about the same distance from the center of the bulb, received the same number 
of secondary and ultimate electrons, but since B’ was outside of the beam (and 
its surface was parallel to the direction of the beam) only the collector A’ 
received primary electrons. 
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When both cathodes were lighted the volt-ampere characteristics of the 
two collectors gave the amount of scattering of each of the two perpendicular 
electron beams, and thus made it possible to determine the influence of one 
electron beam on the other. 

It was found that the temperature and the number of both the secondary 
and the ultimate electrons were always very nearly the same for both collectors 
whether or not the collector was in the beam of primaries. The temperatures 
of both these groups were independent of the currents from the cathodes. The 
number of electrons in each of the 2 groups was a function of the sum of the 
currents emitted by the two cathodes and was in fact approximately propor- 
tional to this sum. Thus it was immaterial whether one cathode emitted 
20 m-amp while the other emitted none, or each of the cathodes emitted 10 
m-amp. 

The behavior of the primary electrons was entirely different. The total 
number of primaries that could be received by each of the two collectors was 
of course proportional to the electron emission of the opposing cathode. If the 
scattering of the primary electrons were due to the free electrons, or ions, or 
to the kind of excited atoms and radiation that is roduced by the secondary 
and the ultimate electrons, we should expect that the temperatures of the pri- 
mary electrons should be determined by the temperatures and the concentra- 
tions of these two groups of electrons. Thus the temperatures of the primaries 
should also be a function of the sum of the emissions from the two cathodes. 

The experiments showed, however, that the primary electron temperature 
depended mainly on the emission of electrons from the cathode which opposed 
the collector and was usually only slightly influenced by the emission from 
the other cathode. 

For example, in some runs with mercury vapor at 0.75 bar (12°C) with 
both cathodes at —80 volts, cathode A was heated to such a temperature that 
it emitted 5 m-amp while B was adjusted to emit 20 m-amp. The temperature 
of the primaries reaching A’ was 800° while those reaching B’ had a tempera- 
ture 5200°. When cathodes A and B were at the same temperature and each 
emitted 20 m-amp, the temperatures of the electrons received by each collector 
was still about 5000°. By then turning off the heating current to one of the cath- 
odes, say A, so that its emission fell to zero, the temperature of the electrons 
received by the collector B’ facing the other filament was practically unchanged 
notwithstanding the fact that the concentration of the secondary and ultimate 
electrons and of the positive ions throughout the whole space in the bulb, fell 
to about half value. 

With mercury vapor pressures corresponding to 20° and especially to 30°C 
one beam of primary electrons seemed to be able to cause a distinct increase 
in the temperature of the other beam (which it intersected for about 1/4 of 
its length). For example, at 30° and with both cathodes at —80 volts but only 
one cathode lighted so as to emit 20 m-amp, the electron temperature observed 
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at the opposing collector was 700°. By allowing the other cathode also to emit 
20 m-amp both beams of primaries gave a temperature of 2500° thus showing 
a marked increase in temperature caused by the other beam. However, if one 
cathode was heated to emit 40 m-amp while the other was cold the tempera- 
ture of the beam was 20,000° or 8 times as high as when each cathode emitted 
20 m-amp, although the concentrations of the secondary, and ultimate elec- 
trons was the same in the two cases. Evidently with mercury at 30° the expo- 
nent of the power of the current with which the electron temperature increases 
is higher than it is with vapor from mercury at 0°C. 

From these results we may draw the definite conclusion that the main cause 
of scattering of 80 volt electrons, especially at low pressures of mercury vapor, 
is not the ionization, excitation or radiation produced by, or characteristic of 
the secondary or the ultimate electrons, but the scattering must be due to a more 
direct effect of the primary electrons and one which is confined to the region 
actually traversed by these primary electrons. This indicates that the scattering 
cannot be due to electrons or ions per se. It leaves open, however, the question 
as to whether radiation or excited atoms may be the cause. Thus 80 volt primary 
electrons are capable of exciting mercury atoms to energy levels far above those 
obtainable from the secondary or the ultimate electrons, and radiations of 
correspondingly high frequency are similarly produced. Excitation and radia- 
tion of this kind might well be confined to the region traversed by the primaries 
and might thus explain the results of the experiments. The distinct but slight 
effect of one beam of electrons on the other would then be due to the action 
taking place within the region (about 25 per cent of the total path) where the 
two beams intersect. Experiments are now in progress to study parallel beams 
and beams with intersect over nearly their whole lengths in order to clear up 
this question.* 

In some other experiments an arc of 0.2 to 0.5 ampere was passed through 
mercury vapor in a 12 cm bulb from an external mercury cathode while the 
distribution of the velocities of 50 volt primary electrons from a hot cathode 
in the bulb was studied. It was found that the ionization due to the arc did 
not increase the primary electron temperatures. 


Ill. Mechanism of Electron Scattering 


Before taking up this general problem, let us enquire whether the scattering 
of the electron beam can be due to encounters with other electrons. Since the 
electrons in the beam start out from the cathode with the same velocity, they 


* Note added Sept. 2, 1925. In some recent experiments two straight tungsten filaments 
1 cm long were mounted parallel to one another at a distance of about 1 mm, so that two electron 
beams could be obtained that were practically coincident. In this case the primary electron 
temperature depended only on the sum of the electron emissions from the two cathodes, showing 
that the scattering did not occur within the cathode sheath but resulted from some effect taking 
place throughout the space traversed by the primary electrons. 
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have no velocity with respect to one another and therefore cannot deliver energy 
to one another by collision. Space charge due to the electrons in the beam is 
neutralized by positive ions, but even if it were not, the electric field due to 
space charge could produce only transverse scattering and would not change 
the longitudinal velocities of the electrons. 

Scattering by clouds of stationary electrons.—If the scattering is to be produced 
by electrons, it must be due to the electrons in the ionized gas and these as 
we have seen have velocities much lower than those of the primaries. Let us 
therefore consider the scattering of a beam of electrons when it enters a cloud 
of stationary electrons. If we assume that the collisions follow the laws of elastic 
spheres we find that an electron which has made one collision with a stationary 
electron has on the average lost one half its momentum in the forward direction 
and has given half its energy to the other electron. Thus if we have a beam of 
electrons which are moving with a homogeneous velocity corresponding to 
a voltage V, and we let this beam encounter a cloud of stationary electrons 
so that each electron in the beam makes one collision with an electron, we find 
that the translational velocity of the beam is reduced to a value corresponding 
to 4V,. An observer, moving along with this retarded beam, will see that the 
electrons in the beam are now moving in random directions with velocities 
corresponding to the energy 4V. The effect of a single collison for each elec- 
tron thus causes a decrease in the longitudinal energy of the beam of AE, and 
an increase in the random energy AE, given by 


—AE, = }V e (11) 
AE, = 1V oe (12) 

the ratio being 
— AE, AE, = 3 (13) 


The electrons in the retarded beam cannot, however, in this case get a Max- 
wellian velocity distribution. There is no mechanism by which an electron 
can acquire velocities exceeding those in the original beam. If the number 
of electrons in the cloud is so small that the average decrease in the longitudinal 
energy is, say, 5 per cent (about the average observed in our experiments) then 
93.3 per cent of the electrons have made no collisions at all and must retain 
all their original translational energy while 6.7 per cent have lost 3/4 of their 
original energy. This would give a velocity distribution having no resemblance 
to a Maxwellian distribution. Thus we must conclude that the observed scat- 
tering cannot be due to the direct action of electrons upon those in the 
beam. 

Scattering by clouds of entities of very small mass.—If the particles in the 
cloud have masses m, negligibly small in comparison to those of electrons, these 
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difficulties disappear. In this case the fractional decrease in the translational 
velocity v, of an electron in the beam is® 
_ Av, ,m, 


4—21 (14) 


Y% m 





where n is the number of collisions, and v, is the original velocity of the elec- 
trons in the beam. The decrease in longitudinal energy is thus 


—AE, = 4m, vjn = §(m,/m)nVoe. (15) 


A particle of velocity v, colliding with an electron in the beam delivers its 
whole momentum m,v, to the electron and the energy E thus acquired by the 
electron is 

E = (m,|m)E, (16) 


where E, is the kinetic energy of the particle. Since the energy of the particles 
which strike the electron is 2kT, we have for the average random energy after 
n collisions 


AE, = 2nkT, (m,/m). (17) 
This average energy corresponds to 3kT so that the temperature of the pri- 
mary electrons after n collisions is 
T = 4nT, (m,/m). (18) 
By comparing Eqs. (15) and (17) we find for the ratio of the decrease in 
longitudinal energy to the increase in random energy 
—AE, _ , Vee 
AE, ~ PRT, 
For convenience we may express T, in terms of the equivalent voltage V, 
defined by 


Vie = RT, (20) 
so that (19) becomes 
—AE,_, Vo 
AE, 3S a 


Scattering by quanta——The momentum of a quantum of energy hy is hy/c. 
If this quantum acts on an electron it may deliver to the electron any momen- 
tum between 0 and 2h»/c according to the direction taken by the scattered 
quantum. If the quanta are scattered with equal probability in all directions, 
as if by elastic spheres, the average momentum transferred may be taken to 
be hv/c. The average energy delivered to the electron by 2 collisions is 


E, = yn(hv[me. (22) 


® See Eq. (789) in Jeans’ Dynamical Theory of Gases, 2nd edn., p 282. Cambridge, 1916. 
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Thus after n collisions with quanta the electron temperature is 
T = (4/9) n(hv)?/kme*. (23) 
We may conveniently express the energy of the quanta hy in terms of the 
equivalent voltage V, according to the relation 
. hv = Vye. (24) 
Introducing the numerical values of k, m, ¢ and e and expressing V, in volts, 
Eq. (23) thus reduces to 
T = 0.010213. (25) 
Thus, for example, with quanta of a frequency corresponding to 50 volts, 
the temperature of the electrons increase by 25° for each collision with quanta. 
The fractional decrease in drift velocity of the electrons after n collisions 
with quanta is 


— Av,|v9 = 4nhv/3me? = 2.62 x 10-*nV, (26) 
and the decrease in longitudinal energy is thus 
—AE, = 4vjnhy/3c = 4(v,/c)*nV,e. (27) 
Comparing this with (22) we find 
— AE,/AE, = 4V,/V,. (28) 


Relation between the retardation and the scattering.—Let us compare these 
calculated values of AE,/AE, with the results of the experiments. In the exper- 
iment for which data were given in Fig. 1 the retardation corresponded to | 
2.8 volts and the electron temperature, due to scattering, was 1420°. The aver- 

age energy in random direction E, corresponds to 3k7, so to express E, in 
volts we divide the temperature by 2/3 of 11,600, or 7730. Thus we find 
— AE,/ AE, = 15.3; i.e., the loss of energy by retardation is 15.3 times as great 
as the thermal energy of the scattered electrons. 

Comparing the result with Eq. (28), we find V,/V, = 3.8, and therefore 
V, = 13 volts since V. = 50 volts. Thus quanta of a frequency corresponding 
to 13 volts would produce the ratio of retardation to scattering which was found 
by the experiments. 

Rather variable results are obtained from other experiments. For example, 
the last column of Table I gives values of —AE,/AE, ranging from 3.8 to 77, 
which would correspond to quanta having frequencies corresponding to volt- 
ages V, from 53 down to 2.7. These values are all of reasonable order of mag- 
nitude, since radiation of such frequencies may well be present in gases excited 
by electrons of 50 volts energy. 

If we assume that the scattering occurs according to the laws of the kinetic 
theory, by Eq. (21), the voltages corresponding to the energies of the particles 
will be 1/3 of those just found for V,. These values also seem possible, although 
less probable, and we therefore cannot decide between the two theories from 
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these data. Since, however, no entities other than quanta are known having 
masses less than those of electrons, we will confine our attention at present 
to scattering by radiation. 

Magnitude of Compton effect.—According to the classical electromagnetic 
theory® the scattering coefficient of light by free electrons is 


a = 6na'n, (29) 


where a is the fraction of energy scattered per unit length of path through a re- 
gion occupied by a, electrons per unit volume and a is the radius of the 
electron by Lorentz’s theory (4 = 1.88x10-* cm). Thus we find 


a = 6.7x 10-**n, per cm. (30) 


According to the correspondence principle, we should expect approxima- 
tely this amount of scattering even if the scattering takes place by quanta. For 
metallic aluminum n, = 8 x 10” electrons per cm*, so we obtain a = 0.53 per 
cm, which gives a scattering of the order of magnitude found for the Compton 
effect.1° For a mercury arc n, is of the order of 10°° electrons per cm!, so that 
a should be about 10-4. This is in accord with the fact" that no Tyndall cone 
is observed when a strong beam of sunlight is focussed by a large lens into 
a nearly non-luminous 2-ampere arc in argon at a few millimeters pressure. 

With a primary electron current of 10 m-amp and 50 volts, the total energy 
escaping from the disk-shaped electron beam is about 0.02 watt per cm’, or 
about 5x 10'* quanta (V, = 25 volts) per cm* per second. With a scattering 
coefficient of only 10-4 there would be 50 quanta scattered per cm* per sec- 
ond. To give the observed electron temperatures of 1420° each electron would 
have to make (according to Eq. 25) 230 collisions with quanta. Since there 
are 6 x 10" electrons per second in the primary beam, the number of collisions 
per second would need to be 1.510! or about 3 x 10"” per cm® per second, 
instead of the 50 collisions calculated above. 

Thus the observed scattering is about 10° times greater than that to be 
expected from a normal Compton effect. 

This difficulty seems to be very similar to that met with in connection 
with the theory of chemical reaction velocity where it is found that a che- 
mical molecule must become activated millions of times more frequently 
than it collides with other molecules. Yet the energy that it can receive by 
radiation, according to the usual radiation laws, is millions of times too small 
to cause this activation. 


*® Leigh Page, Astrophysical #. 52, 67 (1920). 
2° Since the frequencies of X-rays are sufficient to remove most of the electrons in alumi- 


nium, we may consider the electrons as free electrons in regard to the scattering of this kind 
of radiation. 


4 According to rough experiments in this laboratory. 
Langmuir, J. Am. Chem. Soc. 42, 2190 (1920). 
4® See also a recent paper by R.C. Tolman, 7. Am. Chem. Soc. 47, 1524 (1925). 
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Scattering by the joint action of radiation and excited atoms.—Because of the 
small magnitude of the Compton effect we must conclude that the scattering 
of electrons is not due to any direct interaction between them and radiation. 
It may well be, however, that the effect is due to an interaction between radia- 
tion, excited atoms and electrons. 

Resonance radiation is enormously strongly scattered by excited atoms, 
practically all the radiation coming within a distance of about one-half wave- 
length from an excited atom being scattered, whereas the radiation scattered 
by an electron is only 6 times that falling on an area equal to the cross-section 
of the electron. For radiation corresponding to 25 volts the wave-length is 
490A. The radiation scattered by an excited atom of a 25 volt energy level 
is thus about 10*4 times greater than that scattered by an electron. This is 
about the order of magnitude of the ratio (10°*) of the observed scattering to 
that calculated for a normal Compton effect. If resonance radiation is trapped 
within the region traversed by the primary electrons, the ratio 10°* would be 
reduced, so that it might well be brought down to the value 10 corresponding 
to the radiation scattered by excited atoms. 

When a quantum of resonance radiation is scattered by an atom or 
excited atom the direction of the quantum is changed and the difference of 
momentum is available to deliver an impulse to some particle. Although we 
would expect in general that the momentum would be delivered to the atom or 
excited atom, it may well be that if an electron is close enough, the momentum 
may be delivered to the electron. In some such way as this we may suppose 
that the electrons can receive momenta whose magnitude is in accord with 
Compton’s theory, although the probability that an electron may receive 
this momentum is 10" times greater than according to the normal Compton 
effect. 

Consider the excitation of a mercury atom by a quantum of resonance 
radiation (42537). The difference in the angular momentum of the atom be- 
fore and after excitation must be a multiple of 4/2x. Before the encounter, 
the two-body system, consisting of atom and quantum, will also contain an 
angular momentum equal:to the product of the momentum Ap»/c of the quantum, 
by the distance between the center of the atom and the path of the quantum. 
This angular momentum in general will not be a multiple of 4/2x. After the 
collision we have a one-body system having a fixed angular momentum. Thus 
it would seem that a mercury atom can be excited by a quantum only if a third 
body is present which can take up the residual angular momentum. An electron 
within a distance comparable to a wave-length may serve as such a third body 
and may thus increase the ease with which excited atoms are formed. Perhaps 
without such third bodies, resonance radiation cannot even be scattered, although 
it is not necessary to draw this conclusion, since scattering involves a two- 
body problem both before and after the scattering. Experiments to determine 
whether the scattering coefficient of resonance radiation is dependent on the 
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presence of free electrons are in progress by Mr. Whitten in this laboratory. 
An attempt will also be made to determine whether low velocity electrons 
in mercury vapor or sodium vapor are scattered when resonance radiation 
is allowed to act on the vapor. 

The loss of energy by retardation of a beam of primary electrons is always 
much greater than the energy that appears as thermal energy of the scattered 
electrons. A beam of primary electrons may thus deliver energy directly to 
the radiation, or to excited atoms, by the reverse of the process that causes 
scattering of the electrons. Thus the average frequency of the radiation in the 
primary beam probably increases as the current density of the beam is raised. 
This may be the reason that the primary electron temperature increases with 
the square or even with a higher power of the current density. 

As an alternative hypothesis to account for the large amount of electron 
scattering, we may assume that the presence of an electron within a distance 
comparable to a wave-length from an excited atom, greatly increases the pro- 
bability that the excited atom will emit a quantum of radiation. Thus the 
average intensity of radiation near the electron would be much greater than 
that in the space as a whole and the magnitude of the Compton effect would 
thereby be increased. The momentum delivered to the electron in this case 
may, however, be very much greater than that due to a Compton effect. 
Of course, if an electron increases the probability of emission of radiation 
by an excited atom it must also increase the probability of the absorption 
of a quantum by an atom according to the reverse process. If scattering of 
resonance radiation is due to quantum jumps then the scattering should be 
increased by the presence of electrons. 


IV. Explanation of Maxwellian Distribution 
of Ultimate Electrons 


We have seen that the primary electrons from a cathode at —50 or —80 
volts are scattered mainly by some direct effect of the primary electrons and 
not by the action of the ionization or excitation caused by the secondary or 
the ultimate electrons. In the positive column of an arc primary and secondary 
electrons are absent. It might seem, therefore, that the mechanism by which 
the electrons in an arc acquire their Maxwellian distribution must be different 
from that which causes the scattering of primary electrons. It seems more 
probable, however, that the mechanism is essentially similar, the difference 
being merely one of degree. 

For example, in an arc in mercury vapor at 5 bars pressure the tempera- 
ture of the ultimate electrons is about 20,000°, corresponding to an average 
energy (3&7) of 2.6 volts. According to Eq. (25) the corresponding radiation 
(44700) would increase the temperature of electrons by only 0.08° for each 
quantum scattered, whereas 50 volt radiation which might exist in the primary 
beam could raise the temperature by 25° per collision. 
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In the case of the ultimate electrons in an arc it seems probable that there 
is a kind of thermal equilibirum between the electrons and the radiation and 
excited atoms. That is, the electrons lose as much energy to the radiation on 
the average, as they gain from it. Thus there is probably a definite relation 
between the temperature of the ultimate electrons and the frequency of the 
ultraviolet radiation or the average energy levels of the excited atoms. 

The effective electron free-path determined from the mobility of electrons 
in an arc is not the average distance the electron moves before being acted on 
by a quantum, but is the distance it must move before losing most of its mo- 
mentum in a given direction. By Eq. (26) we see that an electron will lose about 
half its forward momentum when it has made 190,000 collisions with quanta 
of a frequency corresponding to 2.6 volts. The experiments have given an 
effective free path of about 3 cm at one bar so the distance between successive 
interactions with quanta would average 1.5 x 10-5 cm. 

It will be understood that the foregoing theoretical considerations are 
purely tentative. The fundamental cause of electron scattering can be established 
only after further experimental studies of the laws governing it. 


V. Scattered Electrons in High Vacuum Tubes 


One of the most striking characteristics of electron scattering is the abil- 
ity of some electrons to pass to an electrode which is more negatively charged 
than the cathode from which the electrons originate. A similar phenomenon 
is observed in vacuum tubes having apparently the highest vacuum if the 
anode consists of one or more wires of small size at high positive potential 
while a surrounding cylindrical electrode is negatively charged with respect 
to the cathode. A current of electrons flows to this cylinder. This effect, 
discovered by Barkhausen and Kurz!* was explained by them as being due 
to electrical oscillations of electrons in the evacuated space. These oscillations 
were actually detected by Barkhausen and Kurz. Gill and Morell*® have 
outlined a theory which suggests a cause of the oscillations. 

Experiments in this laboratory, however, have shown that although oscil- 
lations frequently exist in such a tube they do not seem to be the sole cause 
of the currents to the negative cylinder. For example, in some experiments 
the logarithm of the current to the cylinder varied linearly with voltage on 
the cylinder, suggesting a Maxwellian distribution of the high speed electrons 
in the space. The temperature of these electrons was found to be proportional 
to the potential on the anode. With cylinder potentials close to those of the 
cathode electrical oscillations were observed, but when the cylinder was made 
more strongly negative the oscillations stopped abruptly and completely as 


%¢ Barkhausen and Kurz, Phys. Zeits. 21, 1 (1920). 
18 Gill and Morell, Phil. Mag. 44, 161 (1922). 
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far as could be determined, and simultaneously the current to the negative 
cylinder increased several fold. 

Similar effects are observed in a magnetron having end plates charged 
negatively with respect to the cathode. A longitudinal magnetic field tends 
to prevent electrons from reaching the cylindrical anode and the negative 
potentials on the end plates tend-to prevent their escaping at the ends of the 
cylinder. Under these conditions, small currents of electrons do flow to the 
cylinder in spite of the magnetic field and flow to the end plates even if these 
are 20 to 50 volts negative with respect to the cathode. Yet oscillations can 
very rarely be detected. These experiments have been repeated by Mr. C. G. 
Found with the very best vacuum conditions using an anode of deposited magne- 
sium on the glass wall’ and immersing the whole apparatus in liquid air, but 
the currents to the negative electrodes were not decreased. 

It will be noted that these effects might be explained if the trapped electrons 
in the Barkhausen-Kurz tube or in the magnetron were scattered so as to obtain 
a Maxwellian distribution. However, it is hard to see how this distribution 
can be brought about with so few excited atoms and so little radiation as must 
be present in these tubes. 


VI. Oscillations as a Possible Cause of Scattering 
in Ionized Gases 


Since oscillations occur so often in tubes of this character and have been 
suggested as a cause of the currents to negative electrodes, it has been felt 
throughout the experiments on the scattering of electrons in ionized gases, 
that it is important to determine whether oscillations are present. For this 
reason we have frequently used radio detectors capable of detecting oscillations 
of 0.5 meter wave-length and have introduced small capacities and inductances 
in various parts of the circuits to see if any of the currents to collectors could 
be modified in this way. In none of the experiments on electron scattering in 
low pressure gases using hot cathodes have oscillations been observed. In 
some experiments with mercury arcs oscillations occurred at first until high 
resistances or choke coils were used in the anode circuits. The effects produced 
by the oscillations were not at all like those characteristic of electron scattering. 
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ABSTRACT 


Measurements of ion and electron current densities and temperatures in a low pressure arc may 
be made with a collector which is screened by a close parallel electrode pierced with uniform 
circular holes. The electrostatic potential distribution in the neighborhood of a pierced electrode, 
pierced with either slit or hole, has been worked out. The volt-ampere characteristic for random 
electrons is exponential for the higher retarding voltages and the exponent gives a temperature 
slightly too high. When the anode drop is known the current density of electrons can be cal- 
culated. The volt-ampere characteristic for positive ions is linear for small accelerating voltages. 
For small retarding voltages the characterisitc is not a pure exponential. The characteristic 
gives anode drop, ion current density, “transverse” ion temperature and “longitudinal” ion 
temperature. The limitations and possible errors are discussed. 


IN ORDER to separate the ionic and electronic parts of the electric current to 
an electrode immersed in an electric discharge in a gas, A. F. Dittmer suggested 
allowing these carriers to pass through small holes in a plane electrode and 
collecting them on a second electrode parallel to and behind the first, keeping 
the gas pressure low enough so that no collisions occurred between the sheath 
edge, A, and the second electrode, C, cf. Fig. 4. By adjusting the potentials 
on these electrodes it can be so arranged that either ions alone or electrons 
alone reach electrode C. The necessary variation in electrode potentials has 
a negligible effect on the discharge because of the presence of the sheath before 
the pierced electrode B. The thickness of this sheath must be greater than the 
hole diameter to prevent the discharge from penetrating through the hole. 
Other conditions, also, must be fulfilled, as will appear when the different 
cases are analyzed. 

The carriers, which it is desired to keep from reaching C, can be prevented 
from doing so either by the field between B and C, or by the field between 
sheath edge and B. Thus there are two fundamental potential arrangements; 
in the first the carriers to be collected on C are initially retarded then accele- 
rated, in the second they are initially accelerated then retarded. 

The first arrangement is unsuited to measurements on positive ions (hereafter 
called simply ions) because it requires that B be made positive with respect 
to the anode. This situation cannot usually be realized for it is the most posi- 
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tive electrode of any considerable size which acts as anode in the discharge. 
The second arrangement, on the other hand, is unsuited to measurements on 
electrons. They should be collected in an accelerating field because of electron 
reflection. On account of this specific application of each arrangement, we 
shall hereafter speak of positive and negative voltages, rather than accelerating 
and retarding voltages. 

The present paper treats first, the measurement of the current density in 
a high velocity beam of electrons; second, the volt-ampere characteristic 
of electrons having a Maxwellian distribution of velocities in the discharge; 
and third, the volt-ampere characteristic of ions having Maxwellian and other 
velocity distributions in the discharge. Preliminary to this, the equations for 
the electric potential field in the neighborhood of both a slit and a circular 
hole in an infinite charged plane are derived, and the transverse velocity and 
displacement acquired by a fast electron (ion) in traversing such a field are 
calculated. , 


I. The Electrostatic Field about 9 Slit 


The potential distribution about a slit in an infinite plane charged electrode! 
is found by applying a Schwartz transformation® to the polygon ABC... 
H of Fig. 1. Proceeding to the limit by allowing 





Fic. 1. 


m to approach oo as dV/dy at y = +00 remains finite and equal to —E, the 
potential V near a slit is found to be given by the parametric equations: 


U_ EF U 
*=— Ee Ut (1) 
Vi, EP V 





V>0 (2) 





Ete wy 
and the boundary conditions of the field reduce to those shown in Fig. 2. 


To realize the general case where 0V/dy is different from zero on both sides 
of the electrode, it is only necessary to superpose a uniform electric field pa- 


1 The hydrodynamic case corresponding to this problem and also to the problem of the 
hole in a plate has been treated by Lamb, Hydrodynamics, 3rd edition, p. 77 and p. 137 respec- 
tively, but it has been thought worth while to sketch derivations of the potential using more 
usual coordinate systems. 

* Jeans, Electricity and Magnetism, 2nd edition, p. 271. 
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rallel to the y-axis modifying U and V in Eqs. (1) and (2) in such a way 
as to retain their conjugate properties. 

U, the parameter, and function conjugate to V, has a very simple physical 
meaning. Keeping U constant and taking V as parameter in Eqs. (1) and (2) 
(or these equations modified as contemplated above) gives the lines of electric 
force just as V = constant gives the equipotentials, and the value of U as- 
sociated with a line of force is proportional to the total charge (per unit length) 
between the foot of that line of force and the foot of the line of force for 
which U = 0. Along any line x = constant, in Fig. 2, the change in U between 
yn ba | wv. : 


or x=toof)==-F 


oy 


Jie 
es ee 5 


x 


ul 
Ss 


= 2, —~> 


=- Co) 
or a t Here 
Fic. 2. 


any two fixed points, as given by Eqs. (1) and (2), is the same as the change in 
U, given by these equations modified to include the superposed uniform field. 
Therefore, Eqs. (1) and (2), rather than the more complicated modifications, 
can be used for the general case whenever, as in the next section, changes in 
U along a line parallel to the y-axis are involved. 

The equipotentials given by Eqs. (1) and (2) are sufficiently plane when y 
is somewhat greater than zero for these equations to be good approximations 
even when the parallel electrode, C, is near. For instance, Eq. (2) shows that 
the equipotential V = —6lE lies at y = 61 at some distance from the slit 
(x large, U large,) and lies at y = 6/(1—1/144) at x = 0. In terms of po- 
tential, the potential of a conducting plane at y = 6/ is too low at x = 0 by 
El/24. When y is somewhat less than zero, the electric field is so weak and the 
potential is so nearly zero that the plane equipotential, A, may also be used 
there without altering the field for our purpose. 


II. Transverse Velocity Acquired by a Charged Particle 
Passing Through the Slit 


A particle of charge « and mass m moving with high velocity parallel to 
the y-axis is subject to a transverse acceleration due to the non-uniformity of 
the field. 

This acceleration is 

dé (4 


‘dm \dx)so2 
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where V is the potential in the field and x’ is the distance of the particle path 
from the center line of the slit. Now the discussion above shows that such non- 
uniformity is quite local, so that the particle acquires the same transverse 
velocity in traveling from y = —oq to some point near electrode B as in 
going from electrode A, the sheath edge of Fig. 4, to the same point. Hence 
the transverse velocity acquired will be 
4 y 
€ ov € 1 oV 


k= dt = 
m Jo ox mJy ox 








dy (3) 


If y is large it changes but slightly in the neighborhood of the slit, so will 
be supposed constant and 
e (wv e [aU € ¥ 


my Jn ox my J oy a= my eg (4) 








where U is the function conjugate to V. 
Eqs. (1) and (2) are applicable, as has been remarked above. From them 


U=—Ex', when y = +o, ei 
U=0, when y = —co 


Accordingly the total transverse velocity acquired in passing from electrode A 
to electrode C (y = —oo to y = +00) is 


x, = —eEx'|my (5A) 


Now E is the electric field in the simple case corresponding to Eqs. (1) and 
(2). It is equal to the difference of the actual fields on the two sides of B so 
that 
aw: €(E, +E)" (5B) 
my 
where E, and £, are the two fields, each being counted positive when directed 
towards B. Expressing velocities as potentials and using the mean field strength 
E= }(E,+£,) 
VV, = E*x"? (6) 
One conclusion from the preceding is that the particle has acquired one- 
half its transverse velocity when it reaches the plane of B. This is obviously 
true for a symmetrical arrangement of voltages; any unsymmetrical arrange- 
ment can be realized by superposition of a uniform field, hence it holds also 
for any other arrangement. In general, however, this conclusion is not valid 
if the slit has finite thickness. 
On the other hand, it is true that x, is given by Eq. (5B) no matter what 
the thickness of electrode B and what the shape of the sides of the slit so 
long as the slit’s cross-section is constant. This follows immediately from 
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the fact that U at A and C does not depend on the shape of the slit. Of 
course there is the difficulty of assigning an origin of coordinates when the 
slit is unsymmetrical. 

A further integration of Eq. (4) would give the lateral displacement of the 
particle. Inasmuch as the calculation for the case of the hole is simpler and 
the displacement in the present case is of no interest here, that result is not 
calculated. ‘ 


Ill. The Electrostatic Field about a Hole' 


The problem is to find the potential distribution due to an infinite conducting 
plane with a circular hole of radius a charged to potential +V and placed 
symmetrically between two parallel infinite grounded plates at a great distance 
away. ; 

The limiting value of surface charge density on the central plate far from 
the hole is taken to be o,; then the uniform density on each grounded plate 
is —}o,. A uniform density —o, is then superimposed over the central plane 


i 
Oy | 
“ot 
goer _* .-_OISE PLANE 
PLANE! 7 
en ee 
' LY 
' 
| 
Fic. 3. 


and hole in addition to the charge already existing, and to compensate for this 
—}o, is removed from each distant grounded plate. The central conducting 
plane is thereby brought to zero potential, and the problem is changed to: 
an infinite grounded conducting plane has a circular hole in which is placed 
a disk charged with a uniform density of negative electricity; find the 
potential distribution. 

The general nature of the distributions of potential V and charge o are 
indicated in Fig. 3. It can be proved by direct substitution that a solution 
of Laplace’s equation in cylindrical coordinates is . 


V(r, 2) = f e“udu f S(s)Jo(ur) Jo(us) sds 
where f(s) is arbitrary. V vanishes for z = +00, and for z = 0 is 
V(r, 0) = f udu f f(s) Jo(ur) J,(us)sds = f(r) 


The last equation is a consequence of the Fourier-Bessel integral formula 
analogous to the Fourier integral in the case of circular functions. Thus f(r) 
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is simply the potential distribution in the plane z = 0. Taking the hole to 
be of unit radius, for convenience, f(s) = 0 for s >1, and 


V(r, 2) = is e~“udu f Ff (s)Jo(ur)Jo(us)sds_ (7) 


Applying Gauss’ theorem at the disk, 


(2 ol ae (8) 


to Eq. (7) gives an integral equation to determine f(s). The shape of the 
curve for V in Fig. 3 suggested the solution 


f() =Ayi—-s# (9) 
This is tried in the equation and found to satisfy it,? giving for A the value 
—4o,. Hence the potential distribution in the plane z = 0 is given by 


(7) = V(r, 0) = —4a,Y1-F,  0<r <1 


The potential distribution for the modified problem is found by putting this 
in Eq. (7) and reducing slightly 





V(r, 2) = —40, f (= : 


—cos u) Jury z>0 


The potential distribution for the original problem involving the hole of 
radius a is then easily seen to be 








V(r, 2) = Vi—a, [2ne+20 f — ( = * _ cog uhracuriay z>0 (10) 


where V, is the potential of the plate with the hole. 
The equipotential surfaces given by this equation are more nearly plane 
than those for the slit. On the axis of the hole Eq. (10) reduces to 


V(0, z) = Vie—a5 [ans +4a(1— = cot 2\| 


.so that the equipotential 
V=V, —2n052,, 
which lies at z = z, at a distance from the hole, lies at 


= 2a 2 as \t 2@ 
z a[1—2 # (1 *+ co}| a(t an 


at the axis. Thus the surface at z, = 3a only decreases its distance from the 
plane of B by 0.8 per cent. 





? Invaluable reduction formulae are found in Watson, A Treatise on the Theory of Bessel 
Functions, pp. 373, 54, and 405, Nos. 2 and 7. 
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IV. Transverse Velocity Acquired by a Charged Particle 
Passing through the Hole 


The expression for the transverse velocity can be written immediately 
from inspection of Eq. (3) 
© =) 
€ OV 2e ( OV 


0 ng Frais mz a 
96: 0 





Evaluating this‘ and introducing E gives the same results as in section II, 
namely 


+, = —eEr'|mz or V,V, = E*r'? (11) 


The similarity between this case and the slit case extends further. Here 
as there the particle acquires one-half its transverse velocity in reaching the 
plane of B in the ideal case of zero thickness of B. Here also the total transverse 
velocity acquired is independent of the electrode thickness and the hole shape 
as long as the hole has circular symmetry. This follows from the existence of 
a “‘current function” which has been defined by Stokes for three-dimensional 
problems concerning configurations having axial symmetry. This function is 
analogous to the function U conjugate to the potential V in two-dimensional 
problems. 


V. Measurement of the Current Density in a Beam 
of High Velocity Electrons 


Under certain conditions the electrons which leave the incandescent tungsten 
cathode in a low pressure arc travel with nearly equal velocities in straight 
lines radially from the filament. One way of collecting these without at the 
same time collecting the random low velocity electrons and without introducing 
reflection errors is by using the present double electrode scheme. The potential 
requirements here are that a low negative voltage V, be put on B, and a low 
positive voltage V, be put on C. These potentials are relative to the sheath 
edge which serves as electrode A, V, must be sufficient to repel all low velocity 
electrons, V, must be sufficient to repel all positive ions, and the electrons 
must be moving parallel to the hole axis. 

All the fast electrons which are headed for the hole pass through it and 
reach C. In addition some electrons which are directed toward B just outside 
the hole are displaced inward so that they penetrate the hole. The decrease 
in radial distance which enables an electron to graze the edge of the hole can 
be calculated readily on the assumption that B is infinitely thin and with 
the approximation that the transverse field is the same along the straight 


“ Watson, p. 405, No. 3, used twice, once integrated with respect to b. 
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line path r = a as along the actual path. Thus the displacement at the hole 








is given by 
o z 
ee, € OV 
Ar’ = wl SF | ae 
Evaluating this® it is found that 
Ar 2 aE y2 aE aE 
a 63x mz 6x Vj—V, Ge V,—V,z (12) 


where V, is the potential, intrinsically negative for electrons, necessary to 
reduce the drift velocity « to zero. The difference V,—V, is used instead of 
V, because it is the value of % at the hole which is significant. The effective 
area of the hole is then fractionally greater than the true area by 


AAJA = —2Ar'/a = 0.15 aE|(V,—V>) " (13) 


It is to be noted that whereas the field, E,, between B and C is given by 
(V.—V,)/6, where 6 is the electrode separation, the field, E, on the sheath 
side of B is more nearly —4V,/30, o being the sheath thickness, on ac- 
count of the space charge there. Accordingly 





6 


As an example, consider the following case: hole radius, a = 0.0125 cm; 
sheath thickness o = 0.0375 cm; electrode separation 6 = 0.075 cm; V, = 
—10v; Ve =+10v. Then E, = 356, E, = 267 and aE = 3.9v. 
Calculating AA/A in per cent for various values of V, the following is 
found: : 


£m s(-$ 8 P2 o 


V,: —100 —50 —30 —20 
AA/A: 0.0065 0.015 0.029 0.059 


The true electron current density in the beam is found by dividing the 
current to C by A(1+A4A/A). 

If the hole has appreciable thickness the side of B with the stronger lon- 
gitudinal field has the stronger transverse field, and, therefore, contributes the 
major part of the transverse velocity. In the present example, the sheath-side 
field is the stronger on account of the space charge there. Accordingly 
AA/A as calculated is too small. 

Electrode B collects all the ions which strike it but reflects some of the 
electrons. The ion component can be determined by the method of section 
VIII and in other ways. Thus it becomes possible by comparing the electron 
current densities to B and C to determine the reflection coefficient of B for 
electrons of different voltages in the presence of gas and ion bombardment. 


5 Watson, pp. 54 and 403, No. 2. 
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VI. Measurements on the Random Electrons in an Arc 


The random electrons, having, presumably, a Maxwellian distribution 
of velocities, can be investigated in the absence of drift electrons with essentially 
the same potential arrangement as in the previous case. When the electric 
fields on the two sides of B are equal, the surface of minimum potential (m.p.s.), 
which caps the hole, becomes plane and the potential at any point on it is 
given by 

V = V,+(2E)n) (er (15) 


A general theorem pertaining to Maxwellian distributions, which is discussed 
in a forthcoming paper by Langmuir and Mott-Smith, Jr., applies here in 
all cases where V < 0 over the minimum potential surface. In this case, the 
entire hole constitutes a collector which repels electrons, and there will be 
no ‘‘interior orbits” for the electrons between sheath edge and B. Accordingly 
the electrons in the plane m.p.s. have a Maxwellian distribution of velocities 
and a density which varies according to Boltzmann’s equation. The current, 
therefore, which flows through the hole is 


ig = I_f et” 2nrdr 
3 0 


Using (15) to integrate and then (14) together with the substitutions 
m = —eV,/RT, ts = —e(V.—V,)|kT 


ra t(- 4%), 00) = Zito 
we obtain 
io = na*l_en ®(y) (16) 
Since electrons are involved € is negative. Besides, it has been assumed that V, 
is negative and V, positive. Hence 7, and » are always positive, and 1 
negative. 

From the form of Eq. (16) it is seen that ®(v) is the ratio of the cur- 
rents per unit area to the hole and to electrode B (assuming no reflection), 
and since In® is an almost linear function of » whose derivative changes 
only from 2/3 at y = 0 to 1 at » = oo it follows that the slope of the In 7, against 
V,, (ns constant) characteristic will differ from its usual value in other cases, 
namely, e/kT, by a nearly constant amount. It will correspond to a higher 
temperature. 

When V, is made rather large so that » is large, the equation of the char- 
acteristic is 


_ 2r?al_ ainlad gr(1— 4098) (17) 
—4n,/30-+73/6 


* See the discussion following Eq. (23) for a necessary modification to this equation. 
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which shows that for 7, constant, In i, is nearly a linear function of », whose 
slope is 


dinig _ 4a d 
7 aa te dy, tle nearly. 





Since o is proportional to 73! this becomes 

d\n i,/dn, = 1—a/3z0, nearly. (18) 
Consequently the temperature determined from this slope is slightly greater 
than the true electron temperature in the ratio 1:1—a/3z0. Practically, 4, and 


1M cannot be made very small because of incalculable changes in the sheath 
field, but it is instructive to consider the case. Eq. (16) becomes 


ic = natton [14 30(— 4 4] (igy 
and 
d\ni,/dn, = 1—2a/9z, nearly, (20)* 


giving again a temperature slightly greater than the true one, now in the ratio 
of 1:1—2a/9x0. Accordingly the slope of the characteristic consists of a con- 
stant corresponding to the true temperature less a correction term which is 
small (not over 3.5 per cent since o must not be less than 3a) and inversely pro- 
portional to the three-fourths power of V,. 

If now the sheath edge potential and the positive ion current density are 
known (from measurements on the positive 1on current which will be discussed 
below in section VIII, for instance) so tlat V, and V, are known, and o can 
be calculated, everything but J_ in Eq. (17) is known and the electron current 
density can be found. 

Three factors affecting this method and introducing certain corrections 
must be treated in greater detail. They are, first, the effect of the random ion 
velocities on the electric field and sheath thickness; second, the condition that 
the fieids on the two sides of B should be equal, and third, the condition that 
the potential everywhere over the hole shall be less than zero. 

The presence of initial velocities among the ions changes the space charge 
equation’ to 


I, = 5.44x 10-8(—V,)92(1-+)/)/ Mo? (21) 
where M is the molecular weight of the ion, and 
pw = 0.0247/—T,/V, (22) 
T, being the positive ion “temperature”. From this it is found that 
__4V, 1+4 
ae Lee 2) 


7 Langmuir, Phys. Rev. 21, 419 (1923), Eq. (17). 
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Thus Eqs. (17), (18), (19), and (20) should be modified by replacing 1/0 by 


For o, Eq. (21) gives 
o = 7.37 10-*(—V,)*4/ 14 p| M4122 (24) 
The condition that E, = E, is seen to be 


4V, 1+ _ Vo—-V, 











“3 6 1+ %u 6 (25) 

and using (24) it becomes 
Ve— V, 4 M4I12 (—V,)"4 Vite 26 
6 3° 7.37x 10-4 1+2u (26) 


The theory has been worked out on the basis of keeping V,—V, constant, 
so that if a run includes an N-fold variation of V, and (26) holds for some 
mean value of V, then (26) will be out each way by the factor N/* at the extre- 
mes. This results in a bulging of the m.p.s. so that its center lies at a distance 
2 from the plane of B given by the equations 





2 a 
y= 2(2e Han ele)), BIB = 4AM) @ 
or approximately by 
” _ 141.274z,/a—1.7028]a° 
EAE, 1—1.2742,/a (28) 
which makes E,/E, 5 per cent too large for z = .4a and 8 per cent too large 
for 2) = —.4a. The potential at the center of the m.p.s. is 
V = V+2aE/n(1+2%/at) (29) 


A permissible error of 1 per cent in V allows an error of at least 1 per cent 
in the second term of the right member. This in turn allows 2,/a to be 
as great as 0.1 and E,/E, to be 1.29 by (28). But this is N°, so that V, 
may have a (1.29) =7.7-fold variation when properly chosen without 
exceeding the 1 per cent limit set above. 

Finally, the condition that the center of the m.p.s. shall be negative is 
given by Eq. (15). 

1? V.—V, — 1—4a/3n0 0d 


Se eee < 7 eS nearly, 





the effect of initial ion velocities being neglected. Inspection shows that when 
condition (25) is satisfied this condition is satisfied also since o/a > 3. 
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VII. Measurements on Positive Ions: Calculation 
of the Volt-Ampere Characterictic of Ions Collected on C 


It was noted in the preliminary remarks that to make measurements on 
the ions V, must be sufficiently negative to keep any electrons from reaching C. 
The situation as regards the ions is illustrated in Fig. 4 and may be described 
as follows: an ion of a certain u, v, w velocity class (u perpendicular to the 
electrodes, v and w parallel to them) leaves the ionized gas, is accelerated by B, 


-lonized Gas - 
Jons with Maxwellian Velocities 


Sheath Edge 









large Neg 


Near Zero 


Fic. 4. 


is given an added transverse velocity by the hole, and is then retarded by C so 
that it may not reach C. The v velocity axis is chosen in the sense and direc- 
tion of the radius vector, r, from the center of the hole to the point at which 
the ion path cuts the plane of the hole. The transverse velocity r acquired by 
the ion increases its ‘‘transverse energy” by }(r?+2rv) and decreases its ‘‘lon-" 
gitudinal energy” by the same amount. Hence only when 


4u—}r—ro > eV, |m (30) 
is the ion able to reach C, V, being the retarding voltage on C. From Eg. (11) 
t, = nr’, n = —eE/mz, a constant 
so that the relation (30) can be written 
hn?r'2+-nr'v—(1u?—eV, |m) < 0 (31) 


The two roots 7,, 7, (r; < 7) of the equality partially fix the respective radial 
limits g@, and g, between which an ion of a certain velocity class in a certain 
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retarding field (_V,) must pass in order to be collected. But besides the mathe- 
matical relations 


a=, =": (32A) 
there are the additional dominant physical limitations on 9, and 02 
0<a<a<a (32B) 


Now the effective area of the hole for (u, v, w) ions is 
(ee?) 
Accordingly the current of (“, v, w) ions is 
bye = 2h'h" m*1,(03—o})u exp [—h'mu*—h"'m(v?+-w*)]dudvdw — (33) 


the u velocity distribution being characterized by a different temperature from 
the v and w velocity distribution because in the body of the discharge there is 
a small electric field perpendicular to the electrodes which makes the longitu- 
dinal components of velocity greater. The relation between the A’s and tem- 
perature are given below Eq. (36B). 

Denoting the sum of (o3—o3) for a positive and an equal ‘negative value 
of v by A, and using the variable 


@ = w—2eV,|m 


(u being the final u velocity before impact on C of an ion passing through the 
middle of the hole), (33) becomes 


hyp = 2 ah” mh'm1,.e-'c"" Au exp (—h'mu?—h'' mv?)dudv (34) 
after integration for all values of w. The limitations on g, and @, imposed by 
(31), (32A), (32B) necessitate breaking up the u#, v plane into several sections 
for the integration of (34) as shown in Fig. 5. 

The values of the A’s there given are the values appropriate to a hole all 
points of which are at the same potential. This is not true of the actual situa- 
tion, the potential in the hole being variable and given by Eq. (15). Within 


the mathematical limitations of the present theory, it is sufficient, except in 
Eq. (39B), to write 





°°. =— w+ 2v? 
A, = 40 Vete, A, = 20 —— 
- ; 2 ean 
where @ = 1420EjxV, = 1-7 YV,|—V,. (35) 


The integration limits are 0 and +co for v and —2eV,/m and +00 for u. 
For accelerating potentials, V, <0, that is, the lower # limit lies to the right 
of the v-axis as indicated by the dotted line, while for retarding potentials, 
V. >0, that is, the lower u? limit lies to the left of the v-axis. Practically, as 
long as 2eV./m is considerably less than a?n® and h'm a’n® > > 1, the integra- 
tion may be simplified by taking A, = A, and A, = A, = A,. 


4 Langmuir Memorial Volumes V 
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The integration then gives 


i= —O 56 (Vet V+") for —V,<<V,<0 (36A)* 
t 


;-—o—§¢ _ (vrexp Ve _ yen Pir) for >>Ve>0 (36B)* 
i co) Vv") (v exp V"2exp v" t c290 (36B) 
Here i, = za*J,, is the constant ion current when all ions are collected; V, 
= m(na)*/2e is the voltage equivalent to the transverse velocity acquired by 
an ion grazing the edge of the hole; V’ = —1/2h’e = —kT’/e is the reciprocal 
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of the slope of the semi-log plot (base e) corresponding to the temperature 7” 
of the longitudinal velocity distribution; and V” = —1/2h"e = —kRT" Je is 
the same for the transverse velocity distribution. 

The behavior of i for values of V, less (more accelerating) than those cover- 


ed in (36A) is very complicated except when V’’ = 0 and therefore the general 
case will not be dealt with. 


When transverse and longitudinal temperatures are equal (36B) reduces to 
bg le peu Ve 
i=—0 V; (2V'—V,) exp v? 

for V'=V",V,>>—VV,.>>V.290 (37) 


* See section IX, §§ B and C. 
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the equation of a curve on a semi-log plot which has half the slope at V. = 0 
that it has at V, = co and only approximates to a straight line of slope 1/V’ 
for large values of V.. 

When the transverse temperature is zero, V" = 0 and the Eq. (36B) gives 
a straight semi-log plot of slope 1/V’. In this case it can also be shown that 


i=t, for Vj < —V, (38A) 
»_ _@ite , 
i= ofely.+v[1- 


When both transverse and longitudinal temperatures are zero but the ions have 
a longitudinal drift velocity corresponding to V, volts the equations for the 
volt-ampere characteristic become 





>>-V', V,<Ve<0 (38B) 


i=ic for Vo < V,—V, (39A) 
—e ic y,Ve-Vo) for VeVi < Ve < Vp (39B)? 
i=0 for Ve >V, (39C) 


Here 6’ is similar to 6 except first, that the value of E to be used in it is that 
corresponding to V, = V, instead of V,=0, and second, that when V, 
leaves the neighborhood of V, and approaches V,—V,, 6’ increases and 
approaches 1. 


VIII. Measurements on Positive Ions: Interpretation 
of Experimental Curves 


A. The potential of the discharge with respect to the anode.—The voltage readings, 
E,, do not give the position of V, = 0 for they measure potential from the 
anode which is a few volts negative with respect to the discharge itself. It fol- 
lows that the reading on the E, scale of the line V, = 0 is the potential of the 
discharge with respect to the anode. Now, Eq. (36A) shows that if a linear 
plot be made of the volt-ampere characteristic, a portion of it up to V; = 0 
will be straight. The curves of Fig. 6° obtained by Mr. C. G. Found using 
a mercury vapor arc in a tube built by Mr. A. F. Dittmer show this well. Unfor- 
tunately the deviation from a straight line is so slow at small positive values of 
V,, that the actual position of V, = 0 cannot be found by simple inspection 
of the curve. 

A method for finding the point V, = 0 is to plot a certain root of the devia- 
tions from the straight line, against E,. The straight line drawn through he 


* These curves were made before any of the present theory had been developed and no par- 
ticular precautions in regard to the shape or uniformity of the holes in electrode B, to the measu- 
rement of the distance between B and C, or to the accurate measurement of the small ion cur- 
rents at the higher retarding voltages were made. Experiments in which these precautions are 
being observed are under way. 
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resulting set of points cuts the E,-axis at V, = 0. The root to be used varies 
from the square root for V/V’ = 0 to the 2.7th root for .2<V"/V'<1 
and this results in an uncertainty in the value of the discharge potential. 
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As an example, consider the curves of Fig. 6. Both the square root and 2.7th 
root of the deviations are plotted as crosses, the intersections of the straight 
lines through these with the axis are marked, and it is noted that the uncertainty 
is about 0.1 volt. For curve A, E,, at V, = 0, lies between 3.6 and 3.7, while 
for curve B, E, at V, = 0, lies between 3.7 and 3.8 volts. 

B. The fundamental transverse voltage, V,.—The slope of the linear portions 
of the characteristics in Fig. 6 is —6i,/V,. Since i, is known in each case, V, 
can be calculated by using Eq. (35) and is found to be 1.9 and 2.2 volts respec- 
tively for curves A and B. 

An independent calculation of V, can be made using Eq. (11), E being cal- 
culated by Eq. (14) with V,; = 0. The distance between B and C was not, 
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unfortunately, accurately known, but lay between 0.1 and 0.2 cm and was esti- 
mated at 0.15 cm for the field strength calculation. On this basis it was found 
that: 

For curve A; V, (calc) = 2.4 v., V, (from curve) = 1.9 v. 

For curve B; V, (calc) = 2.65 v., V, (from curve) = 2.2 v. 


a satisfactory agreement in view of the uncertainty of hole and size and elec- 
trode distance. 

C. The voltage V' corresponding to the ‘‘longitudinal temperature,” T’ 
= —11,600 V’.—Egq. (36B) shows that when a semi-log plot of the volt-ampere 
characteristic becomes straight at positive values of V,, then the reciprocal 
of the slope is V’. The experimental difficulty is encountered that the determi- 
nation of this quantity depends on the smaller and, therefore, usually the less 
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accurate current measurements. This trouble appears in Fig. 7, the semi-log 
plot of the observations already shown in Fig. 6. Using the straight lines drawn 
here as the best approximation: 

For curve A; V’ = —0.32 v, T’ = 3360°K 

For curve B; V’ = —0.45 v, T’ = 5200°K. 
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D. The voltage V" corresponding to the ‘‘transverse temperature,” T" 
= —11,600 V’’.—Egq. (36A) shows that the intercept of the E,-axis in Fig. 6, 
which is terminated by V, = 0 at one end, and at the other by the intersection 
of the straight line plot continued is the quantity —(V’+V"’). This relation 
may be used to calculate V’’. Assuming that the value of E, corresponding 
to V, = 0 is, for curve A, 3.6 v and, for curve B, 3.7 v, and noting that curve 
A intersects the E, axis at 4.1 v and curve B at 4.4 v, we have 
For curve A; V"’= —0.18 V, T”= 2100°K 
For curve B; V"’= —0.25 V, T’’= 2900°K. 


Even if the other values of E,, namely 3.7 and 3.8 v had been used, the 
ratio V/V’ would still have exceeded 0.2, showing that 2.7 was the correct 
root of the deviations and that the proper values for E, were used above. 

A further approximation to V” can be made using (36B) by solving it for 
the V” which appears in the denominator, using an approximate value of V’’ 
in the term involving the exponential and using a value of i at which the second 
exponential term is relatively small. Thus for curve B at E, = 4.4 v, i = 1.1ya, it 
is found that V’’ = —0.24. Accordingly T’ = 2800°K and T”/T’=V"/V'= 0.53. 

E. The decrease in i when V, < —V,.—Egs. (38) show that when V” = 0, 
i is constant up to —V,. But the existence of initial transverse velocities results 
in some ions being cut off prematurely so that a decrease in i at — V, indicates 
a transverse temperature different from zero. In the present case, part of the 
decrease must be asc ribed to non-uniform hole size which affects the characteristic 
shape most vitally in this region. Accordingly this portion of the present charac- 
teristics. is unsuited to interpretation. Even in the ideal case, however, the 
theoretical equation for the current is very complicated in this region and also 
subject to errors listed in section IX, §§B and C, so that any quantitative inter- 
pretation appears impossible. 


IX. Measurements on Positive Ions: Errors 
and Experimental Precautions 


A. The condition V, > >-—V’' of Eqs. (36) and (37).—The necessity for 
simplifying the integration of the ion distribution equation led to this condition. 
By taking A, = A, = 0 an upper limit to the error is found to be about 4 per 
cent for V, = —5V’, but the actual situation is much more favorable than this. 
Probably the best criterion of the fulfillment of this condition is the gs 
of the linear plot, Fig. 6. 

B. Effect of ion paths not parallel to hole axis.—The ions which go ddiccnghi 
the hole follow paths which deviate appreciably from parallelism with the hole 
axis. Insofar as this arises from the ‘‘transverse temperature,” it is small, about 
VV"|V, or 0.045 radians in the case of curve B, and its effect is negligible. 

The non-parallelism which arises from the acquired transverse velocity 
itself is only slightly larger, but its effect is not negligible. It results in a change 
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in the effective area of the hole, which can be calculated from Eq. (13). V, 
= —V’ may be neglected so that AA/A = 0.15 aE/V, = —0.022 for curve B. 
That is, the effective area of the hole is 2 per cent less than its true area. But 
cases in which this error is appreciable may arise. An examination of the inte- 
gration leading to Eqs. (36A) and (36B) reveals that the hole size is not invol- 
ved. This quantity enters only when the final substitutions listed under (36B) 
are introduced. Accordingly the difficulty can be readily analyzed by more 
exact definition. Retaining the definition of i, as the total idn current through 
the hole it becomes necessary to append the factor 1+ AA/A to the mathema- 
tical expression for i, which follows Eq. (36B). This introduces a correction 
coefficient of 1— AA/A which is to be applied to the right members of Eqs. 
(36A), (36B), (37), (38B), and (39B). The values of V, (from curve) of section 
8B are thus 2 per cert low. None of the other calculations based on the experi- 
mental curves is, however, affected by the non-parallelism of the ion path and the 
axis of the hole. 

C. Thickness of the hole—In sections II and IV it was concluded that neither 
the depth of the orifice nor its shape, provided it was of the proper symmetry, 
has any effect on the transverse velocity acquired by an ion whose path is per- 
pendicular to B. The path is not perpendicular to B primarily on account of 
acquired transverse velocity, so if the hole is cylindrical and has appreciable 
depth the radial distance at which the ion enters it is less than the radial dis- 
tance at which the ion leaves it. Such an ion acquires a maximum transverse 
velocity when it grazes the edge of the hole as it leaves. The radius appropriate 
for calculating this velocity is the mean of the radius of entrance and the radius 
of the hole itself. This mean radius is seen to be a—jt¥—V,/V, [or 
a(1+tE/4V,) by Eq. (11)]. Here again the hole size is involved, and the rea- 
soning of §B applies. But since here the maximum acquired transverse velocity 
is not directly observed, the mathematical definition of V, as it appears below 
Eq. (36B) will be retained. Accordingly no change has to be made in the equa- 
tions because of this change in effective radius. There is, however, an accom- 
panying decrease in the effective hole area which allows ions to pass. The com- 
plete fractional increase (algebraic) in area is by Eqs. (13) and (11) 





AA/A—t/aVV,J/—V, or —yV,/—V,(0.15+t/a) (40) 





where t is the depth of the cylindrical part of the hole. In the new experiments 
which are contemplated it is planned to make the holes conical so as to reduce 
t to zero. 

The initial transverse velocities of the ions also cause the ion paths to deviate 
from the perpendicular, the effect here being to reduce the effective area of 
the hole for ions having v > 0 and leave it unchanged for ions having v < 0. 
As this only involves one half the ions, and as V, > > —V”, any error from 
this cause is quite small compared with those already dealt with. 
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D. Equivalence of mathematical and physical equipotentials——In order that 
the mathematical solution of the field about a hole (slit) should correspond to 
the physical conditions it has been pointed out in section 3 (section 1) that the 
distances, sheath edge to electrode B and electrode B to electrode C, should 
be at least 3 radii (3 slit widths). 

E. Return of ions through the hole-—Any ions which are not collected by C 
and re-enter the sheath through the hole in B increase the space charge there 
and decrease the primary ion current. As the space charge contribution of the 
returned ions relative to the space charge contribution of the primary ions at 
any point is equal to the density of returned ions relative to that of primary 
ions at that point, an estimate of this error is easily made. Neglecting the initial 
transverse velocities of the ions for the moment, that is, assuming that all ion 
paths in the sheath are perpendicular to B, the transverse velocity acquired by 
an ion in passing through the hole at a distance r’ from the center corresponds 
to an angular deflection of the path at B of /V,/—V, radians, V, being the 
acquired transverse voltage. The distance traveled before the ion reaches B 
again is 26 (6 being the electrode separation) and consequently the lateral dis- 
placement of the ion when it again reaches the plane of B is A,r = 2 -26/V,/— Vo, 
assuming that it follows a parabolic path. 

The density of returning ions relative to outgoing ions is then r’*/(r’+ A,r)? 
at B, and this can be evaluated using the above equation together with Eq. (11) 
and calculating E as in section VI, §B. Since, however, the returning ions con- 
tribute most effectively to the space charge when they are near the sheath edge 
the calculation of their radial distances must be carried one step further, that 
is, into the sheath once more, noting, of course, that in repassing the hole the 
ions acquire additional transverse velocity. To calculate the relative space 
charge contribution of these ions their relative density one quarter of the dis- 
tance from sheath edge to electrode B was selected as a fair average value. As 
these ions have insufficient longitudinal energy to penetrate the sheath edge 
they are reflected from it and make a second space charge contribution as they 
return to B which must also be added. The computation shows that the rela- 
tive space charge contribution is a function only of the ratio of electrode sepa- 
ration, 6, to sheath thickness, o. It has a maximum value amounting to 0.7 per 
cent when 6/o = 0.7 and drops to 0.35 per cent when 6/o equals either 0.2 or 
2.5. ‘ 

Turning now to the eftect of the presence of random initial transverse velo- 
cities it is seen that this has the general tendency to decrease the returned ion 
density, and therefore to decrease the error. Under all circumstances, then, the 
return of ions through the hole may be neglected. 

F. Limiting of ion current to C by space charge.—With an electrode separation 
greater than the sheath thickness it is evident that if B were perfectly transpa- 
rent to ions, then theoretically no ions could reach C on account of space charge. 
Experimentally, however, there is only a narrow beam of ions flowing through 
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a space devoid of charge, and this beam tends to diffuse on account of initial 
and acquired transverse velocities. It is evident that the thinner the beam is 
in the sheath, the greater the separation 6 of the electrodes relative to the sheath 
thickness, ¢, may be. The condition that space charge limitation shall not set 
in may, therefore, be roughly expressed as 6/¢ < xo/a or da/o* < x, where x 
is a constant. In the present case 6/0 = 2, o/a = 6, hence da/o* = 1/3. Taking 
this as the maximum advisable value the condition above becomes 


ado? < 1/3 (41) 


G. Reduction of potential at the center of the hole by space charge.—If no non- 
uniformity is introduced into the space charge distribution in front of B by 
the hole, this charge gives no transverse field and cannot, therefore, change 
the potential at the hole center except insofar as the field E, is affected, a factor 
already dealt with in Eq. (14). But the ions which have passed through B have 
a non-uniform distribution and may affect the potential. Assuming, (1) a uni- 
form field between B and C to calculate the ion velocities, (2) that the ions 
form a cylindrical beam behind B, and (3) that the density of ions returning 
from C is negligible, it is found that the change in potential sought amounts 
to only a few millivolts in the case of curve B. Accordingly it is most unlikely 
that this factor would ever become appreciable. 

H. Effect of ion repulsion—On account of the concentration of charge in the 
beam, any ion which is not on the beam’s center line is subject to a transverse 
repulsive force which tends to diffuse the beam still more and by increasing 
transverse velocities, reduce longitudinal ones. No really satisfactory estimate 
of the magnitude of this effect has been made on account of numerous, compli- 
cating factors. But in order to understand the situation better, a calculation 
based on certain simplifying assumptions has been made. It is easily seen that 
the only class of ions which is of interest is that composed of ions which just 
reach the plate at some fixed collector voltage. Assuming that the beam suffers 
no diffusion such as dealt with in §E, those ions of this class will be most affected 
which travel along the outside of the beam. We consider these ions only. The 
predominating part of the repulsion velocity acquired by such an ion will be 
acquired while the ion is moving either most slowly or in the vicinity of the 
densest space charge. Both conditions occur at the same place, namely, in the 
vicinity of the collector. On this basis the following assumptions were made: 
(1) the ion beam is bounded by the right circular cylinder which has the hole 
for a base, as already mentioned above, (2) an ion acquires a negligible repul- 
sion velocity until it is within a distance of the collector of the same order as 
the radius of the beam (hole), (3) on account of the electrical image of the beam 
in the collector, the charge effective in repulsion is that in a cylinder cut from 
the beam which is bounded by the planes x = x,/4, x = 7x,/4 and of diameter 
3x,/2, x being distance from the collector, and x, being the x of the ion, (4) the 
repulsive force exerted by this charge is that of a sphere of uniform charge 
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density, of the same total charge as the cylinder, of the same diameter as the 
cylinder, which is tangent to the cylindrical beam boundary at the ion, 
ice., x,, (5) the charge density in the beam is given by the space charge 
equation treating the collector as a plane cathode and using the current 
density to electrode B. 

Then for mercury ions it is found that the voltage corresponding to the 
repulsion velocity is 


Vie = 8.43 x 105803 (42) 


For curve B, Fig. 7, J, = 8x10-4 amps/cm*, a = 0.0125 cm. Hence Vz— 
= 0.21 v. 

Contrary to assumption (3) the repulsion velocity acquired by the ion in 
travelling from x, = 3a to x, = a is not negligible, though less than this. Assu- 
ming the charge between x = a and x = 3a (as given by the space charge 
equation) to be redistributed uniformly throughout a sphere of radius a which 
is always tangent to the beam boundary at the ion as the ion travels from 3a 
to a, it is found that 

Vp = 3.88 x 10°J?8at3 (43) 


whence V;, = 0.097 v, and the total repulsion voltage is 


Va = (VVAtV Ve = 0.59. 


This is very large compared, for instance, with V” which is 0.24 for this 
curve. A re-examination of the assumptions shows that (1) is certainly not 
fulfilled and (5) is open to doubt. It is not unreasonable, however, to suppose 
that the actual space charge, including ions returning to B, if confined as con- 
templated in assumption (1), would be near enough on the average to that 
given by assumption (5). Accordingly, attention must be confined to (1). The 
considerations of §E show that three quarters of the way from B to C only a 
fraction, A, say, of the ions lie within the cylindrical boundary of assumption (1). 
Accordingly, the actual force exerted on the ion by the charge inside the cylin- 
der is certainly less than A times the calculated force. A is given by the approxi- 
mate formula A = 0.290/6, in the range 1.4 < 6/0 < 4.0. But the repulsive force 
of ions outside the cylinder balances a portion of this force, say y/A. Thus the 
actual force is ? of the calculated force, and hence the repulsion voltage is 
48 or 0.024 (c/6)* of that calculated. In the present case Vz becomes 0.59 x 0.003 
= 0.002. This, if correct, is small enough compared with V”’ to be neglected, 
but the uncertainty involved demands that an experiment with ions or elec- 
trons of known temperature be done. With the above corrections the repulsion 
voltage in terms of the molecular weight, M, of the ion becomes 


V, = 99MS]25q4/3(g/5)8 (44) 
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Summarizing the factors which vitally affect the interpretation of an exper- 


imental curve in the form of conditions to be satisfied, we have, from the par- 
agraphs noted: 


A. 


F. 








V,>>-—V’ (Validity of integration) (45) 
6 _ 1.82x10-°V¥# are 
—— Ma'l, 5_ (Space charge limitation) (46) 
= v /3 [2/3 4/3, 3 i 
_p > > 99M"8]2/8q3(g/5)® (Ion repulsion) (47) 
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ABSTRACT 


Using a simple method in which positive ion sheaths serve as perfect grids we have obtained 
data on the probability of various types of collisions occurring between Hg, Hy, Nq, He, Ne and A 
molecules and electrons of moderate velocity, i.e., 30-250 volts. A theory has been developed 
and the mean angular deflection for elastic and inelastic collisions between electrons and gas mole- 
cules has been calculated. Evidence on the mechanism of ionization is presented. The current 
densities of the various Maxwellian groups of electrons and the average temperatures of these 
groups are calculated from the data and are shown to be in good agreement with data obtained 
by us using Langmuir and Mott Smith’s probe wire method. The current density of positive ions 
has been measured by both plane and probe wire collectors and the space potential both measured 
and calculated. The evidence in support of negative anode drops has been pointed out and the 
ions flowing to the anode measured separately by means of a perforated collector. The maximum 
number of positive ions produced by an electron with a given velocity before losing its ionizing power 
has been measured and shown to be independent of current density and pressure being depen- 
dent only on the velocity of the electron and the nature of the gas. 

The mean free path of high velocity electrons (i.e., above the ionizing potential) for various 
types of collision can be evaluated from the probability data. The mean free path for inelastic 
impact has been calculated separately and independently of the reflection of electrons from the 
collectors. The small angular scattering of electrons is discussed in detail. Phenomena, similar 
to Langmuir’s high speed electrons in mercury vapor, have been observed and the curves show- 
ing the energy transfer between primary electrons in H, and A are given. The resonance and 
ionization potentials observed in the work are also tabulated. 


Most quantitative experiments on the ionization of gases involve the use of 
a stream of electrons moving with homogeneous and definitely known velocity. 
For this purpose the electrons from a hot cathode are usually accelerated by 
a positively charged grid or perforated plate into a region which is made as 
nearly field-free as practicable. To avoid space charge effects and the resul- 
tant uncertainties in potential distribution it is necessary to work with very 
low currents, which usually involve electrometer measurements. Furthermore, 
the grids must be of very fine mesh or the perforations in the plate of small 
diameter to avoid transverse velocity components in the electron stream and 
to make the effective potential of the grid the same as its actual potential. The 
customary methods are thus not adapted to the study of certain phenomena 
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which appear only when rather large current densities are employed. With 
the high intensity of ionization accompanying larger currents it becomes pos- 
sible, however, to use quite different methods for studying ionization pheno- 
mena. 

In apparatus of ordinary size and with potentials above 40 volts, electron 
currents of a few milliamperes cause such intense ionization and high elec- 
trical conductivity that the interior of a gas at low pressure necessarily becomes 
nearly field-free. The potential drop between cathode and anode is then largely 
confined to a thin layer or sheath covering the surface of the cathode in which 
there is a positive ion space charge. This sheath has a well defined outer edge 
beyond which the field of the cathode does not extend. The sheath thus acts 
as an ideal grid for accelerating the primary electrons from a cathode into a 
field-free region. 

The presence of such a homogeneous beam of electrons may be detected 
by a small disk-shaped collector placed in the electron stream so that the 
electrons move normal to its surfaces. When the collector is at a negative 
potential with respect to the ionized gas it is covered by a positive ion sheath. 
It collects all the positive ions that reach the edge of the sheath and all the 
electrons (expect those reflected at the collector surface) which have velocity 
components normal to the surface sufficient to carry them against the retarding 
field in the sheath. i 

Thus if the collector is at a potential below that of the cathode it will re- 
ceive only positive ions, but as soon as its potential is higher than that of 
the cathode, the primary electrons, which have not lost momentum by col- 
lision or otherwise, will be able to pass through the sheath, and reach the col- 
lector. The current-voltage characteristic of the collector thus shows a break 
at the cathode potential. If, however, the collector is turned so that its plane 
is no longer perpendicular to the direction of propagation of the electrons, 
the collector potential will have to be raised above that of the cathode by 
an amount AE before primary electrons can be collected. This voltage 
displacement of the break AE is thus a measure of the transverse energy of 
the electrons, viz., the energy component parallel to the surface of the col- 
lector. 


Apparatus and Method 


Unless the dimensions of the collector are large compared to the thickness 
of the sheath, the sheath area will vary with the voltage, so that the inter- 
pretation of the current-voltage characteristic becomes more complicated. 
If the cathode is a straight filament the collector should be part of a cylindri- 
cal surface having the filament as axis in order that the primary electrons 
may impinge normally at all points of the collector surface. This suggests 
that the collector may advantageously be made a complete cylinder sur- 
rounding the filament and having a length equal to that of the filament. Such 
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a tube is illustrated in Fig. 1 where F is the cathode filament, C is the 
coaxial cylinder which may be used to collect the primary electrons that reach 
it, A and B are end-plates which: fit closely within the cylinder C and are 
provided at their centers with small holes through which the cathode fila- 
ment passes. , 

In most cases one of the plates (A) is used as anode, its potential being 
sufficiently high to give strong ionization of the gas within the cylinder C. 
The electrons from the cathode are then accelerated in strictly radial direc- 





Fic. 1. 


tions within the cathode sheath, and at low gas pressures a fraction of these 
electrons reach the cylinder C with normal incidence after having traveled 
a definite distance through the gas. 

The potential of the ionized gas is approximately that of the anode, and 
is, in fact, usually a couple of volts above it (negative anode drop). We shall 
see that at low pressures the mobility of the electrons is so high that the 
ionized gas constitutes a very satisfactory field-free region. 

Any electrode which is at a potential below that of the ionized gas will 
be covered by a positive ion sheath. If C is a few volts negative (we shall 
take the negative end of the cathode as of zero potential) the primary electrons 
which move radially across the tube are retarded within the sheath on C, are 
brought to rest, and are driven out of the sheath again without having lost 
energy, and still moving in a radial direction. All the positive ions which dif- 
fuse to the edge of the sheath on C will be collected, and the positive ion 
current is therefore independent!-? of the negative voltage on C. Illustrations 
of these constant currents may be seen in Figs. 2, 3, 4, etc., for negative vol- 


1 Langmuir, Science 58, 290 (1923). 
2 Langmuir, Gen. Elect. Rev. 26, 731 (1923). 
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tages. In a similar way the plate B can be made negative and the positive ion 
current to this electrode measured. Thus by making corrections for the few 
ions collected by the filament (and by the anode), the total number of ions 
formed from a given number of primary electrons can be determined. One 
of the main objects of the investigations to be described in this paper has 
been to obtain quantitative data on the degree and nature of the ionization 
produced in a gas by a specified stream of primary electrons of known ve- 
locity. A tube of the type of Fig. 1 lends itself admirably to this purpose, 
not only because of its simple geometry, but also because of the fact that the 
ionized gas is completely enclosed? within metallic electrodes, any one of 
which may be used as a collector. 

If C is made slightly positive the retarding field in its sheath will no longer 
be able to stop the primary electrons, so that some of these will be collected, 
and a break in the current voltage curve occurs at the cathode potential (zero) 
(see Fig. 2). This current discontinuity affords a simple and accurate means 
of determining electron free paths. The current-voltage curve of the collector 
C at higher voltages gives data on the velocity distribution (and the distri- 
bution of directions of motion) of the various other groups of electrons. Compa- 
risons between the curves obtained with C (Fig. 2) and with B (Fig. 3) as 
collectors are particularly useful in giving information regarding the directions 
of motion of the electrons. We can thus estimate the fraction of the primary 
electrons which make elastic collisions and we also find that practically none 
of these are scattered through angles as large as 90 degrees. 

In a similar way, by analysis of such curves as those of Fig. 2, we find 
that a certain fraction of the electrons lose an energy corresponding to a re- 
sonance potential of the gas (6.7 volts in Fig. 2), but even these electrons 
are not deflected through large angles. The ionized gas also contains a large 
number of electrons which move in random directions with velocities distri- 
buted according to Maxwell’s law.*5 

Particularly interesting results are obtainable with tubes like that of Fig. 1 
by the use of longitudinal magnetic fields. With weak fields the electron 
paths are curved so that the electrons reach the cylinder with oblique inci- 
dence. The current-voltage curves obtained in this way give good data for 
measuring the number of electrons that make elastic collisions with gas mo- 
lecules, 

With strong magnetic fields the distribution of electrons and positive ions 
between two collectors C and B is entirely changed. This furnishes a valuable 


* A short preliminary account of the methods of using a tube like that of Fig. 1 to study 
free paths and ionization phenomena in gases has been published by the present authors in 
Science 59, 380 (1924). 

“ Langmuir, ¥. Franklin Inst. 196, 751 (1923). 

5 Langmuir and Mott-Smith, Jr. Gen. Elect. Rev. 27, 449, 538, 616, 762, 810 (1924). See 
also; Phys. Rev. 28, 727, (1926) and Zeit. f. Physik 46, 271 (1927). 
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quantitative method of studying mobilities of electrons and ions. The intensity 
of ionization near the filament F, even at low pressures of gas, is then many 
times greater than at C so that relatively large positive ion currents flow to 
the cathode. This effect, however, is readily studied quantitatively by noting 
the increase in filament resistance caused by the heating effect of the posi- 
tive ion bombardment. 


Description of Typical Current-Voltage Characteristic Curves 


The curves shown in Figs. 2, 3, and 4 were obtained with a tube like that 
of Fig. 1, in which the cylinder C was 3.1 cm in diameter and had an effective 
length of 3.8 cm (area 37.0 cm*). The plates A and B were 3.0 cm in dia- 
meter (area 7.0 cm? each), and had holes 0.35 cm in diameter through which 



































Fic. 2. 


the filament (of 0.178 mm diameter) passed. To light the filament to a tem- 
perature at which 5 milliamperes of electrons were emitted required about 
2.5 amperes and 3.3 volts. The electron emission was fairly uniform along 
the filament up to within about 5 mm of the ends of the filament and then 
dropped off rapidly because of the cooling effect of the leads, which extended 
very close to the holes in the plates. : 
Curve A (Fig. 2) was obtained with mercury at a pressure of 25 baryes 
(51.5°C), while B corresponds to 102 baryes (75°C) of mercury vapor. The 
two plates A and B were connected together and were used as anode at 100 
volts, while the potential of the cylinder C was varied and the current f, was 
measured.® The filament F was heated by a storage battery and the current 


* We adopt the convention that the sign of the current to any electrode is that of the 
charged particles that it would have to emit in order to carry that current. Thus if F emits 
electrons or receives positive ions ig is negative, while ig is positive if C receives electrons and 
negative if it receives positive ions. 
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iy of electrons emitted (and positive ions received) was measured directly. 
This current was maintained at approximately —5 milliamperes. The ordinates 
in Fig. 2 represent the ratio #,/(—i,) and the abscissas are the collector po- 








L | 
CTT Tt [3] 


Fic. 3. 


tentials E,. It was found in nearly all cases that for moderate variat:ons in 
i, the ratio i,/(—i,) remained nearly constant. 

The curves of Fig. 3 were obtained under simlar conditions to those of 
Fig. 2, except that the functions of the two electrodes (A+B) and C were 





5 Langmuir. Memorial Volumes V 


Google 


66 Collisions Between Electrons and Gas Molecules 


interchanged. Thus the cylinder C was used as anode and was’ maintained 
at +100 volts, while the two plates A and B (connected together) were used 
as collector. The lower curves marked 10A and 10B are the same as the 
curves A and B except that the ordinates are multiplied by 10. 

The data in Fig. 4 were obtained with argon at a pressure of 30 baryes. 
The plate A was used as anode at a potential of +50 volts, while B and C 
were used as collectors. The potential E, of the cylinder was varied, but 
the plate B was maintained at a constant potential of —23 volts. The ordi- 
nates of the dotted curve representing the current 1, have been multiplied 
by 10. 


Positive Ion Current Density J, 


The practically constant currents that are observed in Figs. 2, 3 and 4 
when the collector is at negative potentials measure the rate at which ions 
diffuse to the edge of the sheath on the collector. These currents divided by 
the effective areas of the collectors give us a measure of the positive ion cur- 
rent densities J, in the ionized gas. If the velocities of the positive ions are 
distributed according to Maxwell’s laws corresponding to a temperature 
T,, the number of ions per cm® can be calculated from the equation (reference 
5, p. 455, Eq. (44)) 


n, = 4.03 x 10°I,(m,|/mT,) (1) 


where m,/m is the ratio of the mass of the ion and the electron, and J, is to 
be measured in amps per cm*. From data which we shall discuss later 
we may assume 7, is roughly constant and equal to 3000°K, so we are able 
to estimate the intensity of ionization, i.e., the number of ions per cc, from 
measurements of the positive ion current densities. 

In case the thickness of the positive ion sheath on a collector is appreciable, 
the effective area of the collector may be different from its actual area. 
Let us, therefore, determine the thickness of the sheaths in the examples we 
have cited. In general, the sheath thickness may be calculated from the space 
charge equations, and these values agree excellently with those obtained 
by direct visual observation of the dark space surrounding the collector (re- 
ference 5, pp. 545, 622). For electrodes having the small curvature of those 
we are now considering, the space charge equation for parallel planes is ap- 
plicable: 

I, = 2.34. x 10-*(m/m,)"? V8? /32 (2) 


Here V represents the voltage drop through a sheath of thickness x (cm). 

Table I contains a summary of the data on positive ion currents and sheath 
thickness from the curves of Figs. 2, 3, and 4. The first column refers to the 
number of the figure and the designation of the curve, and the second column 
gives the gas and its pressure in baryes. ’ 
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TABLE I 
Positive Ion Currents and Sheath Thicknesses 
The currents ip, Ig and Ig are in milli-amperes. Data of Figs. 2, 3 and 4 



































1| 2 | 3 4 5 6 7 8 9 | 10 
‘ = { Fy kane Giese 
! Positive current 
Sheath thi : 
Fig.| Gas Be Be ip ee sea ickness density 
! | *p %¢ cm Iz | Ig 
2A | Hg 25 _ 1.54 | —5.4 | 105 — | o19 a 0.256 
2B | Hgi02 | — 199 | —63 | 105 - 0.16 — 0.375 
34 | Hg18 | 0.073°;) — | —45 | 105 063 | — 0.023 — 
3B | Hg | 0.218; — | —55 | 105 0.33 _ 0.086 _ 
4 | A30 |oo7m | o65 | -49 | 73 0.31 0.22 0.054 | 0.112 





* These values of Bs include the currents flowing to the electrode A which in this case 
was connected to B. ‘ 


The sheath thicknesses in cm as calculated from Eq. (2) are given in 
columns 7 and 8. In the case of the data from Figs. 2 and 3 these thicknesses 
were calculated for an assumed collector potential of —5 volts, but for the 
data of Fig. 4, E, was taken to be the same as E,, which was kept at —23 volts. 
In columns 3 and 4 8, and 8, are taken to represent the nearly constant values 
of i,/(—i,) and i,/(—i,) corresponding to the negative collector potentials. 

The values of the positive ion current densities J, and J, in columns 9 
and 10 were obtained by multiplying 8, or Bg by #p (Column 5) and dividing 
by the areas of the sheaths on the collectors calculated from the values of 
x, and x. - 

The intensity of ionization np as given by Eq. (1) may now be calculated 
from these values of Jp. For example, the value I, = 0.256 ma. per cm? 
from the data of Fig. 2 corresponds to 1.110" ions per cm® if we assume 
T, = 3000°. 

We see from the data of Fig. 4 in Table I that J, is about twice I,. This 
effect is caused by radial electric fields which accelerate the ions outwards. 
Since the rate of production of ions per unit volume near the filament is greater 
than near the cylinder, the concentration of ions must decrease as the dis- 
tance from the filament increases. The electron concentrations must everywhere 
in the body of the gas be nearly equal to those of the positive ions, and as 
the electrons have high mobilities they will set up potential differences which 
are related to their concentrations according to the Boltzmann equation 


n/m, = : (3) 


where m, and n, are the electron concentrations in two regions, T is the tem- 
perature of the electrons, and V is the potential of the first region with respect 
to the second. The ratio e/k is equal to 11,600 degrees per volt. Thus if the 
positive ion space charge is neutralized principally by electrons having a tem- 
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perature of 10,000° there will be a potential difference of 0.60 volt between 
two regions in which the positive ion concentrations differ in the ratio of 2 
to 1. Since concentration differences of this order of magnitude are to be 
expected even at the lowest pressure? there must be radial potential dif- 
ferences of the order of one volt. The velocity of the ions in a radial direction 
will therefore be greater than in the direction of the cylinder axis, and this 
explains the fact that J, is greater than J, in Fig. 4. 

Comparing the values of J, from Fig. 2 (Table I) with those of I, from 
Fig. 3, we find that the ratios in these cases range from 4 to 11. It must 
be noted, however, that the values of J, were measured when A+B was 
anode, while J, was measured when C was anode. With C as anode a certain 
fraction (about 50 per cent at 18 baryes) of the primary electrons were removed 
by this electrode, so that the total number of ions produced was less than 
if B or A+B had been anode. However, allowing for this effect and for the 
diff erences in the pressures for the data of Figures 2 and 3, we find that the 
ion current densities at the cylinder are still 5 times (at 18 baryes) or 3 times 
(at 84 baryes) greater than those at the plates. Experiments with mer- 
cury vapor with connections like those of Fig. 4 have given ratios I,/I, not 
exceeding 2, so we must conclude that the high values for this ratio in 
Figures 2 and 3 are an indication that the radial electric field is greater when 
C is anode than when an end plate is anode. This conclusion is in accord 
with our theory of the cause of the radial field, for when C is negative the 
primary electrons that are reflected back into the gas from the sheath on 
C produce ions near the surface of C. The removal of these primary electrons 
by making C anode lowers the concentration of ions near the cylinder rela- 
tively more than near the filament and thus increases the radial field. 

The currents flowing to negatively charged collectors are practically in- 
dependent of the collector voltage according to the curves of Figures 2, 
3, and 4. The dotted curve in Fig. 4, where the lower end of the curve shows 
a marked negative slope, corresponds to a case in which the current to the 
plate B is altered by changing the negative potential on the cylinder C. 
It was found, however, that if B and C were connected together so as to 
be at the same potential, the current to each electrode remained constant 
as the negative potential changed. The negative slope of i,/—1t, is very largely 
explained by considering the thicknesses of the sheaths on the electrodes. 
When the potential of C is changed from —23 to 0 volt (in Fig. 4), the 
sheath on C changes from 0.22 to 0.17 cm. This sheath on C partly covers 
the plate B and prevents positive ions from being collected near the edge 
of the plate. The effective diameter of the plate (actual diameter 3.1 cm) 
thus increases from 2.66 to 2.76 cm, as E, changes from —23 to 0 volts. 

7 Direct meesurements of the ion concentrations in a tube carrying an are in mercury va- 


for at Icw pressures gave concentrations at the axis about 2 to 4 times greater than those at 
the wall. See loc. cit. (5) p. 769. 
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The increase in area is 8 per cent, while the positive ion current (—#,) 
increases about 14 per cent. Thus the change in collecting area accounts for 
only part of the change. 

At higher pressures, where the free paths of the electrons become small 
compared to the radius of the tube, the radial concentration gradient of 
ions is determined by diffusion.? With a given concentration of ions near 
the axis the rate of flow to the sheath on C should increase as the sheath increases 
in thickness because of the decreased distance through which diffusion occurs. 
With a given rate of production of ions near the axis, the concentration should 
therefore decrease as the sheath becomes thicker. This effect, together with 
the decreased collector area, probably explains the negative slope of the left 
hand part of the curve for i, in Fig. 4. It should be noted that the actual 
decrease in i,/(—is) from —23 to 0 volts is only 0.009, while the increase 
in i,/(—i,) is 0.02. 


Number of Ions Produced by Each Electron (6) 


Since the ionized gas (Fig. 1) is completely surrounded by metallic elec- 
trodes at each of which the positive ion current density can be measured, 
we can determine the total number 8 of ions produced by each electron 
emitted from the cathode, assuming no recombination. 

Let us express by f,, B,, etc., the ratio of the positive ion current at any 
electrode to the current i, that flows from the filament. Then f, gives the 
fraction of the current from F which is carried by the positive ions that strike 
the filament and 1—f, is the fraction carried by electrons. If no recombi- 
nation of ions and electrons occurs within the ionized gas the total ionization 
B per electron emitted is evidently 


B= (Bs+Bs+Bo+Br)/(L—Br) (4) 


In experiments like that which gave Fig. 4 we measure f, and B,. The 
value of B, corresponds to the positive ion current flowing to the anode. 
If, as is usually taken for granted, the anode were positively charged with 
respect to the space near it, we should place 8, = 0 since the ions would be 
repelled from the anode. But in general, where the anode is of large area and 
especially where the gas is strongly ionized by high velocity primary electrons 
from a hot cathode, the anode will be at a negative potential with respect 
to the ionized gas. Direct measurements of the space potential by small 
collectors near the anode have shown these negative anode drops (reference 5, 
page 767). Compton and Eckart,® following a suggestion of one of us, have 


* Schottky and Issendorff, Zeits. f. Physik 31, 163 (1925) have developed the mathematical 
theory of the diffusion of electrons and ions subject to the condition that the concentrations of 
the ions and the electrons shall everywhere be equal. 

® K.T. Compton and Carl Eckart, Nature 114, 51 (1924); Phys. Rev. 25, 139 (1925). See 
also; Compton, Turner and McCurdy, Phys. Rev. 24, 577 (1924). 
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demonstrated their existence in low voltage arcs at higher pressures. 

A. F. Dittmer has suggested the use of plane collectors provided with 
one or more small round holes (of diameter small compared to the sheath 
on the collector) back of which is a Faraday cage or a second plate. By this 
arrangement the positive ions and electrons that pass through the holes can 
be separated. Measurements recently made by us with such a perforated col- 
lector have shown that it receives just as many positive ions when it is anode 
as when it is at a large negative potential. 

We may therefore conclude that we should place £8, = 8,. The only re- 
maining unknown quantity in Eq. 4 is 8,. This may be calculated from space 
charge equations with the degree of accuracy with which J, in the neighbor- 
hood of the cathode may be estimated. Since f, is usually very small, this 
method is often permissible. In further experiments now in progress By, 
is being measured by the changes in resistance and in the electron emission 
of the filament due to the temperature rise that results from the positive ion 
bombardment. 

If the positive ion current to F is limited by the rate at which positive ions 
reach the sheath surrounding the filament we may calculate B, by the space 
charge equation 

Bp = 14.68 xX 10-*L(m/m,)"2V*"/rB§ (5) 


where L is the length and r the radius of the filament, V is the voltage drop 
through the sheath of radius a, and f, is a function of a/r for which tables 
are available. As we do not know a we cannot use this equation directly 
to obtain 8,, but since the outside surface of the sheath is the effective col- 
lecting area we may use the relation 


By = 2naLI, (6) 
and can then change Eq. (5) to the form 
(a/r)B5 = 2.34 x 10-*(m/m,)2V*2/(r°I,). (7) 


All the quantities of the right hand member are known. Thus by preparing 
a curve giving (a/r)f§ as a function of a/r from Table III of paper in ref. 
10 we may determine a and then by (6) can find £,. 

For the case of the experiment that gave Fig. 4 let us place (see Table I) 
Ip = 1.12 x 10-4 amps per cm*, Putting V = 73, (m/m,)“? = 1/272 and 
r = 0.0089 cm we find by (7) that (a/r)§% is 605, which corresponds to a/r 
= 12. Thus a, the radius of the sheath on the cathode, is 0.107 cm. If we 
take J, near the axis of the tube to be twice as great, viz., 2.24x 10-4, we 
find a/r = 9.4 and a= 0.084 cm. By (6) we now calculated £,, taking 
(ip = 4.9 ma.) L = 3.8 and find for I, = 1.12x 10-4, B, = 0.058, while for 


I, = 2.24x10-*, = By = 0.092. 


1° Langmuir and Blodgett, Phys. Rev. 22, 347 (1923). 
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When the radius of the sheath around a cylindrical collector is as great 
as 10 times that of the collector itself, the tangential components of the 
velocities of the ions when they enter the sheath may cause a considerable 
fraction of the ions to describe orbits about the collector and thus pass out 
of the opposite side of the sheath. 


Under these conditions the current flowing to a collector of area A is 
i= Alf (8) 


where f is a function of a/r, V and T,, whose value approaches a/r when 
Ve|kT, is less than 2(a/r)—2 and approaches the value 2[(1+ Ve/kT,)/a]}'? 
when a/r and T, are sufficiently large." For the case in hand we find the fol- 
lowing values for f 


1, f(T, = 5000) f(T, = 10,000) 
1.12x 10-4 10.52 8.72 
2.24x 10-4 8.95 7.88 


We see that the radius of the sheath, which is proportional to f is com- 
paratively little affected by doubling either J, or T,. Taking the higher value 
of J, as the more probable, and choosing f = 8.4, we find from Eq. (8) by 
placing ip = 4.9 m. amp., A = 0.212 cm* and i,8, =i, the most probable 
value of B, to be 


B, = 0.081. (9) 


Inserting 8, = 0.67, B, = B, = 0.062 and £, = 0.08 in Eq. (4) gives us 
for the total ionization the value 8 = 0.95. That is, in an experiment with argon 
at 30 baryes, each 50 volt electron produces 0.95 ion before losing its ioniz- 
ing power. 

If the conditions of the experiment are such that no recombination occurs, 
and all the primary electrons give up their energies to gas molecules before 
reaching the anode, we should expect 8 to be independent of pressure, the 
primary electron current and such geometrical factors as the diameter or 
length of the cylinder C. 

Thus we can understand why it is, in experiments such as that of Fig. 2, 
that the positive ion current to the negatively charged cylinder is so nearly 
independent of the potential of the cylinder even when the sheath thickness 
varies considerably. If the number of ions per cc in the gas remained constant, 
the current to C should be proportional to the diameter of the sheath, so 
that the voltage-current curve would have a negative slope for negative cylinder 
voltages. But if 8 remains constant and if the current i, is small compared 
to tc, #¢ must also be constant, and therefore the intensity of ionization of 


11 The complete expression for f is given in the Gen. Elect. Rev. article reference,* p. 454, 
A discussion and derivation of these equations has been given by Mott-Smith and Langmuir.§ 
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the gas must increase as the sheath on the cylinder becomes thicker. This effect 
is due to the reflection of the electrons from the sheath edge, which increases 
the primary electron current density and makes the rate of ionization per 
unit volume inversely proportional to the volume. 

When A and C are connected together the fact that the curves for ¢, and 
ti, are flat (for negative voltages) is explained by the constancy of f. In the 
data of Fig. 4, where EZ, was kept constant while E, was varied, we have 
seen that the negative slope of i, was about equal to the positive slope of 
ic. This is a result of the constancy of f. 


Primary Electrons Which Reach the Cylinder C 


If the cylinder C is brought to a positive potential the retarding field is 
no longer able to prevent primary electrons from reaching it. At pressures 
low enough for an appreciable fraction y of the primary electrons to reach 
the collector C without having collided with atoms, there is thus an abrupt 
change A, in the value of i,/—i, when the potential F, is raised from negative 
to positive values. In Fig. 2 we see for mercury vapor at 25 baryes that An 
is 0.90, while with a pressure of 102 baryes An is only 0.18, indicating that 
as the pressure increases a larger fraction of the electrons from the cathode lose 
energy by collision. 

The change A, is due to two factors: (1) the electrons taken up by C and 
(2) the decrease in the positive ion current to C resulting from the removal 
of the primary electrons by C. 

The primary electron current from the cathode is i,(1—f,). Of these 
electrons the fraction y reach the cylinder when it is positive, but only the 
fraction 1—g of these are collected, where 0 is the reflection coefficient for 
electrons. Thus the current due to primary electrons which reach the cylinder 
directly is 

ipy (1—Br) (1—e) (10) 
and the current of electrons reflected is iyyo(1—B,). When the potential of 
the cylinder is only a few volts positive, the primary electrons lose nearly 
all their energy in traversing the sheath on the cylinder, and for these low 
velocities the reflection coefficient @ is small (about 0.2). Although the re- 
flected electrons probably leave the surface of the collector with a distribu- 
tion of directions approximating to Lambert’s cosine law, they are so strongly 
accelerated by the field in the sheath that they emerge from the sheath mov- 
ing in a radial direction, so that we may consider the reflection to be specular. 

Thus at low pressure some of the reflected electrons pass back across the 
tube, a fraction y* of them reaching the opposite side of the cylinder, so that 
the fraction y*9 of them are reflected a second time. The total electron cur- 
rent is thus obtained by multiplying that given by (10) by 1+ey*+o%+ 
+e T/(1-ey). 
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Each primary electron emitted from the cathode produces an ionization 
which contributes £,/(1—f,) to the positive ion current to C. Similarly, 
each primary electron removed by the collector C will cause a decrease 
B¢/(1—Br) in the positive ion current to C. Here f¢ differs from 8, only 
because the ions produced near the cylinder are more likely to reach the 
cylinder than if they were produced near the filament, and because the radial 
potential gradient which draws ions away from the filament is decreased by 
ions produced near the cylinder. At low pressures it is probable that £% and 
Bo are practically equal. 

Since the total change in current to the cylinder, when this becomes posi- 
tive, is i,A, we find 


Ac = y(1—e) (1+-Be—B;)/ (ley). (11) 


Fig. 3 shows that there is no corresponding break in the current to the 
end-plate if the potential of the plate is varied while C is kept negative. This 
means that there are no electrons in the ionized gas which move in an axial 
direction with the velocity of the primaries. However, the current i, does 
suffer a break (as in Fig. 4) if E,, the potential of the cylinder is changed 
from negative to positive values. Let us represent the change in 1,/—i, by A,. 
Each electron from the cathode contributes a fraction of the positive ion cur- 
rent to B equal to B,/(1—f,) and we may assume that each electron taken up 
by the cylinder C causes a decrease of f%,/(1—f,) in the current to B. 
Here B; and £, are probably even more closely equal than are the corresponding 
quantities 6, and Bo. 

By reasoning similar to that used in deriving (11) we find 


A, = y(1—e)Bs/(1—ey"). (12) 
By division we obtain from (11) and (12) 
A,/ Mc = B5l(1+Bc—Br)- (13) 


The break A, is observed with value unchanged when E, is raised from 
a negative to a positive value, whether B is kept at constant negative vol- 
tage or is connected to C. While A; is due to changes in both the electron 
and the ion currents to C, A, is caused solely by the change in ion current. 

The experiments show that the ratio of the observed values of A, and A; 
agrees well with that calculated by Eq. (13). For example, the data from 
Fig. 4 give B, = 0.071, A, = 0.039, 8, = 0.65 and A, = 0.92 and we have 
already estimated the value of By to be 0.08. The value of A,/A¢ calculated 
from Eq. (13) by ignoring the distinction between # and £’ is thus 0.0451, 
while the ratio of the observed values of A, and Ag is 0.0424. This dif- 
ference, amounting to 6 per cent, is in the direction to be expected, since 
should actually be slightly greater than f,. 
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Theory of Current-Voltage Characteristic for Primary 
Electrons Which Make Elastic Collisions 


A detailed analysis of the shape of the current-voltage characteristic of 
i,/(—i,), such as the curve shown in Fig. 4, will enable us to calculate the 
numbers of electrons which make elastic and inelastic collisions and also to de- 
termine the distribution of the angles through which the electrons are deflected 
or scattered by their collisions with gas molecules. 

We have seen that each primary electron moves along a radius until it 
either reaches the sheath on the cylinder or collides with a gas molecule. 
Although the kinetic energy of an electron is not appreciably changed by an 
elastic collision, the velocity no longer remains radial so that when the 
electron reaches the sheath on the cylinder (used as collector) it is not able 
to move against so large a retarding potential as if it had not collided. In 
general, the greater the angle through which the electron has been deflected 
by the collision, the higher will be the collector potential required to collect 
the electron. Let us now attempt to calculate what fraction of the electrons 
which make collisions can reach the collector when this is at any given 
potential. 

In Fig. 5, which shows the tube in cross-section, O is the cathode filament 
and the circle of radius R is the collecting cylinder. Consider an electron which 
is projected from the cathode sheath in the radial direction OU and let this 


Fic. 5. 


electron make an elastic collision with a molecule at Q after having moved 
a distance S from the cathode. After the collision the electron in general will 
have a velocity component along the axis of the cylinder, but this component 
will have little effect in determining whether or not the electron will be 
collected by the cylinder, provided (as we are assuming) that the cylinder 
is long enough. We therefore need consider only the velocity component 
perpendicular to the axis. We shall call r the magnitude of this component 
and 6 the angle which its direction makes with the original direction of motion 
OU. When the electron arrives at the cylinder its radial velocity component 
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is the projection of r on OT, and is thus equal to r[1—(.S?/R*) sin? 6}. 
The electron will be collected only if this radial velocity equals or exceeds 
a certain value u, given by 


Uy = [2(e/m)(Vo—E)* (14) 
where V, is the potential of the ionized gas (approximately anode potential) 


and E is that of the collector, both measured from the cathode. Thus the 
condition that the electron shall be collected is 


r?— (r°s2/R?)sin? 6 = ui. (15) 

Scattering through cone of semi-angle 0,,.—Let us now consider a large num- 
ber N, of electrons which make their collisions with gas molecules in a small 
element of volume surrounding Q after having traveled a distance S. We 


will assume provisionally that the velocity vectors after collision are distri- 
buted at random through a cone of semi-angle 6,, whose axis is the original 





Fic. 6. 


direction of motion of all the electrons (OU). In other words the end points 
of the vectors are distributed with uniform density on a zone of a spherical 
surface of radius v» where v, is the magnitude of the original velocity and_is 
given by 
% = [2(e/m)V}". (16) 
The projected velocities r may therefore be represented in a diagram with 
polar coordinates, r and 6 as in Fig. 6, by points lying in a circular segment 
ABC of radius v, and semi-angle 6, and it is readily found that the number 
of points in a specified element of area rdrd® is 


N, __1drd8 a7) 
2nvg(sin 364)? [1—(r*/eg)}? * 

Not all of these representative points correspond to electrons which can be 

collected, but only those which satisfy the condition (15). Thus for any given 
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value of S the points corresponding to the electrons that can be collected lie, 
in Fig. 6, to the right of a certain curve, (such as MDN) whose equation is 
found by taking the equality sign in (15). This curve is in general an ellipse, 
whose center is at Q and which, as indicated in Fig. 6, degenerates into a circle 
for S = O and into a straight line for S = R. For any given distance S the num- 
ber of electrons collected (N,) is therefore found by integrating the expression 
(17) over the shaded region indicated in Fig. 6. This integration is best car- 
ried out by expanding the expression (17) into a series in terms of E/V,. Taking 
only the first order terms and restricting ourselves to values of 6, less than 
about 30° we thus find (approximately) 





_NsR_ E[V, 
c= 5 sin? Oy (18) 
provided that S is greater than a critical value S, defined by 
S, = R(E|V,)*)sin By (19) 


For this value of S the ellipse MDN of Fig. 6 passes through the points 
A and B. When S is greater than S, the expression for N,/N, is the same 
(except for the proportionality factor 1/sin*6,) as it would be if the electrons 
were scattered uniformly through all angles instead of through a cone of semi- 
angle 0,. Thus Eq. (18) is relatively simple. 

When, however, S is less than S, the limits of integration depend upon 
6, and the expression for N,/N, becomes very complicated, but it is found 
that the function can fairly well be represented by 


No = Ns(E/Vo)'?R(S)/sin 8, (20) 


where k(S) is a quantity which is nearly independent of E and of 6,, but varies 
from 4/z to 1 as S increases from 0 to S,. 

For collisions taking place near the filament, that is, for S = 0, Eq. (20) 
gives for small values of 0,, and E/V, 


No = (4/7) Ns(E/Vo)'?/sin Oy. (21) 


If the scattering occurs uniformly through all angles so that 6, = 180° as 
in the case of electrons colliding with heavy elastic spheres, a rigorous expres- 
sion for N, can readily be worked out by integrating over the whole annular 
ring between the circles indicated in Fig. 6. We find in this case 


No = N,(E/Vo)™*. (22) 


For collisions occurring near the cylinder, that is, for S = R, a rigorous 
expression for Ng is obtainable: 


_ Ns{L-(1—E/Vo)"7] 
Ne= "Faint Gul2) vas 
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provided that E/V, is not greater than sin? 6,. If E/V, is greater than sin*® 6, 
then we have 
No = Ns for 64 < 90° 
or 
(1—E/V)* 
sin? (0,,/2) 

Distribution of collisions along the radius.—We must now take into account 
the fact that the collisions of the electrons with molecules can occur at all points 
along the radius. If 4 is the mean distance that an electron travels through the 
gas before making a collision then 1/A, which we shall denote by P, is the pro- 
bability of collision per unit length of path. For each particular type of collision 
that may occur in a gas we shall have a different value of P. We shall use the 
following notation for the probabilities per unit length of path; P for collisions 
of all kinds, P, for elastic collisions, P, for inelastic collisions, P, for collisions 
that cause ionization, P, for resonance collisions, i.e., those that cause the impin- 
ging electrons to lose a definite energy corresponding to a resonance potential 
of the gas. 

The first three of these quantities are related: 


P=P,+P,. (25) 


We have used y, according to Eq. (11), to denote the fraction of the primary 
electrons which reach the sheath on the cylinder C after having undergone 
“some specified change as a result of collisions. In accordance with this use 
we may let: y be the fraction of the primaries which reach the sheath” on 
C without colliding with gas molecules; y, be the fraction of the primaries 
which reach the sheath on C after having made n elastic collisions but no ine- 
lastic collisions (we have y;, 7, etc., corresponding to n = 1, n = 2, etc.); y, be 
the fraction of the primaries which reach the sheath on C after having made one 
or more elastic collisions, but no inelastic collisions; and y, be the fraction 
of the primaries which reach the sheath on C after making one resonance col- 
lision. This includes the electrons which may also have made one or more 
elastic collisions (either before or after the resonance collision). From these 
definitions we see that 


No= N,| 1 for 0, > 90°. (24) 


Ye =MtVat7s+--- (26) 

Yo=e* (27) 

We calculate y, as follows. If N, primary electrons leave the cathode sheath 
then N;,P,e~?ds, of these make elastic collisions with molecules in the dis- 
tance ds after they have traveled a distance S without having previously made 
inelastic collisions. In accordance with experiments which will be described, 
418 In these definitions it is specified that the electrons shall reach merely the edge of the 
sheath, i.e., the boundary between the sheath and the field-free ionized gas, for at present we 


do not wish to distinguish between the electron that can reach the cylinder against the retarding 
field in the sheath and those that are not able to do so. 
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we assume that the electrons are deflected by the elastic collisions only through 
rather small angles so that after the collision the distance the electron must 
travel before reaching the cylinder is R—S. Thus the fraction dy, of the pri- 
mary electrons which reach the cylinder after a single elastic collision (but 
no inelastic collision) is 


dy, = Pie? «~F-? ds = Pe *? ds (28) 
and therefore by integration from S=0to S=R 
v1 = RP.e*. (29) 
In general we find in a similar manner 
Yn = (I/m!)(RP,)*e™ (30) 
Thus by Eqs. (26) and (27) we obtain 
Ye = CREM yg (31) 
and by (25) 
Votre = «7, (32) 
By elimination of P between Eqs. (29) and (31) we obtain 
Vol (Yor Ye) = € FPS. (33) 
For the resonance collisions we have, by the method used for Eq. (29), 
Y, = RP, «PF (34) 


and thus by Eq. (32) 
Yr = RP, (Yo+7e)- (35) 


Let N, be the average number of elastic collisions that are made by the 
electrons which reach C after having made at least one elastic but no inelastic 
collisions. 

Let N, be the average number of elastic collisions that are made by the elec- 
trons which reach C after having made one resonance collision. We see that 





— “ut2yet3y+-:+ _ RP, (36) 
S wtyatyst es Lee 
and 
= Yit2yet3yst +++ = RP,. (37) 





vot nity tyst + 
By combining (36) and (33) we obtain the more convenient equation 


N.= RP. (yo+7.)/Ye (38) 

Analysis shows that the electrons which reach the cylinder after having 

made n elastic collisions have traveled an average distance R/(n+1) since the 

last collision. In fact it is readily seen if we consider only electrons that reach 

C after having made one or more elastic collisions, that these collisions are 
distributed with equal probability along the radius. 
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Scattering by collisions uniformly distributed along a radius.—We wish to con- 
sider the current-voltage curve due to electrons, collected by C, which have 
made single elastic collisions distributed at random along a radius. We have 
defined y,, as the fraction of the primary electrons that reach the sheath on 
C after having made single elastic collisions. In general, because of the retar- 
ding field in the sheath, only the fraction y of the primary electrons will reach 
the surface of C. Evidently y will become equal to y, if the retarding field should 
disappear, that is if E, the potential of the collector is made equal to V,, the 
potential of the gas. The value of y is found by integrating the expression for 
N|Ns from Eqs. (18) and (20) along the radius. Thus 


y = (vilNgR) f Nods. (39) 


This integration must be cafried out in two steps, from S = 0 to S = S,, by 
Eq. (20) and from S, to R by Eq. (18). Placing for convenience 


E|V.=» (40) 
we thus find'* 
y = y1(»/sin® 6,)[1+log (sin 6,,/»")]. (41) 


This equation, like (18) and (20) is based on the assumption that » and 0, 
are small quantities. However, from an examination of the second and third 
order terms in the expansions it appears that Eq. (41) should give a good approxi- 
mation (as accurate as the experiments) up to values of » as high as 0.6 and 
values of 6, as high as 30°. 

From Fig. 6 we see that all electrons which are scattered through angles 
of less than 6, will be collected by the cylinder, no matter where the collisions 
occur along the radius, if the voltage of the cylinder is raised sufficiently to 
make the point D meet the line AB or pass to the left of it. This will occur if 


Uy < Vo COS Oy. (42) 
By Eqs. (14), (16) and (40) we find that this condition is equivalent to 
vy > sin*6y. (43) 


When » becomes equal to sin?6,,, y should be equal to y,, and in fact we 
see that Eq. (14) gives this value under these conditions. For values of » greater 
than sin*6, of course Eq. (41) does not hold but y remains constant and equal 
to 7,. 

Although Eq. (41) is not applicable when 6, is a large angle, it is possible 
to derive by similar methods the following approximate equation for the case 
that 6,,= 180°, that is when electrons are scattered equally in all directions 
by collisions uniformly distributed along a radius 


= y,v[0.88-+ } log (1/>)]. (44) 
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Scattering according to probability laws.—We have thus far taken the direc- 
tions of the scattered electrons to be uniformly distributed within a cone of 
semi-angle 6,,. If we have n electrons scattered in this way, the angular density 
n (expressed as electrons per steradian) can be calculated from the relation 


n = 2xn(1—cos 0,) = 427 sin? (0/2). (45) 
When 6, is small this becomes 
n= n6&n. (46) 
The error in using (46) in place of (45) is only 2.3 per cent for 6, = 30° and 
1 per cent for 20°. 
Let us now assume that the scattered electrons instead of having uniform 
angular density are distributed according to a type of probability law such 


that 

n= ner" (47) 
where 7p is the maximum angular density and 0, is the angle at which the an- 
gular density of the scattered electrons is 1/e of 9. It can be readily proved 
that 6, is the root-mean-square deflection of the electrons. The average angle 
6,, and the most probable angle 6, of scattering are related to 6, as follows 
Oxo = 4x70, and 6, = 328). (48) 
The total number n of electrons that are scattered according to Eq. (47) 

is approximately (for not too large values of 4) given by 


a= f 2x0nd0 == 76379. (49) 


Comparing this result with Eq. (46) we see that the total number of electrons 
is the same as in a cone of semi-angle 6, having electrons distributed with the 
uniform angular density 7. 

From the results already obtained we may now by an integration process 
derive an equation for the current collected by C when this is at a voltage E 
for the case that the electrons are scattered according to probability laws by 
collisions uniformly distributed along the radius. 

If N, primary electrons leave the cathode N,y, of them reach the sheath 
on C after making single elastic collisions, and we will assume that these are 
scattered according to Eq. (47). We may divide these Nyy, electrons into an 
infinite number of groups, each group consisting of N, dy, electrons scattered 
through a cone of semi-angle @ (variable for different groups) with a uniform 
angular density dy. The number of electrons in a group is thus 

N;, dy, = x6?dn. 

Let the collector C be maintained at a given voltage E, then from Eqs. (43) 
and (40) we see that if @ < »* all the electrons in the group will be collected, 
but if 6 >» only a part will be collected, the fraction collected being, by 
Eq. (41), equal to 

(»/6°)[1 +log(6/>*")]. 
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- Thus we find that the total number N,v of electrons reaching C is 


"Ne Ne 

: Nry = f adn + f no[1+log(0/™)] dy (50) 
( Ne : 
where 7, is the value of 7 which, by Eq. (47), corresponds to the critical angle 
@ = », Thus 
; n= nett G1) 
We may express dy in terms of 6 by differentiating Eq. (47), and by Eq. (49) 
we find that 

no = Npy,| (76%). (52) 
If we then substitute y = 6°/63, Eq. (50) becomes 


vin = [ye dy taf [+4 log(yla)]e dy 
0 = 
where - 
x = 7/03 = E/(V.6). (53) 
Carrying out the integration we get 


“hinge 1—e4 xf e*dz/x. (54) 


The integral in Eq. (54) is equal to —Ei(—x) where Ei stands for the ‘‘ex- 
ponential integral” given for example in Glaisher’s Tables (Phil. Trans. 140, 
367 (1870)). By means of the series expansion for Ei(—x) we find for small 
values of x that ; 
yly1 = %(0.7114—} logx) 
which gives only 3 per cent error when x = 1. For larger values of x a good 
approximation is 
yin, = 1—her. 

Table II gives values of y/y, as a function of x, calculated from Eq. (54). 

Tasie II 


The Fraction of Collectable Electrons as a Function of 
x = E|(V6,3) as given by Eq (54) 


= | viva | x | viva x | viy 
0.001 | 0.0042 0.2 0.3035 1.5 0.8519 
0.01 0.0301 0.3 0.3950 2.0 0.9136 
0.02 0.0534 0.5 0.5334 3.0 0.9698 
0.005 | 0.1105 0.75 | 0.6553 4.0 0.9892 
0.10 0.1863 1.00 | 0.7418 5.0 0.9961 


6 Langmuir Memorial Volumes V 
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It is of interest to compare Eq. (54) which is for electrons scattered by pro- 
bability laws, with Eq. (41) which is for electrons scattered uniformly through 
acone. Replacing sin 0, by 6, in Eq. (41) and by analogy with Eq. (53) placing 

x’ = »/0%, (55) 

we have 
viva = *'[1+} log (1/x’)]. (56) 
A double logarithmic plot of the function of the right member of Eq. (54) 


is given in Fig. 8 by the full line ST (also marked 6 = 0). The corresponding 
function of Eq. (56) is represented in this figure by the dotted curve. By means 


TT] Tere 





Fic. 7. 


of the function given in Table II we shall be able to analyze current-voltage 
curves such as those of Fig. 2 and thus determine from the experiments the 
number of electrons that make elastic collisions and the mean angle 6, through 
which they are scattered by the collisions. 

Application of the theory for electrons which have suffered collisions —To illu- 
strate the method of using the equations let us consider in some detail a typical 
example which gave the data recorded in Table III and Fig. 7. In this experi- 
ment nitrogen was used at 50 baryes and 650°K (in the cylinder C). This pres- 
sure was corrected for the effect of thermal effusion as will be described later. 
The cylinder C, was of molybdenum, 5.0 cm long, 5.2 cm in diameter, and 
the end-plates were 4.85 cm in diameter and 5 cm apart. One of them, A, was 
used as anode at 100 volts while the other, B, was maintained at —6.0 volts. 
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The filament F was of tungsten, 5.0 cm long, 0.0254 cm in diameter, heated to 
about 2300°K by an intermittent current, which read 5.95 amps on an A.C. 
ammeter and about 3.92 on a D.C. meter. A rotating commutator operated 
by a 60 cycle synchronous motor was used to produce the intermittent fila- 
ment current and to connect the circuit for measuring the current ig only in 
the intervals during which no current flowed through the filament. Thus the 
effects of voltage drop along the filament were avoided. The circuit for C was 
closed 43.6 per cent of the time so that the observed currents as read by a D.C. 
microammeter were multiplied by 1/0.436 to get the instantaneous current i,. 

Table III, in columns 1 and 2, gives the instantaneous currents to the cylin- 
der C at various cylinder voltages. The currents are expressed as a fraction 
of the current i, from the cathode. As these data are given only to illustrate 
the method used for calculation, alternate readings have been omitted from the 
table; all the observed points between —5 and +23 volts are indicated by the 
small circles in Fig. 7. The same data over a wider range of voltages are also 
given in curve V of Fig. 12. 


Tasze III 

Typical Current Voltage Data. Nitrogen at 50 baryes and 650°K; R = 2.60 cm; 
anode at 100 volts; B, = 1.12; Be = 0.11; y = 0.498A/(1—¢); 

A =1,/(—i,)—1.12 
































E. | ilmip |i-o| y | phe | el | pi, | oy E 
2 | —0.413 1.100 0.387 0.077 0.076 +0.001 —_ _ 
4 —0.384 1.135 | 0.416 0.106 0.107 —0.001 _ _ 
6 —0.362 1.163 0.439 0.129 0.128 +0.001 _— _ 
8 —0.354 1.187 0.453 0.143 0.142 +0.001 _ _ 

10 —0.352 1.208 0.462 0.152 0.152 0.000 _ _ 

12, | —0.354 1.228 0.468 0.158 0.160 —0.002 _ _ 

14 | —0.318 1.245 0.497 0.187 0.166 +0.021 0.0176 1.2 

16 | —0.286 1.262 0.524 0.214 0.171 +0.043 0.0380 3.2 

18 —0.259 1.278 0.548 0.238 0.173 +0.065 0.0583 5.2 

20 —0.240 1.292 0.566 0.256 0.175 +0.081 0.0735 7.2 





The points in Fig. 7 lie along a broken curve AB’C’DE. The section AB 
corresponding to B, = 1.12 gives the positive ion current. The break B’C’, 
which corresponds to yo, is due to electrons which reach C without collisions. 
Along the curved portion C’D the electrons that have made elastic collisions 
are being collected, while in the range DE the electrons which have made reso- 
nance and ionizing collisions are also collected. 

We wish now to distinguish between the electron current and the ion cur- 
rent. To do this we let A represent the increase in current! (at any given volt- 
age) over the value —1.12 which corresponds to B,. Then by Eq. (11) we 


‘ For convenience we shall frequently refer to the current i¢ when we really mean i¢/(—ir)- 
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may calculate y the fraction of the primary electrons that are able to reach the 
surface of the cylinder at any given voltage. We may neglect the small quantity 
oy? and thus write Eq. (11) in the form 


y = A[A/(1—e)]/(1+Bo—Br)- a _ (7) 


‘Reflection coefficient for electrons——To use this equation we must iow. 0, 
the reflection coefficient for electrons. Since @ is a function of the velocity 
of the electrons, it might seem at first that for groups of electrons which are 
not all collectable at a definite voltage, the value of @ should enter Eq. (57) 
as a complicated integral. For example, if the collector is'‘at +5-volts, the elec- 
trons collected include those that are just able to move against a retarding field 
of one volt as well as those that can move against five volts. 

However, the electrons in these different groups, since they cannot have 
made inelastic collisions, must all have the same total energy as the primary 
electrons, and thus they differ only in their angles of incidence on the col- 
lector. There is considerable evidence, experimental and theoretical, that the 
reflection coefficient, at least on smooth clean surfaces, depends mainly on 
the total energy of the electrons rather than upon the normal component of 
the energy. Therefore, for electrons which have made elastic collisions, we are 
justified in taking g the same for all those that are collected at a given voltage. 
Eq. (57) may thus be used if we take 0 as the reflection coefficient for electrons 
which are moving with an energy corresponding to the voltage E (the energy 
of impact on C). Farnsworth" has given data for the reflection coefficient @ of 
electrons from tungsten surfaces the values 0.20 for 2 volts, 0.32 for 6 volts 
and 0.38 volts electrons. Hull’s observations with dynatrons indicate that the 
feflection from molybdenum is considerably less than from tungsten. Petry'* 
has published data on the reflection of electrons from molybdenum, but only 
relative, not absolute values of 9 were given. Mr. Petry has kindly furnished” 
us with the notes of his original observations and from these we have calculated 
values of 0.11 at 5 volts, 0.17 at 10 volts, 0.19 at 15 and 0.22 at 20 volts. Based 
partly on these data and partly on other data in this laboratory!’ we have adopted 
values for 9 which give 


1/(1—e) = 1+0.0645E", (58) 


- The potential E in this equation should correspond to the energy of the 
electrons which reach the collector. Examination of Fig. 7 shows that electrons 
begin to be collected when E, is —2 volts and a large fraction are collected 
before C becomes positive. The initial velocities of the electrons as they leave 
the filament and any contact potential difference that may exist between the 


%* H.E. Farnsworth, Phys. Rev. 25, 41, (1925). 

** R.L. Petry, Phys. Rev. 26, 346, (1925). 

17 We shall see that the data from the present experiments at a series of pressures all indicate 
that 1(1—g) at about 15 volts is close to 1.25 in agreement with Eq. (58). 
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tungsten filament and the molybdenum cylinder tend to produce small displace- 
ments of the curves parallel to the voltage axis. Therefore we take, as our 
zero point of potential in calculating EZ, the midpoint on the steep rise B’C’ 
corresponding to the electrons that come through without collisions. Thus 
E = E,+0.4 volt, not only in Eq. (58) but when we calculate x or » by Eq. (53), 
The data in the 3rd column of Table III are obtained from Eq. (58) in this 
way. The effect of possible errors in the value of 0 will be discussed later. Taking 
Bc = 1.12 and assuming f, = 0.1, B, = 0.11 we thus find from Eq. (57) 
the values of y given in the 4th column. From our theoretical study of the cur- 
rent-voltage curves we concluded that the relation between y and the voltage 
E can be expressed by Eqs. (54) or (56) according as the electrons are scattered 
according to probability laws, or are scattered uniformly through a cone. 








Let us now compare our experimental data for y with those calculated from 
these equations. 

In the range from C’ to D in the curve of Fig. 7, the electrons collected, 
corresponding to y consist of two parts: thosé that have made no collisions 
(yo) and those that have made elastic collisions. It is only this second part that 
corresponds to y in Eq. (54). From Eq. (53) we see that x is proportional to E. 
By plotting the logarithms of y/y, and of x, as in Fig. 8, we thus see that changes 
in the values of the ‘‘unknowns” y, and 0, do not alter the shape or size of the 
curve but result merely in vertical or horizontal displacements of the curve 
as a whole. On the other hand a change in the value of y, corresponds to the 
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addition or substraction of a quantity and this does change the shape of the 
curve. 

These latter changes may be studied by plotting a family of curves (as in 
Fig. 8) from the data of Table II, corresponding to (y/y,)+6, where 6 is given 
successively the values 0.02, 0.04, 0.06, etc. 

We may now use this plot in a very simple way, to determine from the expe- 
rimental data for y (Col. 4 of Table III) the values of 9, y, and 0). We 
proceed as follows: 

By examination of a plot of y (from Table III) against E, or directly from 
a plot such as Fig. 7, we make a rough preliminary estimate of the value of 





yo which must correspond to the steep initial rise B’C’ in current near E = 0. 
Suppose we assume y, = 0.33 for this value. We then plot on double-logarith- 
mic paper (using the same scale as in Fig. 8) the values of y—yj as ordinates 
and the voltages FE as abscissas, so that we obtain the points which lie near 
the curve A’C’ in Fig. 9. By superposing’® Fig. 9 on Fig. 8, keeping the edges 
of the curve sheets parallel, one figure can be displaced with respect to the 
other until these points are made to fit as well as possible with one of the family 
of curves in Fig. 8. We find that the curve 6 = —0.10 gives the best agree- 
ment. Tracing this curve through on to Fig. 9 we obtain the curve marked A’C’. 

The curve ST in Fig. 8, for which 6 = 0, when transferred through to 
Fig. 9 gives ordinates in Fig. 9 about 0.02 greater than those of the observed 


** This is conveniently done by placing one curve sheet on the other, holding both against 
a glass window by daylight, so that the curves can be seen by transmitted light. 
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points. Therefore we see that if we had chosen 0.31 instead of 0.33 for the value 
of yo, the observed points for y—y, would lie on the theoretical curve (6 = 0). 
Using this revised value of y, and plotting y—0.31 as given in Col. 5 of Table III, 
we obtain the points indicated in Fig. 9 by circles along the curve ABD. This 
curve can now be superposed upon ST in Fig. 8. The curve ABC in Fig. 9 
is a theoretical curve obtained in this way by tracing through curve ST from 
Fig. 8. The point P in Fig. 8 at y = y,, and x = 1 when transferred to Fig. 9, 
gives the point P marked by the intersection of the short horizontal and vertical 
lines. The coordinates of this point give y, = 0.180 and E, = 7.2 volts where 
E, is the value of E corresponding to x = 1. From Eq. (53) for x = 1, 


B=VM& (59) 


and thus, since V, = 100 volts, we find 6, = 0.268 radians or 15.4° as a measure 
of the angle through which the electrons are scattered by the elastic collisions. 
Let us denote this value by 6,. 

The good agreement between the observed points and the theoretical curve 
in Fig. 9 proves that the electrons are scattered at least approximately according 
to probability laws. By no choice of yo, y, or 0, can the experimental data be 
made to agree with a curve like that shown by the dotted line in Fig. 8 which 
corresponds to uniform scattering of the electrons through a cone of semi-angle 
6,, according to Eq. (56). 

The values of y—7, as taken from the "theoretical curve ABC in Fig. 9, 
are given in Col. 6 of Table III. Up to E, = 12 volts the agreement in good, 
the errors (Col. 7) being only about 0.2 per cent for the original values of y. 
Beyond 12 volts the differences increase rapidly because of electrons which 
are collected after having made resonance collisions. Let y’ be the fraction 
of the primary electrons reaching C at any given voltage after they have made 
one resonance collision. As E, increases, y’ will approach the limit y, which 
we have already defined. Below the resonance voltage V,, y’ is zero. In the 
present case, from inspection of the break at B in Fig. 9, we will take V, = 13.2 
volts. Let us place E’ = E—13.2 = E,—12.8 as in Col. 9. The energy of the 
electrons which reach C after single resonance collisions is evidently measured 
by E’ and therefore the reflection coefficient for these electrons will be less 
than for the electrons that have made no collisions or have made only elastic 
collisions. An analysis shows that y’ may thus be calculated by multiplying the 
difference given in Col. 7 by the ratio of the values of 1/(1—g) at E’ and at E. 
For example, at E, = 18 we have y’ = 0.065 x (1.147/1.278) = 0.0583, where 
1.147 is the value of 1/(1—g) at E’ = 5.2 volts and 1.278 is the corresponding 
value at E = 18 volts. 

The values of y’ have been plotted in Fig. 9 as the small circles which lie 
along the curve EFH. By parallel displacement, the curve ST of Fig. 8 has 
been brought to fit the points in as reasonable a manner as possible, thus giving 
in Fig. 9 the theoretical curve EFG. The coordinates of the point P’ give y, 
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= 0.103 and E, = 11.2 volts, where E, is the value of E’ corresponding to 
x= 1. The corresponding value of 6, which we shall denote by 6, may be 
calculated from the equation 

E, = (Vo—V,)9z (60) 
which is derived from Eq. (53) by considering that the velocity of the “reso- 
nance” electrons corresponds to V,— V, instead of V,. Thus we find 6, = 0.360 
radians = 20.6° as the root-mean-square angle through which the electrons 
are scattered by resonance collisions. 

The angles 6, and 0, which we have thus determined are the mean de- 
flections produced by the combined effect of all the collisions that the elec- 
trons may have made in traveling from F to C. We are more interested, how- 
ever, in knowing the deflections of electrons which have made only one collision. 

Assuming that the scattering is of the probability type according to Eq. (47), 
we may let 0, be the mean deflection corresponding to a single elastic collision 
and let 6, be the mean deflection for a single resonance collision. In successive 
collisions which an electron may make with gas molecules the transverse 
components of momentum delivered by the separate collisions, are distributed 
in random directions in the plane normal to the original path of the electron. 
Therefore 6* for the resultant deflection is found by addition of the values 
of 6? for the separate collisions. 

Thus for the N, elastic collisions which are made on the average by each 
of the electrons in the group corresponding to y, we have 

6 = NG (61) 
where N, is given by Eq. (38). 

The resonance electrons, corresponding to y,, have each made only one 

resonance collision and, on the average, N, elastic collisions. Therefore 


= +N, 6 (62) 
where N, is given by Eq. (37). 
Our analysis of the data of Table III (Figs. 7 and 9) has given: 


Yo = 0.310 V, = 13.2 volts 
Ye = 0.180 ¥, = 0.103 
E, = 7.2 volts E, = 11.2 volts 
6, = 15.4° lp = 20.6°. 


From these values by means of Eqs. (27), (33), (25), (35), (37), (38), (61) and 
(62) we thus derive, placing R = 2.60 cm, 


P =0.450 cm N, = 0.458 
P, = 0.176 cm N, = 1.25 

P, = 0.274 cm 6, = 13.8° 
P, = 0.081 cm 6, = 18.4°. 
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These results have been obtained from an experiment with nitrogen at 
650°K and a pressure of 50 baryes. The angles 0, and 6, are presumably deter- 
mined by the nature of single collisions so they should not depend on the pres- 
sure of the gas. But the probabilities, P, etc., should be proportional to the 
number of molecules of gas per unit volume, so that we may recalculate them 
for the standard temperature and pressure of 20°C and 1000 baryes by mul- 
tiplying the foregoing values by (1000/50) x (650/293) = 44.4, obtaining 


P = 20.0 cm P,, = 12.2 cm 
P, =7.8 cm P, = 3.6 cm”. 


The ionization probability P, has been determined for a number of gases 
by Compton and van Voorhis.!* For nitrogen with 100 volt electrons they find 
for 20°C and 1000 baryes P, = 7.7 cm-. The inelastic collisions must include 
those that give ionization and those that produce resonance at 13.2 volts. 
Thus the remainder P, given by 


P, = P,—P,—P,. (63) 


measures the probability of all other types of inelastic collisions such as those 
that excite the molecules to higher energy levels than 13.2 volts. For the case 
under consideration we find 

P, = 0.9 cm-, 


The curves ABC and EFG in Fig. 9 are the theoretical curves corresponding 
to the foregoing values of P, yo, y,, 0, etc. By taking points from these 
curves we can calculate values of A and compare them with the original 
observations. Such reconstructed curves are shown in Fig. 7, the whole curve 
ABCDH being a theoretical curve calculated in this way by our equations. 
Thus AB is the theoretical line corresponding to a positive ion current of 
—1.12. The curve ABCF is the theoretical curve corresponding to the po- 
sitive ion current together with the current of primary electrons (y,) = 0.31) 
which have made no collisions. The negative slope of the line CF shows the 
effect of the reflection of the electrons from the collector C. 

The curve ABCDG includes the current due to the electrons (y, = 0.18) 
which have made elastic collisions and have thus been scattered through angles 
which average 12.2° (i.e., 42! x 13.8°). Finally the curve ABCDH includes 
the electrons that are collected after resonance collisions. 

The theoretical curves can thus be made to fit the experimental data within 
the probable error of the measurements except in the regions where E is close 
to zero and where E is above the ionizing potential (in this case 17 volts). 

When an electron ionizes a gas molecule it must lose an energy corres- 
ponding to the ionizing potential, but then in general it must divide its re- 
maining energy with the new electron produced by the ionization. Thus the 


1° K. T. Compton and C. C. Van Voorhis, Phys. Rev. 27, 724 (1926). 
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probability is small that an electron that ionizes a molecule shall lose 
merely the energy which corresponds to the ionizing potential. Therefore at 
collector voltages above the ionizing potential the electrons that are collected 
can no longer be resolved into groups having homogeneous velocities. We 
see in fact from Fig. 7 that the observed points (along DE) begin to depart 
from the theoretical line DH at the ionizing potential but this departure begins 
gradually and not abruptly as in the case of the resonance potential at D. 





o s ” 
MERCURY VAPOR AT 45 BARYES 650°R.SOVOLTS MESS CM 
Fic. 10. 


t=. The experimental data indicated by circles in Fig. 10, were obtained with 
mercury vapor at 44.5 baryes and 650°K in a tube having a cylinder C of 1.55 cm 
radius, the anode potential being 50 volts. By an analysis involving a double 
logarithmic plot it was found that 


Yo = 0.158 V, = 6.3 volts 
Ye = 0.159 y, = 0.109 
E, = 2.2 volts E, = 2.8 volts 
6, = 12.0° 6, = 14.6° 


Google 


Collisions Between Electrons and Gas Molecules 1 


and from these were calculated 


P =1.90 cm” N, = 0.364 

P, = 0.443 cm- N, = 1.20 

P, = 0.743 cm 6, = 11.0° 

P, = 0.222 cm 6, = 13.0°. 

Under standard conditions (20°C and 1000 baryes) these probabilities become 

P = 59.0 cm P, = 11.0 cm 

P, = 22.1 cm P, = 14.9 cm 

P, = 36.9 cm P, = 11.0 em—. 


The curve ABCDH in Fig. 10 is the theoretical curve corresponding to 
the foregoing values of the probabilities and the scattering angles. Although 
the resonance voltage (6.3) and the ionizing voltage (10.0), corresponding 
to the resonance potential (6.7) and the ionization potential (10.4) in mercury 
due to a shift of 0.4 volts at zero, are very different from those of nitrogen, 
the general agreement with the theory and the character of the results are 
much the same. 

With mercury vapor also the experimental points begin to depart from 
the theoretical curve DH as soon as the voltage rises above the ionizing 
potential. 

More than two hundred sets of volt-ampere characteristic curves for various 
gases, pressures and voltages have been analyzed and in all cases it has been 
found that by suitable choice of P, P,, P,, 0, and 0, the curve up to the 
ionizing voltage can be satisfactorily represented by the equations we have 
developed. The theory is particularly confirmed by the fact that the experi- 
mental values of all these constants are practically independent of the gas pres- 
sure. A summary of these results is given in Table VIII. 


Discussion of the Accuracy of the Results 


In fitting the theoretical curves in Fig. 7 to the experimental data we 
have 6 adjustable constants at our disposal, and it may therefore seem that 
the accuracy in the determination of all the constants cannot be high. By 
trial we finc that the permissible limits in the choice of the values of yo are 
rather narrow, so we estimate the probable error of y, to be less than 0.01. 

We find, however, that the curves such as AC in Fig. 9 can be displaced 
a considerable distance in the general direction of their length without greatly 
altering the agreement between the theoretical curve and the experimental 
points. Especially is this true with the resonance curve EFG which is more 
nearly straight and for which agreement with experiment is expected only 
for a rather limited range of voltage. 

Trial shows for the data of Fig. 7 that the agreement becomes poor if 
E, is altered by more than about 10 per cent which corresponds to a varia- 
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tion of 5 per cent in 6, or 6,. A 10 per cent change in E, involves about 
a 4 per cent change in y,, but for any given value of E, the probable error 
in y, would be not over 1 or 2 per cent. 

In the case of the resonance electrons the possible individual errors in 
y, or E, become relatively large. In Table IV are given a series of pairs 
of values of y, and E, corresponding to displacements of the curve EFG ap- 
proximately parallel to the nearly straight line EF. a 


Taiz IV 
Effect of Displacement of Curve EFG in Fig. 7 








Displacement | Yr | ER | P, | P; | On | 6, | Ep 
D, 0.182 25.0 
Ds 0.152 19.8 5.3 0.0 26.8 25.7 18.0 


63 | —14 | 30.7° 29.4° | 23.0 


D, 0.103 11.2 | 3.6 +1.7 


20.6 18.4 17.0 
D 0.070 7.0 2.4 +3.8 16.3 13.3 14.7 
D, 0.033 2.3 1.2 +4.2 | 9.3 0.0 13.9 





From the values of y, and E, we can calculate P,, P,, etc., as given in 
the table. The displacement D, makes P, negative and therefore must he 
excluded. The displacement D, has been chosen to make P, = 0. Thus the 
maximum possible values of P, and 6, are 5.3 and 25.7° respectively. Displace- 
ment D, corresponds to the lowest possible value of P, and the greatest 
possible value of P, since any further displacement would make 6, become 
imaginary. : _ 

For each different displacement, the point corresponding to F in Fig. 9 
at which the observed points begin to depart from the theoretical curve, 
occurs at a different voltage E’. Adding 13.2 volts to these values we obtain 
the voltages E, given in the last column of Table IV, and this voltage should 
presumably be approximately equal to the ionizing potential of the gas (17.0 
volts for nitrogen). Thus we are led to choose D, as the most probable displace- 
ment. 

In the analysis of the experimental data on the resonance electrons the 
displacement of the curve, which determines the value of E, has usually 
been chosen so as to make E, come at the ionizing potential. In other cases, 
especially when the voltage drop along the filament was not eliminated by 
using the commutator, the point E,; could not be determined with sufficient 
accuracy. In order to get approximate values of y, and P, in these cases it 
was assumed that 6, could be put equal to 0,. From this, @,, and E, were 
then calculated and a displacement was then chosen to give this value of E,, 

The values of P, and 6, found by such methods are of course only rough, 
but it is felt that our main conclusions regarding the rather small angles through 
which the electrons are scattered by the resonance collisions are not vitally 
affected thereby. 
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- Estimation of temperature and pressure.—To calculate the P’s at standard 
pressure and temperature from the experimental data we must know the 
pressure and temperature of the gas in the cylinder C. The pressure outside 
the cylinder was measured by a McLeod gauge but because of the effect of 
thermal effusion the-pressure inside the cylinder was usually considerably 
higher than that outside. , 

The radiation from the filament (ranging from 11 to 20 watts in the various 
éxperiments) heated the molybdenum cylinder to rather high temperatures. 
If the cylinder and end-plates had completely surrounded the filament so 
that the whole energy would be re-radiated from the outside surface, the 
temperature of the electrodes in the absence of gas, would have been 720° 
to 790°K. But from the small annular spaces about 2 mm wide between the 
end-plates and cylinder the radiation was nearly that from a black body. 
Thus the radiative equilibria gave temperatures from 670 to 720°K. The 
effect of the heat conduction of various gases was calculated, taking into 
account the Smoluchowski temperature drop at the surfaces.*° It was found 
that the cylinder temperature gradually decreased .as the pressure rose. For 
example, argon at 100 baryes would lower the cylinder temperature about 
70°. But the heat conduction from the filament tends to raise the gas tem- 
perature above that of the cylinder, by amounts that increase as the pressure 
rises. This effect nearly compensates for the cooling of the cylinder. Thus, 
the average temperature of the gas along the radius was found to be approxi- 
mately independent of the pressure and to lie between 650° and 700°K in 
various typical experiments. At pressures so low that the free-paths of the 
molecules are large compared to the openings into the cylinder thermal ef- 
fusion makes the pressure p, in the cylinder greater than that outside in the 
ratio of the square roots of the temperatures. The following semi-empirical 
equation was used in all the experiments to calculate the pressure in the 
cylinder ; ; 

Pe _ (TdT s)!* + bpaldy (64) 
Po 1+-bpelAy. 


where pp and Ty, are the pressure and temperature outside the cylinder, while 
Pc and T, are those inside; b is the width of the space between the cylinder 
and end-plates, while 4, is the mean free-path of the molecules of gas 
at 1 barye pressure at the temperature of the cylinder.*! 

' It will be appreciated that the accuracy.in this estimation of the tem- 
perature of the gas and the pressure increases by effusion cannot be high. 
Thus in reducing the observed values P,, P,, P, and P, to standard conditions 
errors of perhaps 10 per cent have been made. However, it should be noted 


. 3° See I. Langmuir, ¥. Am. Chem. Soc. 37, 421 (1915). 
%1 The free-paths A, at 650° were taken to be for Hg 13.1 cm; Ne 51; A 28; He 73; Ng 25 and 
- Hy 47 cm. The slit width 6 was 2 mm in some cases and 2.5 in others. 
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that the effusion decreases the effect of an error in the estimation of the tem- 
perature since the pressure increases as the temperature rises and thus causes 
a slower variation in the density. 

To avoid errors due to uncertainty in the temperature of the cylinder a large 
number of experiments were made with argon, and helium in tubes in which 
the ‘‘cylinder C” consisted in a vaporized magnesium deposit on the inside 
of the glass wall of the tube. By a blast of air the tube wall was kept at about 
30°C as was measured by the resistance of a fine tungsten wire in close 
contact with the glass. The average temperature of the gas along the radius 
was usually about 50° above that of the tube wall, because of heat conducted 
from the filament. 

The values of the probabilities P and P, found with these tubes were 
practically the same as those found with the molybdenum cylinders, as 
will be seen in the summary of results (Table VIII). Thus we are justified 
in believing that the calculated temperatures of 650° to 700° K in the latter 
case are not seriously in error. 

Small angle deflections—At voltages in the neighborhood of E, = 0 the 
observed currents, as indicated by the dotted line B’C’ (Fig. 7) do not rise as 
abruptly as they should according to the theoretical curve BC, but increase 
gradually over a range of about 2 or 3 volts, showing that the electrons 
which have not made collisions with molecules are not moving in strictly 
radial directions when they strike the cylinder. Possible causes of these 
small angular deflections from the radial direction are: (1) Initial velocities 
of electrons due to thermal agitation; (2) Non-axial position of the filament; 
(3) Transverse magnetic field (earth’s field); (4) Scattering by the electric 
field of ions; (5) Scattering by the fields of molecules; (6) Scattering by energy 
transferred from other primary electrons. Let us consider briefly the magni- 
tude of these effects. 

1. Initial velocities—The average kinetic energy of the electrons which 
leave the filament is 2kT,, but the the longitudinal component jkT7, is not 
effective in causing them to move against a retarding field at the cylinder. 
The effective energy (3/2) kT,, for a filament temperature of 2300°K cor- 
responds to 0.30 volts, and can thus explain only about one tenth of the observed 
spread in voltage over which the primary electrons are collected. 

2. Displacement of filament.—If the filament is displaced a distance 6 along 
a radius, the electrons which move along another radius at right angles to 
the first reach the cylinder with a transverse energy V, given by 


V, = V(6/RP * (65) 


where V is the original radial energy. Since in the experiments the filaments 
were displaced from center by not more than 1/20th of the radius, V, for 
100 volt primary electrons, cannot have been greater than 0.25 volts. 
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3. Effect of earth’s field—The radius of curvature r of a V-volt electron 
in a transverse magnetic field of H gauss is 


r= 3.36V4/H cm. (66) 


If the electron travels a short distance x (small compared to r) perpendi- 
cular to the field, the transverse energy V; (in volts) given to the electron 
by the magnetic field is 

V, = 0.089 H®x* (67) 


this energy being independent of the velocity of the electrons. Thus in a tube 
of 2.6 cm radius (as for the data of Table III and Fig. 7) a transverse field © 
of 0.5 gauss will give a transverse energy of 0.15 volts. Since the electrons 
which move parallel to the field are not deflected, the primary electrons are 
thus spread out over a small range. A longitudinal field, however, would give 
the same transverse energy to all the electrons so would not produce a spread 
but only a slight displacement of the current-voltage curve. 

In our experiments a transverse field of 0.5 gauss may well have been 
present but this field can have caused only part of the spread in voltage in- 
dicated by the lines B’C’ in Figs. 7 and 10. 

4. Scattering by ions.—H. A. Wilson* in considering the scattering of B-rays 
by matter has derived equations which are useful in calculating the scat- 
tering of electrons by the ions in a gas. 

Consider a narrow beam of electrons of energy corresponding to the po- 
tential V, passing through a layer of ionized gas of thickness t which contains 
n univalent charges per unit volume (ions plus electrons). The mean square 
angular deflection produced by all charges which lie within a distance r of 
the electron beam is 


63 = 8znt (r*ja*)(1—x?/8+log a) (68) 
where a@ is a parameter having the value 
a=2rV/e. » (69) 


In the derivation of Eq. (68) it was assumed that a is large compared to 
unity and the scattering is thus nearly all due to numerous small deflections, 
the close encounters which give large deflections being so rare that they oon- 
tribute little to 6. Expressing V in volts, r and ¢ in cm and 2 in ions 
per cm® we find 

a = 1.39x10%V 
and from Eq. (68) 


O = 1.47 x 10-*((nt)"/V)(1-+0.142 log, rV)". (70) 


We see that 6, becomes infinite if r is infinite so that according to this 
equation the forces due to the ions at large distance cannot be neglected. 


"-H. A. Wilson, Proc. Roy. Soc. A102, 9 (1923). 
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It was assumed in this derivation that the ions were distributed through- 
out the gas at random. We know, however, from the work of Debye and 
Hickel** that the positive ions tend to accumulate around the negative and 
vice versa so that the field of a given ion falls to 1/e of the value it should 
have by Coulomb’s law, in a distance 4, which for the case of univalent ions 
having a temperature T is 
CoN A = 6.92(T/n)? cm. (71) 
Thus the value of r in Eq. (70) should be placed equal to A, since the field 
due to ions at greater distances cannot be ‘important. 

For the example we have considered in Table III and Fig. 7 the positive 
ion current density J, corresponding to B, is 5.3X10-* amps per cm*. From 
this by Eq. (1) placing T, = 3000° we find np = 0.8810" ions per cm’. 
Since there must be an equal number of negative charges we may take n = 1.76 
x 10°, Assuming the temperature T in Eq. (71) (average for electrons and ions) 
to be 5000°, we find 4 = 3.7x10-* cm. Taking this for the value of r in 
Eq. (70) and letting t = 2.6 cm, the radius of the cylinder, we find 0, = 0.003 
radius or 0.17° as the mean angular deflection of the electrons due to the 
electric field of the ions. 

The mean transverse energy corresponding to this deflection is V(6,)* 
or only 0.0009 volts which is entirely negligible as a cause of the spread 
of the voltage at which the primary electrons are collected. 

5. Scattering by the field of molecules—In an electric field of intensity X 
a molecule becomes a dipole of moment ax where a can be calculated from 
the dielectric constant D of the gas by the equation 

a = (D—1)/4an (72) 
where n is the number of gas molecules per unit volume. 

Because of this polarization, an electron and a gas molecule at a distance 
r attract one another with the force ~ 

F = 2ae'/r’. (73) 
An electron which passes a gas molecule with a velocity corresponding to 
the potential V is thus deflected through an angle 6 given by* 


6 = (37/8)ae/Vr5 (74) 
where r, is the distance of nearest approach. This equation is derived on 


the assumption that @ is a small angle. The transverse energy V6 acquired 
by the electron is thus 


7 V, = (32/8)*ate*/V 75 2 (75) 
exptessing V in volts and a and r, in terms of cm we find 
V, = 2.84 x 10-4a?/V73. (76) 


%* P. Debye and E. Hiickel, Physik Zeits. 24, 185, 305 (1923). 
™ F. Zwicky, Physik Zeits. 24, 171-183 (1923). 
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The dielectric constant of nitrogen at atmospheric pressure and 0°C is 
1.000581, so by Eq. (72) we find for this gas a = 1.71 10-*4. We have found 
the probability of collision of electrons with nitrogen molecules at 1000 baryes 
and 20°C to be 20.0 cm-. The number of molecules per cm? is then 2.48 x 10'* 
so the target area per molecule is 8.05 x 10-%* cm? corresponding to a target 
radius of 1.60 x 10-* cm. All 100 volt electrons which pass within this distance 
of the center of the molecule presumably make elastic or inelastic collisions 
and are thus acted on by forces which are not of the type we are now con- 
sidering. We may assume, however, that beyond this distance the force F 
given by Eq. (73) is effective. Thus placing rp = 1.60 10-® cm in Eq. (76) 
and inserting the value of a we find that the maximum transverse energy that 
a 100 volt electron can acquire from this force is 0.192 volt. 

The transverse energy falls off with a very high power of the distance 
r. so that the effect of multiple scattering is negligible compared with single ~ 
scattering. 

We thus conclude that the scattering due to the force acting between elec- © 
trons and molecules resulting from the polarization of the latter, is very small. 

6. Scattering by energy transferred between primary electrons.—It has been 
shown*® that with high primary electron current density and low gas pres- 
sures the longitudinal energy of some of the primary electrons actually increases 
as the electrons traverse the space between the cathode sheath and the col- 
lector sheath. These electrons may thus reach the collector even when it 
is many volts negative with respect to the cathode. 

In some of the present experiments with hydrogen and argon this effect 
was studied by varying the electron emission of the cathode from 1 to 90 mil- 
liamperes. : 

Fig. 11 gives some typical data obtained with a tube having a molybde- 
num cylinder 5.0 cm in diameter with end-plates 5.1 cm apart. The filament 
diameter was 0.18 mm. The full line curves were obtained with argon at a pres- 
sure of 13.4 baryes as indicated on the McLeod gauge, corresponding to 19.1 
baryes in the cylinder at 650°K. The anode voltage was 60. Cathode currents, 
—iy, of 3, 9, 29 and 90 milliamperes were used. To prevent overlapping the 
ordinates of 3 of the curves were increased by the amounts A indicated on 
the curves. : 

With a current of only 3 milliamperes the electrons begin to be collected 
in appreciable numbers when the collector is about 3 volts below the cathode, 
but as the current is increased to 9, 29 and 90, the voltages at which electrons 
are first collected become respectively —7, —19 and —32 volts. A more ra- 
tional way of measuring the scattering is to determine* the slope of the curve 
obtained by plotting the electron current against the voltage on probability 
paper. The square of the reciprocal of this slope divided by 2900 V, (V, being 


% I. Langmuir, Phys. Rev. 26, 585 (1925). 


7 Langmuir Memorial Volumes V 
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the energy of the primary electrons in volts) gives the temperature correspon- 
ding to the random motion of the electrons which is assumed to be superposed 
on the translational motion of the beam. The temperatures calculated in 
this way are indicated on the curves of Fig. 11. The probability plots in 
these cases were straight only for negative voltages (below about —2 volts) so 


= = 
PP cm ack ES HSE OO BES A HD 





- -10 
ARGON 19 BARYES 650°X 60 VOLTS 
Fic. 11. 


the slopes were taken from these straight portions.** With hydrogen similar 
effects were obtained as the current density was increased. The dotted curve 
in Fig. 11 was obtained with the same tube containing hydrogen at 16.4 baryes 
(24 baryes in the cylinder at 650°K) with a current of 80 milliamperes and 
an anode voltage of 100. 

This effect was studied at several pressures of argon and hydrogen with 
various anode voltages. In each case the electron temperatures were calcula- 
ted from probability plots. A summary of the results is given in Table V. 
The data given for argon at 19.1 and for hydrogen at 24 baryes are those illustra- 
ted in Fig. 11. 

The data for argon show that the energy scattering decreases markedly 
as the pressure is raised, as was previously found for mercury vapor at pres- 
sures above 2 baryes.?® 


%* Experiments have indicated that the deviations from the straight lines at the positive vol- 
tages are largely dependent on the fact that a collector is used which nearly completely surrounds 
the ionized gas. A small disk-shaped collector in a discharge in a large spherical bulb gives a much 
more symmetrical curve which gives a nearly straight probability plot. 
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Taste V 
Energy Scattering at High Currents 

















Gas Pressure Anode Current Electron 
(baryes at 650°K) potential —ip temperatures 
Argon 3.9 50 volts 3 ma. 500°K 

9 2000 

i 30 16,000 

| | 90 44,000 

19.1 60 3 100 

9 ! 440 

28 2050 

i 85 13,300 

18.6 100 9 300 

30 2100 

90 12,000 

29.0 100 90 6700 

Hydrogen 24.0 100 90 14,800 

53.0 | 100 9 1200 

53.0 100 90 70,000 











On the other hand with hydrogen at a pressure of 53 baryes, a much greater 
scattering was found than at 24 baryes. With argon, as with mercury vapor, 
the scattering decreases slightly as the anode voltage is raised. 

With 5 ma. emission from the cathode, which was the current usually 
employed in our studies of electron collisions, the energy scattering effect 
was always practically negligible. 

Effects of current through cathode——In most of the experimental determi- 
nations of the current-voltage characteristics of the collector ¢ which have 
been described, a commutator was used so that there was no current through 
the filament when the collector current was measured. To avoid the incon- 
venience of the commutator and the slight irregular variations in current 
that were sometimes caused by brush trouble, many characteristic curves 
were made without using the commutator. Two effects are thus introduced, 
the voltage drop along the filament (about 3-5 volts) caused the breaks in 
the curves, such as those at B and D in Fig. 7, to be less abrupt, and the 
magnetic field of the filament current deflects the primary electrons which 
leave the cathode with energy V, in a radial direction, so that they acquire 
axial energy component V, in the same direction as the motion of the electrons 
which constitute the heating current in the filament. From the general equa- 
tions given by Hull?’ for the motions of electrons near a conductor, we readily 
find, for the case that V, is small compared to V, that 


V,, = 0.018843flog,or/r,)} (77) 


%7 A.W. Hull, Phys. Rev. 25, 652 (1925). 
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where V, is the axial energy in volts at a distance r from the axis of the 
filament, rp is the radius of the filament and A, is the filament heating 
current in amperes. The axial energy is thus independent of the anode vol- 
tag2 which determines V,. The effect of the magnetic field is thus to lower 
the radial component of the energy by the amount V, so that the break in 
the curve (B in Fig. 7) is displaced to the right by the voltage V,. The 
experiments show this effect distinctly and in complete agreement with 
the theory. 

The effect of the voltaz: drop along the filament can be calculated if we 
know the shape of the volt-ampere characteristic in the absence of this vol- 
tage drop. Let ¢ be the current to the cylindrical collector when this is at a vol- 
tage E above the cathode and there is no voltage drop along the filament. 
Let i, be the measured current when the collector is at a voltage E above 
the mid-point of the cathode, the voltage drop along the cathode being V,. 
Then, if the collector is at a potential above that of the positive end of the 


filament, we find 
E+1/2Vp 


iy=(1/V;) f idE 
B-1)2Vy 
Expansion by Taylor’s theorem and integration give: 
ty = 14-(1/24)V3 d*i/dE?+-(1/1929)V 3 dti/dE'+ -.-. (78) 
If the theoretical relation between i and E is not known, but experiment 
has given i, as a function of E, we may use the inverted series, 
t = ty—(1/24)V} d*i,,/dE*+ (7/5760) V$ diy /dE*+ --- 
and thus obtain the reiation between the current and voltage that would exist 
if there were no voltage drop along the filament. 
For the electrons that make elastic collisions, the relation between i and 
E is given by Eqs. (54) and (53). Eq. (78) can be written 
Yue = 7+ (1/24) V5 ay UE? 
and by inserting th value of d*y/dE? from Eqs. (54) and (53) we find 
(7 = Yut (1/48) Vive! (Va0e)e~ (1 +-1/) (79) 
where x is defined by Eq. (53). Since approximate values of 0) and y, can 
be obtained from the experimental data by neglecting V, (or by experiments 
with a commutator) Eq. (79) can be used to correct the values of y obtained 
without the use of the commutator. In many cases these corrections have 
been applied, but usually the corrections are so small as to be unimportant. 


“Analysis of Current Voltage Curves at Higher Voltages 


We have seen from the data of Fig. 3 that in mercury vapor the end- 
plates do not remove any appreciable number of electrons having normal 
components of energy as large as 80 volts when the primaries have 100 volts 
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energy. We have concluded frem this that very few, if any, of the primary 
electrons are turned through angles as great as S0° by elastic or resonance 
collisions. 

Let us now consider the electrons which begin to be collected when the 
end-plate potential is raised to +20 volts or more. We may make a rough 
analysis of these groups of electrons by assuming that they consist largely 
of electrons having a Maxwellian distribution of velocities. 

Mutual effect of electron collectors—Let a,b,c and f be the currents from 
electrons A, B, C, and F into space, i.e., 


a+b+c+f=0. (80) 


Let a, and a, be the electron and positive ion parts of the current form a, 
so that a= o,+a,, b= b,+5,, etc. Let A, ard B, be the areas of A and B. 
Then we may write 


a= Ale Fo" 4 (81) 
b = B,Ie FT 4B (82) 


Here E, is the potential of the space which varies with E, and EF, and is 
unkncwn. Eliminating E, and J, between Eqs. (81) and (82) we cbtain 


log (b.[a,)+ log (A,|Ba) = e(E,—E,)|kT (83) 


We thus plot the electron current to an electrede divided by the electron 
current to the anc de on semi-logarithmic paper against the differences between 
the collector and the anode voltages. The slope of the straight line through 
the points gives the temperature or average energy of the electrons, and the 
ordinate at the space potential divided by the collector area gives the current 
per unit area of these electrons in space. 

We have analyzed the curve marked B in Fig. 3 for the groups of electrons 
having a Maxwellian distribution of velccities. The curve B represents the 
current to the end-plates A and B when they are in parallel and the potential 
is varied. The cylinder C was anode in this case. 

The electron current to the end-plates divided by the electron current to 
the anode was plotted on semi-logarithmic paper against the differences between 
the collector“and anode voltages. The points lie on a straight line between 30 
and 88 volts. The slope of this straight line gives a temperature of 358,000 de- 
grees for this group of electrons which we designate the first Maxwellian group. 

The experimental points begin to deviate upward from the straight line 
above 88 volts. By plotting the current differences between these points and 
the extrapolated straight line, against the differences between the collector 
and anode voltages on a semi-logarithmic scale we find that the points lie on 
a straight line between 90 and 96 volts. This straight line has a slope corres- 
ponding to a temperature of 30,500 degrees for a second, Maxwellian group. 
By again plotting the differences in current between the experimental points 
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and the extrapolated straight line of the second Maxwellian group on a semi- 
logarithmic scale, we obtain points which lie on a straight line between 96 and 
100 volts. The slope of this line corresponds to a temperature of 7150 degrees 
for this low velocity group of electrons. We designate this group of electrons 
as the ‘‘Ultimate Electrons” since they are always present in any type of electron 
discharge in gases, carry practically the entire current and neutralize the space 
charge created by the relatively low velocity positive ions produced as a result 
of ionization of the gas molecules. 

The curve marked B in Fig. 2 has also been analyzed into three Maxwellian 
groups of electrons. The first Maxwellian group is measurable when the po- 
tential of the cylinder C is raised above +20 volts. The temperature of this 
group is 350,000 degrees. The second appears above 88 volts on the collector 
and has a temperature of 31,000 degrees. The third Maxwellian group or the 
ultimate electrons are collected at potentials above 96 volts on the collector 
and have a temperature of 6900 degrees. 

The area of the end-plates A and B is 7.0 cm® each and the area of the 
cylinder C is 37.0 cm* in the experiments shown in curve B, Figs. 2 and 3. 

The positive ion current collected on A+B = 4.46X10-¢ amps or 3.18 
x10-° amps cm~* at +100 volts potential. By extrapolation we find that in 
curve B, Fig. 3, 0.4 10-5 and 0.44 10-5 amps cm-* of Maxwellian groups 
1 and 2 are collected by A+B at +100 volts. Similarly the total electron cur- 
rent collected by A+B at 100 volts is 8.18x10- amps cm-. By difference 
there is 7.34 10-5 amps cm of ultimate electrons collected at 100 volts. 
Hence there are 2.31 electrons for every positive ion collected at 100 volts. 
At the potential of the space according to Eq. (1), there should be (Tym,/(T,m))"? 
or 855 electrons collected to 1 positive ion if T, = (1/2)T,. 

From the Boltzmann Eq. (3), log,n,/n) = Ve/kT we have log,(855/2.31) 
= Vel/kT, and thus since T = 7150°, V = 3.65 volts. ; 

Therefore there is a positive ion sheath with a potential of 3.65 volts when 
the plates A+B are at the anode potential, i.e., 100 volts positive with respect 
to the cathode. Thus there is a negative anode drop of 3.65 volts. Each collector 
in the discharge is then receiving all positive ions headed toward it and repelling 
all electrons which are not able to penetrate through the 3.65 volt sheath. 

From Eq. (1) we have n, =.(4.03 x 10x 3.18 x 10-° x 606)/(3570)* = 
= 1.30 10" positive ions per cc per ma. of emission current. 

Similarly the density of electrons in the various groups in space is nq) 
= 2.9x10%/cc ma.3 me = 4.1X10%/cc ma.3 neat) = 1.30 10'%/cc ma. Thus 
we observe that the ultimate electrons neutralize the positive ion space charge 
and practically the entire current in the discharge is carried by them. 

The positive ion current to the collector C is equal to 5.13x 10-5 amps 
cm-? at 100 volts on C in curve B, Fig. 2. The totakelectron current to C at 
100 volts is 2.90 10-* amps. Of this current 5.4x10-® and 4.5x 10-5 amps 
belong to Maxwellian groups 1 and 2 respectively, leaving 2.8x10-* amps 
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of ultimate electrons, which is equivalent to 7.57x10-° amps cm-*. Hence 
there are 1.48 electrons to 1 positive ion collected at 100 volts. 

Therefore assuming 7’, = (1/2)T,, we have e”"? = 574, or V = 3.78 as 
the retarding potential for electrons in the sheath when the collector is 100 
volts positive with respect to the cathode. 

From Eg. (1) we have n, = 2.10 x 10!°/cc ma. emission. Similarly the density 
of electrons in the various groups in space is m4. = 1.8x105/cc ma. emis- 
sion; ta» = 9.1Xx10%/cc ma. emission; #4) = 1.75 10/cc ma. emission. 
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TYPICAL VOLT AMPERE CURVES OF COLLECTOR IN VARIOUS GASES 
Fic. 12. 











We have repeatedly checked this method of calculating the negative anode 
drop in our experiments by means of the probe wire method of Langmuir 
and Mott-Smith.* 

For example in a typical experiment in mercury vapor at 17.3 baryes, the 
end-plate A and the cylinder C were placed at 100 volts positive with respect 
to the cathode. A plot of the logarithm of the electron current against the vol- 
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tage of the probe wire which was at a distance of one cm from the cathode 
gives us the average temperature of the ultimate electrons. Thus F, = 3900°K 
in this case and E, the potential of the space about the probe is 1.25 volts po- 
sitive with respect to the anode. We find also that J, = 0.51 ma. of ultimate 
electrons per cm? per ma. emission, and ngq)/ = 3.3 x 108 electrons per cc 
at the probe wire per ma. emission from the cathode. 








NITROGEN AT VARIOUS PRESSURES, 75 VOLTS. 
Fic. 13. 


The average current density of ultimate electrons reaching the anode is 
0.013 ma. cm~ per ma. emission from the cathode. Hence from Eg. (3) the 
anode is 1.07 volts negative with respect to the space near the collector. This 
agrees well with the probe wire measurement and also with the results calcu- 
lated from the volt-ampere curves of the end-plates and cylinder. 

From the results obtained by analysis of the volt-ampere characteristic 
of both end-plates and cylinder we may draw certain general conclusions. For 
example, when an electron_having 100 volts energy strikes a mercury atom in 
such a manner that the atom gives up an electron and becomes a positive ion, 
there is, of course, a 10.4 volt loss by the incident electron in producing an 
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ion. The remaining 90 volts energy is distributed between the incident electron 
and the electron given up by the mercury atom. The incident electrons and 
the electrons given up by the atoms give rise to the high velocity Maxwellian 
group of electrons which become random in direction and in the cases which 
we have considered have an average energy of about 45 volts. 

Additional evidence of the formation of this high velocity Maxwellian group 
is obtained from the detailed analyses of the curves shown in Figs. 7 and 10. 
From these curves we see that the experimental curve deviates gradually from 
the theoretical curve starting at the ionizing potential in each case. 





7s 
MERCURY VAPOR AT VARIOUS VOLTAGES 
Fig. 14. 


Fig. 12 shows typical experimental curves in each of the different gases 
studied. The collector potential, E,, is plotted against i,/-i, in each case. The 
curves have been shifted vertically by the amount indicated at the left end 
of each curve to prevent overlapping. For example, curve 1 gives the results 
obtained in mercury vapor at 10.4 baryes pressure with the anode A at +100 
volts potential, the curve having been shifted up 0.5 along the ordinate axis. 

The resonance potentials at which the kinks appear on the curves for the 
various gases have been determined from these curves and also from the large 
scale plots used in the detailed analysis of the groups suffering elastic and ine- 
lastic collisions. These potentials are given in Table VI and are probably cor- 
rect to +0.5 volt. 

Fig. 13 shows the experimental curves obtained with nitrogen at a series 
of different pressures. The anode (A) voltage was +75 volts in each case. The 
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curves have been raised along the ordinate by the amounts indicated on the 
left side of the curves, the ordinate scale being at the right. The curves at the 
higher pressures show that no primary electrons reach the cylinder C without 
having suffered energy losses. As the pressure is decreased, the primary elec- 





FREE PATH DATA FOR INELASTIC IMPACT 
Fic. 15. 


trons begin to reach C without loss of energy until finally at 4 baryes pressure 
the intensity of ionization falls off rapidly at positive voltages on the collector 
because of the removal of nearly all the primary electrons before they form 
ions and thus the positive ion sheaths around the cathode and cylinder overlap, 
the current from the cathode drops suddenly to the ‘‘space charge” value and 
our theory no longer applies. 
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Tasie VI 
Ionization and Resonance Potentials of Various Gases Used 








Gas Obs. Res. Pot. | Ion. Pot. 
Hg 6.7 volts 10.4 volts 
Ne 18.5 21.5 
A 13.0 15.3 
He 2A 24.5 
N; 13.0 16.8 
Hy 12.8 16.1 





Fig. 14 shows the curves obtained in mercury vapor at a series of different 
anode voltages. The decrease in current values between +30 and +70 volts 
on the 250 volt, 20 barye curve is due to the fact that the reflection coefficient 
of the collector for electrons increases with the electron velocity. The constancy 
of the positive ion currents collected at negative voltages on the collector, the 
sharpness of the break at the resonance potential (6.7 volts) and the relatively 
large number of electrons which suffer a 6.7 volt energy loss show up particu- 
larly well in these curves. 


Electron Free Paths 


The experimental data on the mean free path of high velocity electrons 
(above the ionizing potential) in the various gases give results in good agree- 
ment with the kinetic theory value calculated from viscosity measurements 
(i.e., 4- (2) times the free paths of the gas molecules.) 

We have plotted (y)+-,)(1—o) against the gas pressure in baryes on a semi- 
logarithmic scale in Fig. 15. This quantity is the fraction of the primary elec- 
trons which are collectable by C without having made inelastic collisions with 
molecules and is thus given directly by the experiments when collector vol- 
tages just below the resonance potential are used. 

Since the free path is inversely proportional to the pressure, we see readily 
from Eq. (32) that the slope d log,y/dx of the lines of the semi-logarithmic 
plot of Fig. 15 should be R/A,, where R is the effective radius of the collector 
C and A, is the free path of the electrons for inelastic collisions at unit pressure. 
The intercept of these lines on the vertical axis which corresponds to 1—@ 
ranges from 0.77 to 0.83. Hence, g, the reflection coefficient of the collector 
for electrons striking with a velocity corresponding to ten to twenty volts varies 
from 0.17 to 0.23 in good agreement with the values derived from Eq. (58). 

The values of A, in cm calculated from the slopes of the lines are given in 
the 5th column of Table VII. These correspond to a pressure of 1 barye and 
the temperatures given in the second column. The electron free paths at the 
same temperature and pressure calculated from the viscosities are given in 
the 6th column. It is seen that the two sets of values agree rather closely. 
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In the last column of Table VIJ are the values of P,, the probability of 
inelastic collision per cm at 20°C and 1000 baryes pressure, calculated from 4, 
by assuming that the prcbebility is prcpertional to the density. 














Tasie VII 
Free Paths for Inelastic Collistcns 
| ween 
Gas T°K | R | Arode | Voltage A | sang Py 
Ne 650 | 1.75 em 75 and 1CO 313 288 71 
H; 650 2.55 100 290 266 76 
A 650 1.55 30 50 100 156 160 14.2 
He 298 2.40 50 100 187 166 5.4 
Ng 650 2.60 75 143 146 15.5 
Hg 650 1.55 30 £0 1C0 69.3 72.9 32 





We have summarized the results of the detailed analyses of more than two 
hundred sets of volt-ampere characteristic curves for the various gases studied. 
The final results, expressed in each case at 1000 baryes pressure and 293°K 
are given in Table VIII. The various quantities in this table have all been defi- 
ned with the exception of B (max) The values of 6,, the mean deflection for 
a single resonance collision, which appears in brackets, have been assumed 
to be the same as the mean deflection for a single elastic collision in order to 
cbtain a resenable value fer P,. 

The value f (max) gives the maximum number of ions which’ can be pro- 
duced by an electron having a velocity corresponding to the potential given 
in the second column. The quantity # is independent of-the pressure over 
a very wide range of pressures. At very low pressures, however, f decreases 
due to the fact that the sheaths around the cathode and the collector become so 
thick due to the low intensity of ionization that the electrons travel appreciable 
distances (compared to the tube radius) in the sheaths, (both in being decele-! 
rated and in being accelerated) in which the electrons will not have sufficient’ 
energy to produce an ion. If an inelastic collision occurs under these conditions 
the electron will suffer a resonance energy loss instead of producing an ion. 
Then also at low pressures a larger proportion of the electrons will reach the 
anode while they still retain enough energy to cause ionization. 

At pressures above the range in which f remains constant, 6 again decreases 
in value. From the theory of the diffusion of ions in ionized gases due to Schottky 
and Issendorff* we find that, where the free paths of the electrons become 
small cempared to the radius of the tube, the cathode may receive as many, 
or more ions than the collector. The current (i;) must then be corrected for 
the large number of ions flowing to the cathcde to obtain the true electron 
emission. When this correction is made and the pressure is not such that the 
electrons suffer an appreciable number of collisions in the sheaths we find 
that 6 agrees approximately with f(max). 
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In some experiments to test the constancy of 8, the electron emission from 
the cathode (—i,) was varied over a range of five hundred fold without chang- 
ing the value of f. 8 being independent of the current density of primary elec- 
trons indicates that ionization is a single stage process in our experiments and 
that no two stage processes are effective in producing any measurable number 
of ions. It also indicates that recombination of electrons and ions is negligible 
under the conditions of these experiments up to 1000 baryes pressure. 


Tasie VIII 
Summary of Data on Electron Impacts in Gases 





Gas | volts | P| Pm | Pe | Pm | P| Pe | o% | % | Be | Bras 
He 50 74) 58/| 16] 21] 0.7 3.0 25 | (25)| 9.5] 1.2 
100 56] 45] 11] OS] 1.22 | 2.78 | 19 16 | 11.0} 29 

Ne 75 79| 7.0) 09} 14] 1.38 | 452 | 21 21] | 9.8} 1.25 
100 76| 69! 07] 10] 180] 41 19 | (19) | 11.0] 2.0 

A 30 32.4 | 14.3] 181] 44] 3.5 6.4 24 | [24] ] 5.3] 0.45 
| 50 29.4| 13.8] 156] 1.4] 7.1 5.3 18 | [18] | 5.2] 09 
100 24.9] 14.0] 109] 1.3] 8.55 4.15 | 12 | 112) } 47] 1.65 





150 23.4) 138] 96] 2.0] 855 | 3.25 | 10 | [10]| 45] 2.2 
Hg 30 61.0 | 36.0] 25.0] 13.0] 10.2 12.8 17.) B71) 25) fa 

50 59.0 | 36.9 | 224] 11.0) 14.9 | 11.0 11 13 341) 14 
100 57.2 | 37.8 | 19.4] 12.5 | 16.3 9.0 10 12 3.3] 2.7 











250 40.0 | 24.0] 16.0] 5.0] 15.3 3.7 6 (6) | 3.2] 5.3 
H, 100 10.9| 69] 40] 26] 29 1.4 5 16 7.3) 1.45 

250 10.1) 54] 47] 16! 27 11 9 5 6.7] 28 
Ni 75 26.4] 15.2] 11.2] 40] 7.0 42 |! 16 | (16)! 59] 1.32 

















100 20.0 | 12.2 78 3.6 7.7 0.9 14 18 | 5.8 1.65 





The authors wish to take this opportunity to correct an erroneous statement 
made in a preliminary article in Science. In this article it was stated that 60 
or even 70 per cent of the primary electrons lose nearly all of their energy on 
their first collisions with atoms producing a highly excited atom or ion which 
subsequently caused the ionization of several other atoms. This incorrect state- 
ment resulted from our having neglected to consider the change in the reflec- 
tion coefficient of electrons from the collector with voltage. As a result of our 
detailed analyses of the experimental curves with the reflection coefficient for 
each group of electrons treated separately we may safely say that if any elec- 
trons lose all of their energy in the first collision with an atom the number 
suffering such energy loss is small. 

.The reflection of electrons from the collectors in our experiments is impor- 
tant because the ion sheaths which cover all electrodes (even the anode) act 
as accelerating grids to return the electrons to the field-free space where after 
reflection and acceleration through the positive ion sheath, it may have suffi- 
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cient energy to cause ionization, resonance, etc. This is not true, however, 
under negative space charge conditions where the field is positive right up 
to the collector and any reflected electrons are trapped and collected. Thus, 
under negative space charge conditions in good vacuum, the three halves 
power law holds over a wide range of voltages. 

The authors take pleasure in extending their thanks to Mr. H. M. Mott- 
Smith, Jr., for valuable assistance with the mathematical derivations, and to 
Mr. W. G. Baker for many helpful suggestions rendered during the course 
of the experimental work. 
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Proceedings of the National Academy of Science 
Vol. XIV, No. 8, August (1928). 


IN STRONGLY ionized gases at low pressures, for example in the mercury arc, 
the free electrons have a Maxwellian velocity distribution corresponding to 
temperatures that may range from 5000° to 60,000°, although the mean free 
path of the electrons may be so great that ordinary collisions cannot bring 
about such a velocity distribution. Electrons accelerated from a hot cathode 
(primary electrons), which originally form a beam of cathode rays with uniform 
translational motion, rapidly acquire a random or temperature motion which 
must result from impulses delivered to the electrons in random directions. 

In this laboratory we have been studying these phenomena? in detail during 
the last 4-5 years, but the mechanism underlying the Maxwellian distribution 
and its extremely short time of relaxation have not been understood. At an 
early date it occurred to me that electric oscillations of very high frequency 
and of short wave-length in the space within the tube might produce a scattering 
of the kind observed, but calculation showed that average field strengths of 
several hundred volts per centimeter would be necessary and this seemed an 
unreasonable assumption. Experiments capable of detecting oscillations of the 
electrodes with amplitudes greater than 0.2 volt failed to show such oscillations. 

Ditmer* although unable to detect oscillations, concluded that oscillations 
of frequencies higher than 10® probably caused the scattering but was not able 
to suggest why there should be such oscillations. 

Penning® detected oscillations of frequencies from 310° to 6x 10° per 
second and found that the electron scattering and the oscillations nearly always 
occurred together. No cause was assigned for the oscillations. 

Dr. Tonks and I have repeated and have confirmed Penning’s observa- 
tions. The amplitude of the oscillations is small, less than 0.2 volt, and fre- 
quencies up to 1.2 10° have been observed. These waves, which are of well- 
defined frequency, appear to depend on the presence of the ultimate electrons 
(low velocity electrons) and can be observed in any part of the bulb. Other 
oscillations of much lower frequency (2x 10’ to 20x10’ per second) can be 
observed in regions transversed by the primary electrons, which are injected 


[Eprror’s Note: More detailed paper published in Phys. Rev. 33, 195 (1929).] 
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into the tube with velocities corresponding to 25 to 70 volts. These oscillations 
and the scattering of the primary electrons are observable only when the current 
of primaries is raised to 10 milliamps or more. 

It seemed that these oscillations must be regarded as compressional elec- 
tric waves somewhat analogous to sound waves. Except near the electrodes, 
where there are sheaths containing very few electrons, the ionized gas contains 
ions and electrons in about equal numbers so thaf the resultant space charge 
is very small. We shall use the name plasma to describe this region containing 
balanced charges of ions and electrons. 

For purposes of calculation we may consider the plasma to consist of a con- 
tinuum of positive electricity having a charge density o with free electrons 
distributed within it, the average electron space charge being —o. If the electron 
temperature is zero, the electrons will probably arrange themselves in a face- 
centered cubic space lattice (close packed arrangement). 

Any electron after displacement from its equilibrium position oscillates 
about that point with a frequency v which is given approximately by 

e e en 

” on 30 Bam () 
where n is the number of electrons per cubic cm, e is the charge and m the mass 
of the electron. At low temperatures or high electron densities (actually if T 
< 0.001 n'/*) the plasma is thus a kind of crystalline gas. However the electron 
temperature will ordinarily be far too high to permit this kind of structure 
even if it were consistent with the actual discontinuous distribution of positive 
charge. We must therefore consider that the electrons move rapidly throughout 
the plasma. 

By means:of the Boltzmann and the Poisson equations, Debye and Hiickel* 
have shown that under equilibrium conditions in a plasma, the average po- 
tential near a charged plane varies according to the law 


V = Vie 7% 


where x is the distance from the plane, ¢ = 2.718 and 4, which we may call 
the Debye distance, is given by 


Ip = V e560 Fem, (2) 


where T is the temperature of the electrons. 

Thus at any distance from the plane which is large compared to Ap, the 
average potential and the average electric field become zero. However, when 
the potential of the plane is changed it requires a certain time for the redistri- 


bution of charges to occur and these transient fields are not given by the Debye- 
Hiickel theory. 
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Plasma Oscillations. — If throughout a volume of dimensions large com- 
pared to 1, we change the concentration of electrons by some transient external 
means, the resulting electric fields act in such a direction as to equalize the 
concentration, but the potential energy of these fields is converted into kinetic 
energy of the electrons so that oscillations occur, and electric waves may result. 

Mr. Harold Mott-Smith has worked out the theory for infinite trains of 
harmonic compressional waves of length A traveling through a uniform plasma 
containing electrons of negligible velocity. He finds that the velocity of pro- 
pagation of the waves v is given by 

= ee 
v=A aa (3) 
Thus no matter what the wave-length, the frequency (v/A) in sec“ is 


e 


r= <= = 8980/n (4) 


which is )/3 times that given by equation (1) for the oscillations of single elec- 
trons. 

Since the velocity is proportional to the wave-length, the waves show high 
dispersion and the group velocity of the waves turns out to be zero. That is, 
although these waves can propagate through space with the velocity v they 
transmit no energy. 

Dr. L. Tonks has proved that if the electron density in any region within 
the plasma is slightly altered so that the potential distribution is f(x, y, 2), 
then after the time ¢ it is f(x, y, z) cos 2zvt, where » has the value given by equa- 
tion (4). This is a stationary wave which remains of constant wave shape and 
does not spread. ' 

In these derivations it was assumed that the wave-length 4 (or the grain 
size) of the disturbance f(x, y, 2) is so large that the plasma electrons do not 
move distances comparable to 4 during one period (1/v) of the oscillations. 
This condition is satisfied if 4 is large compared to the |Debye distance A,. 

Beam Oscillations. — A beam of electrons moving with’a uniform trans- 
lational velocity v and containing m, electrons per cm* may contain “similar 
oscillations of a frequency », which may be calculatedJfrom equation (4) by 
placing n = n,. In order that these beam oscillations may be unaffected by 
the plasma electrons it is necessary that their wave-length 4, shall be small 
compared to v/v, where » is the frequency of the plasma oscillations. With 
electron beams of 50 volts energy v/v. is usually about 504, and thus beam 
oscillations can exist having a wide range of wave-lengths whose frequency 
can be calculated by equation (4). Since n, is far smaller than n, the beam fre- 
gency », will be less than », but because of the Doppler effect the waves will 
appear to have different frequencies according to the direction’ fromJwhich 
they are observed. Transversely, the frequency may be », but longitudinally 
frequencies as high as v/A may occur. 
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The oscillations that we have observed seem to be in general accord with 
this theory. Measurements of , the concentration of ions, by means of the 
positive ion currents and calculation of the frequency » from this by equation 
(4) give values that agree reasonably well with the definite frequencies of about 
10° that are found by using a Lecher system. The broad band of lower fre- 
qencies from 107 to 108 sect which are observed only in the regions traversed 
by the primary electrons appear to correspond to beam oscillations which are 
spread over a range in frequencies by the Doppler effect and the non-uniform 
concentration of the primary electrons. 

The smallness of the observed amplitude of the oscillations in the experi- 
ments is readily explained by the fact that the plasma oscillations do not trans- 
mit energy, or rather, that energy can be transmitted only because of some 
second order effects neglected in the elementary theory. Thus it is probable 
that the plasma oscillations may well be of sufficient amplitude to cause the 
electron scattering that brings about a Maxwellian distribution. 

Ionic Plasma Oscillations. — In a recent paper J. S. Webb and L. A. Pardue® 
have described experiments which showed oscillations in low pressure dischar- 
ges in air with frequencies that ranged from 1 to 240 kilocycles. The frequency 
increased with the current and with the voltage and decreased in general as 
the pressure increased. It seems possible that such oscillations might be ionic 
oscillations in agreement with equation (4) where m is now the mass of the ion. 
If the electron temperature is very high compared to the ion temperature, as 
should be expected at high pressure, the diffusion of the electrons will set up 
fields which tend to make the concentration of ions uniform so that equation 
(4) should apply. 

A more complete analysis by Dr. Tonks, assuming a Maxwellian distribution 
of electrons but negligible ion temperature, shows that when the wave-length 
4 of the ionic oscillations becomes small compared to 27/, (calculated by equa- 
tion (2) from the electron temperature) the frequency approaches the limiting 
maximum value given by equation (4), and the group velocity approaches 
zero. On the other hand, as A becomes large compared to 27/, the wave velocity 
and the group velocity both approach the limiting maximum value 

vo = VkT.m, = 3.9X 10)’ T.m_|m, cm per sec. 
The frequencies v/A thus decrease as the wave-length increases just as in the 
case of sound waves. These waves are in fact electric sound waves and their 
frequencies lie in the range of Webb and Pardue’s experiments. 

Thermal Equilibrium of Plasma Oscillations. — Any arbitrarily selected volume 
(of dimensions large compared to Ap) which we may choose within a plasma 
may be regarded as a harmonic oscillator, whose damping coefficient will be 
of the order 2,/A. Since electrons, with a velocity distribution corresponding 
to T, are continually entering and leaving this selected volume or cell, the oscil- 
lator should acquire on the average 1kT, of kinetic energy and 4kT, of 
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potential energy (electrostatic field) for each degree of freedom. The kinetic 
energy of the oscillator is included in that of the electrons which coéperate 
to produce the oscillation but the potential energy is a new factor, not included 
in the ordinary theory of electron motions. 

If we have N independent cells per unit volume the total energy density 
of the electric field of the oscillations is */,NkT,; equating this to X?/8z, where 
X is the field intensity, gives 
: X? = 12xNkT, 


cguy ae (5) 
or X = 2.16x 10-/NT, volts per cm. 


If there were no lower limit for the wave-length of harmonic plasma oscilla- 
tions, we could put N = n the concentration of electrons, as in the Debye 
theory of the specific heats of solids. We have seen that the potential distri- 
bution f(x, y, 2) in any plasma oscillator is arbitrary. Thus to find N we might 
expand f(x, y, z) into a Fouriers’ series, breaking off the series when we have 
reached the permissible grain size: the number of independent parameters thus 
fixes N. Perhaps a better way of attacking the problem is to assume that there 
are n independent oscillators per unit volume but those of shorter wave-length 
are non-harmonic and are highly damped so that for these the time average 
of the potential energy may be far less than the average kinetic energy. 

For the present we can obtain an approximate value of N by assuming that 
harmonic oscillators are possible down to the wave-length 4 = adp, where 
a is a small numerical factor that probably lies between 2 and 10. 

Thus N = 1/(ad,)* and from equations (5) and (2) the field strength X is 


X* = 96x5a-8(RT) 20! 
or 
X = 1.17X 10-8a-#2n34T—-14 volts per cm. 


For a typical low pressure gas discharge in which n = 10" and T = 10 
this gives X = 4 volts per cm if we assume a = 3. This is the mean field inten- 
sity of plasma oscillations in thermal equilibrium with the ultimate electrons. 
According to equation (4) the frequency would be 2.8 x 10° per second, corre- 
sponding to that of a radio wave of wave-length 10 cm. 

Electric Fields Due to a Random Distribution of Electrons. — Let us compare 
these fields produced by the plasma oscillations with those to be expected from 
a random distribution of electrons. We assume provisionally that the positive 
charge in the plasma is continuous, and that the probability per unit volume 
for the occurrence of electrons is constant throughout the plasma. The radius 
of a sphere which contains on the average one electron is 


7, = (3/47n)"? = 0.62n-18 (7) 
The average field X, at the center of the sphere averaged for all positions is 
X, = 3e/r? = 1.12 x 10-8n®8 volts cm (8) 
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The effect of all the other electrons (out to r = oo) increases the average field 
only about 10.3 per cent. Thus the average field X, at any point in space is 
X, = 1.23 x 10-*n®® volts cm (9) 

This field is always stronger than that of the plasma oscillations, as given 
by equation (6). In our example in which n = 10", we find X, = 26.5 volts 
per cm as compared with our estimate of 4 volts per cm for the plasma oscil- 
lations. 

Most of the effects produced by the local fields depend upon the square 
of the field strength so that we are usually interested in the root-mean square 
field which we shall denote by X,,. If the electrons are regarded as point 
charges the value of X,, at any fixed point is infinite. In the neighborhood of 
any given electron, however, according to the Boltzmann equation the average 
concentration of electrons is 

ne“? 

where 

a= e/kT = 1.66X10-*/T cm. (10) 
We thus find that the mean field X,, which acts on any electron because of 
the presence of all the others is given by 

X32 = 4ankT 

X,, = 1.25x 10-5/nT volts cm 
from which X,, = 396 volts per cm if n= 104, T = 104 

The mean field X, due to all electrons that lie at a distance greater than 

r (when r >a) is found to be 
X3 = 4nne/r 
X, = 5.08 10-7//njr volts cm 
If we put r-= A, as given by equation (2) 
Xp = (4ane?)4(kT)-4 = 1.93 x 10-724T—4 volts cm-. (13) 


Comparing this with equation (6) which gives the field due to plasma oscil- 
lations we see that the two equations are identical if a = 3.31 which is a rea- 
sonable value. We may conclude that the fields due to plasma oscillations 
in thermal equilibrium with the electrons are of about the same magnitude 
as the fields acting at any point originating from all electrons at distances 
greater than A,. We have assumed, however, that the electrons are distributed 
at random, that is, as if they were uncharged. According to Debye-Hiickel, 
the charges cause the distribution to be more uniform so that the field due 
to electrons at distances greater than A, should disappear. The field of the 
plasma oscillations thus takes the place of the field that is forbidden by the 
Debye-Hiickel theory. The definite frequency characteristic of these oscil- 
lations makes them, however, essentially different from the irregularly fluctu- 
ating fields that they replace. 


(11) 


or 


or 


(12) 


Google nine or GA 


Oscillations in Ionized Gases 117 


Energy Delivered to Electrons by the Field. — If a steady electric field of 
intensity X acts for a time t on an electron which is initially at rest, the 
electron acquires the energy 

E = Xe*7*/2m 

The fields acting on a given electron resulting from a random distribution 
of neighboring electrons fluctuate rapidly in direction and magnitude. If + 
is the time of relaxation of these fields we may consider roughly that during 
each interval + the field is steady, and of magnitude X, but in each in- 
terval the direction is independent of that in the preceding or following in- 
tervals. In a time t which is large compared to t the total energy acquired 
by an electron is then rs 

E= X*ett/2m (14) 


The field produced by electrons at a distance r will fluctuate at a rate such 
that, approximately 


t=rlv 
where v, the velocity of the electrons, is 


vo = y8kT/am = 6.23x10°YT cm sec". 





By integrating (14) over all values of r from 0 to r we find that the rate 
W, at which energy is acquired by a given electron is 


kT 
W, = 23 e4n (2mkT)-"” log, (72) erg per second. (15) 


By dividing this into 3/2kT we find the time of relaxation of the electrons, 
that is, the time required for an electron to gain or lose the average energy. 
Multiplying this time by the velocity v we find an approximate value for 
A,, the free path of an electron. This free path, which may be defined as the 
average distance an electron travels before losing most of its energy of mo- 
tion in that direction, is thus 


L= 6 (AT? 1 
cw? en \ (73) 
lor, = 
ir Be \ 1786 
95x 10¢72 
¢ ~~ nlogyo (7/1.78a) 





(16) 


where a is given by equation (10). We have seen from equation (12) that 
the field produced by the more distant electrons is small compared to that 
due to the nearer electrons. However, because of the fact that the field of 
the distant electrons fluctuates more slowly, this field becomes important 
in determining the energy transfer between electrons. Thus, according to 
equation (15) the rate of energy transfer increases indefinitely as r approaches 
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infinity. It is clear that equations (12) and (15) are applicable only for values 
of r that are not much greater than /, since the field of electrons at a greater 
distance fluctuates periodically at a frequency which no longer decreases as 
r increases (plasma oscillations). 

In our example n = 104%, T= 10¢ and thus by equation (2) Ap) = 2.2 
x 10-* cm. Putting these in equations (10) and (16) we find a = 1.66 x 10-” 
and the free A, is 24.6 cm. The experimental data obtained with mercury 
arcs shows effective free paths very much shorter than this. With a 0.1 
ampere arc in a 3-cm tube containing mercury vapor saturated at 15°C we 
found’? T = 36,000° and n = 3.4x 10° and yet the Maxwellian distribution, 
which was destroyed at the tube walls by the removal of the fastest electrons, 
re-established itself within 1 cm so that A, must have been less than 1 cm. 
But under these conditions equation (2) gives 4, = 2.3x10-* cm and by 
equations (10) and (16) a = 4.6x 10-* cm and 4, = 6600 cm. Thus the fields 
due to a random distribution of electrons are not capable of accounting for 
the observed short free path. 

The fields due to the plasma oscillations also deliver energy to the elec- 
trons. The oscillations of large wave-length, being harmonic and only slightly 
damped, deliver very little energy, but the plasma oscillations of the shortest 
wave-length, a4,, are highly damped and the electrons which are being 
acted on are moving distances comparable to aA, during a single period 
of the oscillations. Thus as a rough approximation we may consider the time 
of relaxation t of the field X to be equal to #/,v, a half period. The rate 
at which energy is delivered is then by equations (14) and (4) 


W, = X*e"/2m = |,X*ey/x]mn (17) 


Assuming that the oscillations are in thermal equilibrium with the elec- 
trons, X is given by equation (6) so that equation (17) becomes 


Comparing this with the rate at which energy is delivered by the field of 
electrons distributed at random, equation (15), we find 


82.1 


Wol Ws = “]0g,9(r/1.78a) os) 


As before we may identify r with 4,; then if n = 10" and T = 10 we 
find that 1’, = W, if a= 2.8. Thus plasma oscillations in thermal equi- 
librium, although their fields are much weaker than those produced by the 
nearer electrons, contribute about as much as the latter to the energy in- 
terchanges between electrons. Any complete theory of the kinetics of a plasma 
cannot ignore the plasma oscillations. 
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Plasma Oscillations of Greater Amplitude—To account for the experi- 
mentally observed electron-scattering the amplitude of the plasma oscilla- 
tions must be far greater than that which corresponds to thermal equili- 
brium with the electrons. Then, too, with thermal equilibrium, the maxi- 
mum energy of the electrical oscillations in a coupled Lechter system would 
be kT whereas actually the oscillations that Penning and we have observed 
are far more intense than this. 

In a mercury arc or a discharge with a hot cathode, ions are continually 
being generated in a random manner throughout the plasma, and are dif- 
fusing to the walls of the tube and to the anode where they recombine with 
electrons. The electrons set free by the ionization process (secondary electrons) 
usually have far higher energies than the ultimate electrons in the plasma 
so that the secondaries are rapidly separated from the ions which were simul- 
taneously produced. Thus the ionization tends to create a random distri- 
bution, whereas the electric field in accord with the Debye-Hickel theory, 
tends to make the field more uniform. In this way energy is delivered to the 
plasma oscillations, particularly to those of large wavelength, so that the 
amplitudes become larger than those corresponding to thermal equilibrium. 

In a plasma containing electrons per unit volume, let us consider a sphere 
of volume V and radius r. With a uniform distribution of electrons there 
would be nV, which we may call g), electrons in the sphere. But with 
a random distribution the actual number q will differ from g, by an amount 
whose average value is y/g. Thus the average charge of the sphere is + ej/q. 
Assuming this charge to be uniformly distributed within the sphere, the 
total electrostatic energy of the field (of which 5/6 lies outside the sphere) is 


E = (3/5)ge?/r = (42/5)e*r?n (20) 
and the field at the surface of the sphere is 
X? = (42/3)ne"/r 
X, = 2.9x10-7/n/r volts per cm. 


or (21) 

If the sphere is of large size compared to 4, the electrostatic energy given 
by equation (20) becomes the potential energy of a spherical plasma oscilla- 
tion which is only slowly converted into thermal energy. Let us compare 
the energy E of equation (20) with the energy }4T which is the average 
potential energy of the plasma oscillation in thermal equilibrium. Expressing 
kT by equation (2) in terms of 4, we find 


E _2/r\ 
RT = =—5\A,)° 
We see that the energy associated with a sphere of radius r is equal to 


kT, the value required for thermal equilibrium, if r = 1.584), but this 
energy increases in proportion toer%. Thus, if 2= 104, T= 104, Ap = 
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2.2x 10-8 and we had initially a random distribution of electrons, the energy 
of the plasma oscillations associated with a sphere of 3 cm radius would 
be 2x10* times greater than if there were thermal equilibrium. 

This may possibly account for the amplitude of the observed oscillations 
detected by the aid of a Lecher system, but it hardly seems able to explain 
the observed scattering which must depend on the plasma oscillations of 
shorter wave-length, for these are not so far from the conditions of thermal 
equilibrium. < 

We are now investigating other possible causes that may produce plasma 
oscillations of large amplitude. 
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Wuen, from any cause, a deficiency of electrons occurs in some region of a uni- 
formly ionized gas at low pressure, neighboring electrons flow in to excess 
and set up a local non-spreading oscillation. Positive ions behave similarly 
for deficiencies extending over a small region but oscillate with a frequency 
lower in the ratio of the square roots of the particle masses. These oscillations, 
however, decrease in frequency and change over to sound-like waves when the 
original deficiency extends over large regions. Extensive experiments with a 
hot-cathode mercury arc yielded oscillations quite definitely attributable to 
the plasma electrons. These oscillations were in the expected range of frequen- 
cies, namely, about 10° cycles per second. They were found with external elec- 
trodes on the tube wall and with internal electrodes both in and out of the path 
of the primary electrons, and their amplitude was independent of the electrode 
voltage. Their frequency varied with electron density roughly in agreement 
with theory. Another oscillation of lower frequency than these may arise from 
primary electron oscillations stepped up by the Doppler Effect. Another oscilla- 
tion detected with an external electrode seems to be intimately related to the 
presence of a negatively charged wire parallel and close to the emitting filament. 
For instance, the oscillation showed a rapid change of phase as the shadow 
of the wire on the tube wall was crossed and the amplitude pattern was symme- 
trical about the shadow. A low frequency and very critical oscillation at 1380 
ke may lie at the high frequency limit of ion oscillations calculated to lie at 
1500 ke. 
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ABSTRACT 


A simple theory of electronic and ionic oscillations in an ionized gas has been developed. The 
electronic oscillations are so rapid (ca. 10° cycles) that the heavier positive ions are unaffected. 
‘They have a natural frequency v, = (ne*/zm)'" and, except for secondary factors, do not transmit 
energy. The ionic oscillations are so slow that the electron density has its equilibrium value at all 
times. They vary in type according to their wave-length. The oscillations of shorter wave-length 
are similar to the electron vibrations, approaching the natural frequency ») =¥¢(m,-/m,)' as upper 
limit. The oscillations of longer wave-length are similar to sound waves, the velocity approaching 
the value v = (kT,/my)!". The transition occurs roughly (i.e. to 5% of limiting values) within 
a 10-fold wave-length range centering around 2(2)'/*2Ap, Ap being the “Debye distance.” While 
the theory offers no explanation of the cause of the observed oscillations. the frequency range 
of the most rapid oscillations, namely from 300 to 1000 megacycles agrees with that predicted 
for the oscillations of the ultimate electrons. Another observed frequency of 50 to 60 megacycles 
may correspond to oscillations of the beam electrons. Frequencies from 1.5 megacycles down 
can be attributed to positive ion oscillations. The correlation between theory and observed oscilla- 
tions is to be considered tentative until simpler experimental conditions can be attained. 

Ir was been known for some time that if a low pressure mercury arc is 
maintained using a hot filament as an electron source there is a wide range 
of conditions under which a large number of the primary electrons rapidly 
acquire velocities whose voltage equivalent is greater than the total drop across 
the tube.! There is a larger number of electrons which have less than the 
expected energy, so that as a group the primary electrons have not gained 
energy. But there is some mechanism which either effects a rapid interchange 
of energy among the primary electrons or else effects a rapid and random 
interchange between each primary electrons and some other energy store. 

Various hypotheses to explain this phenomenon have been advanced,! 
but none has appeared satisfactory. A natural supposition is that electrical 
oscillations in the arc cause the scattering both by subjecting the electrons 
to rapidly changing electronic fields and by causing potential changes on 
the electrodes. 

Dittmer* obtained evidence pointing in this direction but was unable to 
detect the oscillations themselves. To explain the scattering it was thought 


1 Langmuir, Phys. Rev. 26, 585 (1925). 
* Dittmer, Phys. Rev. 28, 507 (1926). 
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that such oscillations must be of about the same amplitude as the observed 
scattering, namely 20 volts or more, and these should be easily observable. 

Penning* has observed oscillations of radio frequencies in low pressure 
discharges in mercury vapor under the same conditions as those that lead 
to electron scattering. We have undertaken a more systematic investigation 
of these oscillations in order to determine their nature and cause, for although 
their voltage-amplitude appears to be very small we believe that they play 
a fundamental role in high current gaseous discharges. We have found that 
the oscillatory behavior of the arc is extremely complicated in the types of 
discharge tube which we have been using. Nevertheless certain features stand 
out as tending to confirm the theory outlined recently by Langmuir.‘ This 
theory will be treated in greater detail here and some of the more definite 
experimental results will be given. 


I, Theory 


Two types of oscillation seem to be theoretically possible, first oscilla- 
tions of electrons which are too rapid for the ions to follow, and second, oscil- 
lations of the ions which are so slow that the electrons continually satisfy 
the Boltzmann Law. The mathematical difficulties when any dimension of 
the disturbed region is of the same order of magnitude as the mean distance 
between electrons or ions are such as to force us to consider only cases 
where such dimensions are large compared to the inter-ionic distances, Hence 
“electric field,” ‘‘density,” etc., refer to the average value of these quanti- 
ties taken throughout a volume which contains many ions and electrons but 
whose dimensions are considerably smaller than those of the oscillating 
region. 

A rough idea of the magnitudes involved can be obtained from the den- 
sity of ionization. Taking 10° as a typical low value of electron density, the 
inter-electron distance is 4.6x10-* cm. If all the electrons throughout 
a certain region*are displaced this distance, the resulting field strength will be 
0.028 e.s.u. or 8.3 volts per cm, and the energy density in the field will be 
3.0x10-> ergs cm-’. 

A. Plasma-electron® oscillations—When the electrons oscillate, the positive 
ions behave like a rigid jelly with uniform density of positive charge ne. 
Imbedded in this jelly and free to move there is an initially uniform electron 
distribution of charge density —ne. Choosing an orthogonal system of co- 
ordinates, consider the portion of the plasma included between two planes 


* Penning, Nature, Aug. 28 (1926) and Physica 6, 241 (1926). 

“ Langmuir, Proc. Natl. Acad. Sci. 14, 627 (1926). 

* The word “plasma” will be used to designate that portion of an arc-type discharge in which 
the densities of ions and electrons are high but substantially equal. It embraces the whole space 
not occupied by “sheaths.” See Footnote 4. 
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each perpendicular to the x-axis. Suppose each electron between these planes 
to be displaced in the x-direction by a distance ¢ which is independent of 
the y and z coordinates and is zero at each bounding plane. If the displacement 
€ is a continuous function of x and d¢/dx is small compared to unity, the 
change in density caused by the electron displacement is 


dn = ndot/ox (1) 


Originally the net charge was zero, so after the displacement Poisson’s equa- 
tion gives 


OE/dx = 4nebn (2) 
E being the electric field strength. Eliminating én 
OE/dx = 4anedé/dx (3) 
Integrating, it is found that 
E = 4anet (4) 


for the field arising from the electron displacement only, (since the neglected 
arbitrary constant represents a uniform external field). Eq. (4) shows im- 
mediately that the displaced electrons will oscillate about their original posi- 
tions with simple harmonic motion. The force on each electron is —Ee = 


mé£ giving 


m&+4anet = 0 (54) 
for the equation of motion. The frequency of oscillation is thus seen to be 
ty, = (ne*/nm,)!? = 8980 n'2. (6) 


If a spherical or cylindrical instead of a plane disturbance be postulated, 
the same natural period of oscillation is found, but in those cases some dis- 
tortion of the oscillation will occur near the center or axis respectively unless 
¢/r remains small in those regions. Oscillations of this type will be called 
plasma-electron oscillations. 

The same result in a more general from which shows the oscillations to 
be independent of any symmetry restriction can be obtained from the fun- 
damental electromagnetic equations applied to an ionized gas. The earlier 
treatment has been retained, however, because of its simple physical ideas 
and its application further on to positive ion oscillations. In Gibbs’ vector 
notation the four necessary electromagnetic equations are 


—(1/c)H = VXE J = (1/42)E—nev 
(42 /c)J = VXH —mv = eE+(e/c)uxH 


For sufficiently small oscillations »xH is negligible and can be dropped. 
Eliminating v and J gives 


Vx H = (1/c)E+ (42ne?/mc)E 
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Taking the curl of the first equation, H can be eliminated, giving 
E+ (4ane*/m)E = —2V x (V XE) 
When the electric field arises primarily from electric charges, the portion 
arising from H being negligible, Vx E can be put equal to zero and we have 
E+ (4nne*/m)E = 0 (5B) 
This result has no symmetry restriction and leads to the frequency given 
by Eq. (6). 
When VxE is not zero the complete equation in E can be multiplied by 


V- (i.e. operated on with div.),* which causes the right member to vanish. 
Noting that V- E = 4xeén we have, 


0*(4n)/dt?+ (42ne*/m)in = 0 (5C) 
Hence, under all conditions, the electron density is capable of simple har- 


monic variation of small amplitude and of frequency 8980 n?, 
If we omit the V - operation but assume that V - E= 0 we obtain the equation 


E+ (4ane?/m)E = &VtE 
which J. J. Thomson has used’ in the discussion of the electrodeless discharge. 
The frequency and wave-length of the corresponding plane waves are related _ 
according to the equation 
v= ne/am+o/)? 


Thus the lower frequency limit for long waves coincides with the plasma- 
electron frequency. But there is no natural frequency for these electromag- 
netic oscillations in an infinite medium. In any actual case, however, reflection 
at the walls of the discharge tube gives the possibility of the formation of 
standing waves so that there will be a fundamental resonance frequency and 
a whole series of overtones. It seems likely, however, that any such oscil- 
lation will be very highly damped because of poor reflection at the tube 
walls, 

The density of ions and electrons in the plasma of an arc of the type used 
experimentally is of the order of 10! cm-*. Using this value for n in Eq. 
(6) the natural frequency of the plasma-electron oscillation is found to be 
9.0 10® cycles per sec. The wave-length of this in air is 33 cm, a value to 
be compared with wave-lengths from 27 cm to 81 cm found experimentally. 

To calculate a rough value for the fundamental resonance frequency of 
the electromagnetic waves we may assume that the diameter of the bulb, 
18 cm, is one-half the wave-length. This gives 


» = [(8.9x 10%)*+(3 x 10'9/36)"} = 12.2x 10° cycles, 


© We are indebted to Sir J. J. Thomson for this method which he outlined in a letter to one 
of us. 
1 J.J. Thomson, Phys. Soc. Proc. 40, 82 (1928). 
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and the wave-length of this in air will be 24.6 cm, a value so near to those 
found experimentally that the decision as to whether some, at least, of the 
observed oscillations may be of this type must be reserved. 

The absence of space coordinates in Eqs. (5B) and (5C) shows that there 
is no tendency for oscillations of this type to propagate through the plasma 
and their group velocity is zero. As a result one can specify the phases of 
the electron displacement through a certain region in such a way as to give 
the semblance of a moving wave, a wave, however, which moves continuously 
through a fixed region without ever progressing beyond, like the familiar 
rotating barber poles which appear to move steadily upward without rising. 

In spite of the unreality of such a wave motion from the energy transfer 
point of view, it is necessary to suppose the existence of oscillations in that 
form if it is shown that these oscillations exhibit the Doppler Effect. An 
analogy will show, we think, that despite its artificiality, this wave motion is 
one likely to arise. For this purpose the electrons may be likened to the 
bobs of a set of regularly spaced identical simple pendulums suspended from 
a rigid ceiling. If the swing amplitudes are small so that the bobs do not 
collide, these bobs will exhibit the same behavior in a plane that the electrons 
do in space. Let these pendulums, originally at rest, be set in motion by 
passing a horizontal bar along beneath them in such a way as just to make 
contact with the bobs. The bobs so touched will then oscillate with the par- 
ticular wave motion under discussion. The simplicity of the exciting means, 
makes it readily conceivable that the electrons are excited in an analogous way. 

There are three factors not yet considered which may result in a transfer 
of energy by plasma-electron oscillations. First and foremost, of course, 
the oscillating electrons may themselves be moving in a body through the 
plasma, an example being the beam of electrons emitted by the hot filament 
in a mercury arc. Such oscillations will have a lower frequency than the 
oscillations of the ultimate electrons because of the lower density in the beam. 
As a typical example we may take the case described later of the 72. 6v, 
25 ma arc in which the current density of primary electrons at the tube wall 
under the electrode was probably about 3.1x 10-4 amps cm-*. The electron 
velocities were 5.1108 cm sec so that the charge density was 6.1 x 107" 
coulombs cm-® corresponding to an electron density of 3.8x10*. By Eq. (6) 
the natural plasma-electron frequency for this density is 1.810’ sec”. 

Secondly, the electric field of any unsymmetrical oscillation is unlimited 
in extent, reaching in varying intensity throughout the discharge tube and 
extending outside. It may be this factor which is primarily responsible for 
the detection of the plasma oscillations. 

Finally, if a local oscillation be traversed by fast electrons having fairly 
uniform speeds, the alternate acceleration and retardation or the rhythmical 
deflection of this beam will excite neighboring portions of the plasma into 
oscillation. 
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The simple mathematical theory outlined leads to a single frequency for 
the electron oscillations, but there are two factors which may cause depar- 
tures from this condition. The Doppler effect has already been mentioned. 
The other factor is that the electrons are not normally at rest but move 
with their random thermal velocities. Fast-moving electrons completely tra- 
verse a local disturbance in a small fraction of a period and do not contri- 
bute to the density 2 which is effective in determining the frequency. Slow- 
moving electrons, on the other hand, remain in the same neighborhood for 
several complete oscillations and do contribute to n. The division is not 
definite but can be fixed roughly by assigning an effective wave-length to the 
disturbance and treating all those electrons which traverse that wave-length 
in less than one cycle as fast, the others as slow. The slow-moving electrons 
are then those which maintain the oscillation. Each fast-moving electron in 
its “impact” with the disturbance either contributes energy to it or draws 
energy from it. 

It is seen, first, that a ‘‘fast” electron for a small (short wave-length) 
disturbance may be a ‘“‘slow” electron for a large (long wave-length) distur- 
bance, and second, that a ‘“‘slow” electron for a high-frequency oscillation 
may be a ‘“‘fast” electron for a lower frequency oscillation. Thus the greater 
the wave-length and the higher the frequency the greater the value of the 
distinguishing velocity, and the greater the number of slow-moving electrons. 
In this way the effective electron density n depends on the wave-length of 
the oscillation and this will give rise to a decrease of frequency with de- 
creasing wave-length in accordance with Eq. (6). Since this decrease in 
frequency of itself decreases the effective density still further, there is a 
tendency at the smaller wave-lengths toward a kind of cumulative action 
which may make oscillations below a certain minimum size impossible. That 
this may actually occur is indicated by some calculations which we have made, 
but the present state of the investigation hardly warrants attempting a quan- 
titative treatment here. 

Interaction of the fast-moving primary electrons with oscillations of the 
ultimates has already been mentioned, and of course there is also the inter- 
action of the ultimate electrons with any oscillation of the primary electrons. 
In either case electrons of one type stream through an oscillation among elec- 
trons of the other type and withdraw energy from it. It is immediately 
evident that the shorter the wave-length the less will the interaction be. There 
is one very suggestive possibility that should be mentioned. It has already 
been pointed out that because of their lower density the beam electrons 
have a longer period than the ultimates. But if the wave-length and wave 
velocity of the oscillations have suitable values, then the frequency with 
which the moving beam waves strike the comparatively stationary ultimates 
may coincide with the higher natural period of the latter and give rise to 
resonance. 
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B. Plasma-ion oscillations—We are now ready to discuss the slower ionic 
oscillations. In this case we shall assume the same type of displacement for 
the ions as we did for the electrons before. We then have 


én, = —ndé/dx (7) 
for the increase in ion density and (by Boltzmann’s Law) 
in, = nlexp(eV/RT,)—1] (8) 
for the increase in density of electrons. Poisson’s equation now gives 
&V/dx* = —4ne(dn,—6dn,) (9) 
and for the relation of motion to field we have 
edV [ax = —m,E (10) 


Substituting (7) and (8) in (9) and dropping terms in V* and beyond under 
the assumption that eV/kT, << <1 we have 





&V /dx* = 4nen(dé/dx+eV/RT,) (11) 
‘Taking the derivative with respect to x twice and substituting from (10) 

* [= , 4ane* 

S(e+*) ee =0 (12) 


A qualitative idea of the eneeay behavior of these plasma-ion oscillations 
can be obtained by solving Eq. (12) for the case of an infinite train of plane 
parallel waves. Thus if we assume the solution ¢ = exp[2nj(vt—x/A)] we 
obtain 


ne 12 
io (cataemrET) 

for the frequency. 

When ne*A?/xkT, is small compared to unity the frequency approaches 
a limiting value analogous to the frequency of the plasma-electron oscilla- 
tions. The above condition is equivalent to the requirement that 4 be small 
compared to 2(2m)*2,, A, being the distance, calculated by Debye and 
Hiickel,® the reciprocal of which is like an absorption coefficient of an ioni- 
zed fluid for electric forces. Thus the potential in the neighborhood of a sphere 
charged with g units of electricity is g/(Kr) exp (r/Ap) in an ionized fluid 
compared to g/Kr in a non-ionized dielectric. Now 


Ap = (kT,[8nne*)* = 4,90(T,/n)“* cm 


so that in discharges of the intensity used in our experiments where, roughly, 
n = 10" and T, = 104, 4, = 0.005 cm. The distance between ions averages 
n-V3 = 4.6X10-4 cm. This appears to be enough smaller than 2(2)!"xA, = 
4.4x10-? cm so that without approaching the fine structure limit of the 


* Debye and Hiickel, Phys. Zeits. 24, 185, 305 (1923). 
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theory too closely there is still room for plasma-ion oscillations near » = 
(ne?/xm,)"?. For mercury ions this limit is 1/600 that calculated for the electrons. 
Thus where the frequency of the plasma-electron oscillations is 9.0 x 108 sec 
(as calculated above), that of the limiting plasma-ion oscillation is 1.5 x 10® sec. 

Most of the considerations applying to plasma-electron oscillations apply 
also to these short-wave ion oscillations. A factor which may make the latter 
simpler is the lower ‘‘temperature” of the ions, especially as there seem to 





Fic. 1. Experimental tube. 


be good reasons for supposing that the ions do not have so much chaotic 
as general drift motion through the plasma. 

If, on the other hand, / is considerably larger than 2(2)"*7A,, the ion oscil- 
lations lose their similarity to the electron oscillations and change over to electric 
sound waves. Their group velocity becomes finite and both it and their wave 
velocity rapidly approach the limiting value 


v = (kT,|m,)"? = 3.9.x 105(T.m,/m,)!2 


In our experiments then, putting T, = 104 and (m,/m,)”? = 1/600 we find 
V = 6.5104 cm sec? when A is greater than about 10-1 cm. Thus fre- 
quencies originating from these sound waves may extend from 6.5 x 10° per 
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sec down, but probably not beyond some point where the wave-length is 
comparable with the discharge tube dimensions. 

The whole transition from the electron type of oscillation to the sound 
type occurs practically within a 10-fold variation of A, for when A = 2(2)!? 
mAp/(10)"* the value (ne*/zm,)' for v is only in error by 5 per cent and when 
A = 2(2)¥?7A,(10)? the value (kT,/m,)"? for v is likewise only 5 per cent out. 

J. S. Webb and L. A. Pardue® have described experiments in which they 
found oscillations that ranged from a few hundred cycles to 240 kc. in a low- 
pressure air discharge. As no data on the intensity of ionization and electron 
temperatures in their experiments are given, no quantitative comparison be- 
tween this theory and their results can be made. The frequency range which 
they observed is roughly the range expected for the sound-like oscillations. 


Il. Experiments 


A. Discharge tubes—On the experimental side we have worked with two 
tubes, both containing filamentary cathodes used as electron sources, collec- 
tors so placed as to receive a portion of the direct beam of primary electrons 
from a filament, and an anode off to one side to maintain the discharge. The 
two tungsten filaments in the first tube used were supported near the middle 
of the 18 cm spherical bulb by long glass-covered leads. Their exposed por- 
tions were about 1.1 cm long, parallel and about 0.5 cm apart. At a distance 
of 4.2 cm from them was the collector, a circular disk backed by mica‘and 1.1 
cm in diameter. It lay in a plane parallel to that of the two filaments. An appen- 
dix containing a little mercury extended from the bottom of the bulb and was 
immersed in a water bath, the temperature of which controlled the mercury 
pressure. 

The second tube was similar except that it contained three vertical tungsten 
filaments, g, c, and d in Fig. 1, g above, and ¢ and d about 2.5 cm below it. These 
two were 0.4 cm apart and all three lay in the same plane. Their diameter was 
0.025 cm and their vertical and active portions were 1.1 cm long. Opposite 
them and about 4 cm away were supported the 1.1 cm disk collectors h and 5. 
The primary electrons are somewhat deflected by the magnetic field of the 
heating current, and the collectors are inclined as shown in order to give per- 
pendicular incidence of the primaries on them. The glass tubes surrounding 
the collector leads prevented collection of ions and electrons by the back of 
the collector and also reduced the electrostatic capacity between leads and 
ionized gas. It was thought that the latter precaution might prevent a short 
circuiting of oscillations picked up by the collector and thus increase materially 
the observed amplitude of oscillation, but no marked effect of this nature is 
noticeable in a comparison of the results with the two tubes. 


* J. S. Webb and L. A. Pardue, Phys. Rev. 31, 1122 (1928) and 32, 946 (1928). 
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B. Detection of oscillations. The oscillations were detected with a zincite- 
tellurium detector and galvanometer arranged, for most of the work, in a.circuit 
as shown in Fig. 2. The detector was supported by a spring suspension to shield 
it from mechanical shocks which were found to destroy its sensitivity. The high 
frequency potential was applied across the two points X and Y, Y being 
grounded to one side of a filament and also to the metal-screen cage surrounding 
the apparatus. The inductance L was often only a 10 to 15 cm length of copper 
wire. The two condensers, which were of 0.0025 uf each, shunted the galva- 
nometer and 60-cycle crystal-calibrating circuits for the high-frequency oscilla- 
tions, but at the same time allowed known 60-cycle voltages to be conveniently 
impressed on the crystal for calibsating purposes at frequent intervals. The 
impressed 60-cycle voltage in millivolts was plotted against the galvanometer 
deflection on log-log paper, giving a straight line of slope 0.5 which remained 
practically unchanged over considerable’ periods of use. This calibration was 
then used to interpret the galvanometer deflections arising from the gas oscilla- 
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Fic. 2. Crystal detector circuit. Fic. 3. Oscillation pick-up circuits. 


tions as millivolts on the crystal. We found, however, that the same run made 
at different times always showed the same relative oscillation behavior but 
in one case the high frequency voltage might appear to be several times that 
in the other as if a frequency conversion factor for the crystal varied from time 
to time or with the crystal setting. The comparative amplitudes of a single run 
thus seem to be reliable, but to make more certain of comparative amplitudes 
in runs made at various times, high frequency as well as low frequency checking 
appears to be necessary. 

The higher frequencies of the oscillations were determined from their wave- 
length as measured on a pair of Lecher wires. Circuit B of Fig. 3 was used to 
measure the oscillations of electrodes upon which it was desired to impress 
a voltage at the same time, while A was suited primarily for use with external 
electrodes. 

C. Frequency range of oscillations—Oscillation frequencies as low as 10° and 
as high as 10° cycles per second have been observed. Over a large portion of 
this range it was not found possible to obtain any resonance phenomena, but 
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oscillations were detected throughout so that we lean toward the view that 
these electric vibrations are irregular, thereby constituting an ‘“‘electrical noise.” 
Under certain conditions definite frequencies were observed both on the collec- 
tors and on external electrodes glued to the tube wall or placed against it. 

The frequency range can roughly be divided into three parts, namely from 
1 to 100 megacycles, from 100 to 300 megacycles, and from 300 to 1000 mega- 
cycles, 

D. The range 100 to 300 megacycles.—A 5 cm circular electrode (Plate I of 
Fig. 1) was fitted to the spherical tube wall and fastened with sealing wax so 
that its center was at a level about midway between the two collectors A and b 
and it lay opposite the space between collectors and filaments. Point X of the 
detection circuit was connected to this electrode through a variable condenser 
C, (15 wuf maximum). With an emission from d of 25.0 ma, an anode voltage 








Fic. 4. Oscillations on tube wall. 


of 62.7 and the mercury appendix at 20°C a very critical oscillation was found. 
Practically the whole effect lay within a range of 1.5 ma and 1 v at this tem- 
perature. These oscillations did not occur when the appendix was at less than 
19° or more than 21°C, the critical voltage decreasing some 5 v in this range. 
The high frequency voltage at the crystal as measured was about 9 mv. The 
frequency was 263 megacycles at 19°C, 231 megacycles at 20°C, and 250 mega- 
cycles at 21°C, these figures probably being correct to within 2 per cent. 

An attempt was made to investigate the effect of additional ionization gene- 
rated by emission from g and also the effect of the magnetic field generated 
by a current through c, but the results are uncertain because of the difficulty 
of staying on the oscillation peak. It appears that considerable emission from 
g (somewhere above 2 ma) stops the oscillations. Substitution of a smaller 
pick-up electrode on the tube wall and varying the setting of C, failed to change 
the frequency, but when the Circuit B of Fig. 3 was used instead of A the 230 
megacycle wave disappeared and a 115 to 120 megacycle wave appeared in 
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its place. The 230 megacycle wave was not found on the internal electrode 
using either circuit A or B. Reversing the filament heating current stopped 
the oscillations and they were not found in the similar wall position on the 
opposite side of the tube either when c or d was used as cathode. 

The 115 megacycle wave was first found on b in the search for the 230 mega- 
cycle wave on an internal electrode. The galvanometer deflection corresponded 
to 30 to 50 mv. Decreasing the bath temperature from 20°C to 19.5 or less 
caused the oscillation peak (as the anode voltage was varied) to decrease sharply 
in magnitude and the frequency to jump to the neighborhood of 900 megacy cles. 
Unlike the 230 megacycle wave, the 115 megacycle persisted over electron emis- 
sions from 22 ma to 35, the maximum safe current for the filament. In this 





Fic. 5. Interference of oscillations on tube wall. 


range the wave-length varied from 114 to 125 megacycles. This oscillation was 
also found on h which was out of the direct path of the primaries from the fila- 
ment, but reversing the heating current in d caused the oscillations to disappear. 

At this time only the 230 megacycle oscillation had been observed on the 
tube wall and as it was not found on b it was thought that it might arise from 
some interaction between the electrons from d and the sheath about c, thus 
being confined to a comparatively narrow region on the wall. To explore the 
wall, Plate I was removed and a rectangular electrode 2.4 by 4.1 cm was arran- 
ged to slide horizontally along the surface of the tube so that its length was 
approximately parallel to the filaments. 

It was immediately found that the oscillation present was the 115 mega- 
cycle one. Curve I of Fig. 4 shows the variation of oscillation amplitude with 
slider position. Another sliding electrode half as wide (1.2 cm) was then tried. 
The frequency of oscillation remained unchanged but the distribution on the 
wall showed a maximum, Curve II of Fig. 4, at the shadow where before it 
had shown a minimum. The narrower electrode, having the greater resolving 
power, undoubtedly gives the truer picture of the amplitude distribution. The 


Google 


134 Oscillations in Ionized Gases 


minimum with the larger one must arise from a change of phase centering 
about the shadow of c. As a further test a second narrow electrode was con- 
nected in parallel with the first and as symmetrically as possible with respect to 
the crystal circuit. The curves of Fig. 5 show the effect of moving one while 
the other was fixed. The minimum followed by a rising branch as the one elec- 
trode is moved away from the other indicates that the total phase change is 
considerably more than 180°. 

Apparently the presence of ¢ was quite vital to the oscillations so the effect 
of varying its potential was tried. In the previous work it had been disconnected, 
its potential then being 2.5 v positive with respect to the cathode. Fig. 6 shows 
the effect of varying the voltage on ¢ with the 1.2 cm external electrode cen- 
tered on the filament shadow. Nothing critical appears here, but the potential 
of ¢ had a profound effect upon the localization of the oscillation, Fig. 7. 

If the oscillation pattern arose from the action of ¢ on the passing electrons, 
a magnetic field which deflected the electrons should affect the oscillation 





Fic. 6. Effect of potential of ¢ on oscilla- Fic. 7. Effect of potential of con oscilla- 
tions on tube wall. tions on tube wall. 


pattern equally. When tried, however, it was found that the magnetic field 
which had been calculated as producing a noticeable deflection caused the 115 
megacycle wave to disappear and a 730 megacycle wave to appear in its place. 

The frequency of 115 megacycles places that wave among the beam oscil- 
lations, but the other evidence is not clean cut. The wall pattern tends to sup- 
port this point of view and the picking up of the oscillations by a collector 
even when it was repelling all the primaries is not in opposition to it on account 
of the low. capacity impedance offered by the thin ion sheath to frequencies 
of this order. But the frequency variation with emission is too slow. A 60 per 
cent increase in emission from 22 ma should, if the frequency is proportional 
to the square root of the electron density, cause a 26 per cent increase in fre- 
quency from 114 megacycles. Actually a 10 per cent increase was found, the 
small simultaneous voltage variation being negligible. The 230 megacycle 
wave may, of course, be related to the 115 megacycle as harmonic to funda- 
mental. : 
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E. The range above 300 megacycles—These short waves were investigated 
almost exclusively on the collectors although they were sometimes observed 
on the external electrode when conditions were not quite right for the longer 
and more critical oscillations already discussed. The inductance L (Fig. 2) 
was only that of a short length of wire shunting crystal and condensers and 
the arrangement of the crystal circuit in conjunction with Lecher wires and 
electrodes was usually that shown in Circuit B of Fig. 3. 

One of the most significant features of these oscillations is that the ampli- 
tude and frequency was independent of the potential of the receiving collector 
over the whole range explored, namely from —80v with respect to the cath- 
ode to 5 v above anode potential. Furthermore the frequency was the same 
whether the primary electrons approached the collector directly, whether 
they were deflected past by a magnetic field, or whether a collector entirely 
out of the primary electron stream was used to pick them up. Reversing the 
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Fic. 8. Volt-ampere characteristics of a collector in the primary electron beam. 


heating current in the filament left both frequency and amplitude unchanged. 
But the situation of the filament used had some effect. With an anode potential 
of 33 v and an emission of 30 ma a wave-length of 810 megacycles was found 
when g was used as cathode whereas it was 880 megacycles when d, one of the 
two filaments close together, was cathode. 

It was natural to seek some correlation between the oscillations and the 
scattering of primary electrons. Unfortunately the runs meant particularly 
to elucidate this point are inadequate, first, because compared to the rough- 
ness of the present results the range covered was not wide enough; second, 
because of indeterminateness in the ‘‘temperature” of the scattered electrons, 
and third, because of the absence of high frequency checks on the crystal detec- 
tor. But some early measurements on the first tube using a 2 mh coil for 
L in the detector circuit before any frequencies had been determined show 
that with 10 ma from a 0.0125 cm filament 1 cm long the oscillations disappear 
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in the same range of anode potential that the scattering does, namely between 
60 and 75 v. 

An unexpected behavior of the discharge was discovered in a certain range 
of current and voltage. At 20 ma emission with 27 v on the anode the arc 
was stable in either of two conditions which were distinguished, as far as we 
could ascertain, only by the volt-ampere characteristic of a collector and the 
frequency of the oscillations. Fig. 8 shows the collector characteristic in each 
state. The curves are chiefly distinguished by the degrees of scattering shown. 
In addition the ion currents at large negative voltages are not equal, the ions 
in the low scattering state preponderating by about 3 per cent in this case. In 
other cases greater differences in the same direction were found. Transition 
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Fic. 9. Oscillation amplitudes and high and low scattering states. 


from one state to the otherc ould be accomplished by manipulating a bar mag- 
net. Lowering the collector voltage caused no switch-over but raising it caused 
a transition from the high to the low scattering state at about 22 volts. Finally, 
bringing the anode to 27 v from a high value initiated the high scattering, 
from a low value the low scattering state. In another run, made with 30 v on 
the anode several transitions occurred back and forth between the two states 
as the collector voltage was varied from —10 to +20 v. At the same time the 
oscillation amplitude changed abruptly, but the gaps in both sets of character- 
istics could readily be bridged so as to bring out the continuity of each state. 

The frequency with the low scattering was almost twice that found with 
the high. Sometimes the arc showed less tendency to stay in one or the other 
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state so the low scattering measurement was made with 26 v on the anode, 
the high scattering with 28 v. The measured frequencies were 1080 and 660 
megacycles respectively. 

Fig. 9, which shows the variation of oscillation amplitude and positive ion 
current with anode voltage for different electron emissions, clearly exhibits 
the transition from the low scattering state at low emissions to the high scatter- 
ing at high emissions. It is seen that at 10 and 15 ma only low electron scatter- 
ing was found, that at 20 and 25 ma both low and high scattering appeared, 
and that 35 ma showed only high scattering. 

The frequency of these oscillations places them among the plasma-electron 
oscillations. Their presence on an internal electrode irrespective of the path 
of the primary beam and their tendency to appear on the tube wall when other 
oscillations stop tend to confirm this view. The attempt was made to check 
them against Eq. (6), but there was no way of finding the absolute value of the 





Fic. 10. Oscillation frequency and ionization density. 


ion density in the present tube because of large edge effects on the electrodes. 
The best we could do was to calculate relative values based on an elaborate 
series of measurements. Partial failure of some internal checks in these calcula- 
tions show that too much reliance is not to be placed on them. Fig. 10 shows 
the grouping of the observed oscillations when plotted with wave-length in 
air against a scale of the relative ionizations. The simple theory requires that 
they lie in a line of slope —1/2. With the exception of two points out of the fifteen 
their deviations from the line drawn are within the accuracy of the ionization 
determinations. The deviations of those two may arise from some of the second- 
ary theoretical factors. 

F. The range below 100 megacycles—While investigating the effect of Hg 
pressure on the 230 megacycle wave the appendix temperature was lowered 
to 15°C. With the emission still at 25 ma the oscillation maximum had appa- 
rently moved to 72.6 v and was much less critical. Further tests showed, how- 
ever, that the frequency was considerably lower than 230 megacycles and 
using a calibrated series tuned circuit in series with the crystal circuit it was 
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located between 50 and 60 megacycles. At first sight it would appear possible 
to ascribe this frequency to the computed 18 megacycle oscillation for beam 
electrons together with the Doppler Effect. The frequency, »,, arising from 
the Doppler Effect is 
%4 = (~+v,)/A 

where v,, is the phase velocity of the waves with respect to the oscillating medium 
(primary electrons) and y, is the velocity of the medium with respect to the 
observer. Since the beam electrons oscillate only at their natural frequency »,, 
we can replace v,/A by this quantity, and solving for 4 find 


A= v,/(¥e—%e) 


Using the values 55 and 18 megacycles for », and », respectively, and 5.1 x 10° 
cm sec~ for v,, we find A to be 14 cm. This does not seem to be unreasonable, 
for it might in some way be connected with the 18 cm bulb diameter. Imagin- 
ing ourselves to be travelling with the primary electrons, however, we see that 
each plasma electron takes 14/(5.1 x 108) = 2.8 10-® sec to traverse a wave- 
length. The oscillation period is only 5.5 x 10-® sec, which taken in conjunction 
with the enormous preponderance of plasma electrons makes it impossible 
to think that these electrons do not modify the beam oscillations tremendously. 
In fact, a theory of infinite trains of plane oscillations as worked out by Mr. 
H. M. Mott-Smith, Jr. indicates that for a stationary observer the plasma-elec- 
tron frequency », is the minimum to be expected, the lower frequency of the 
beam oscillations (as seen from the beam) being more than compensated in 
the Doppler effect by the shortness of wave-length required to avoid interac- 
tion with plasma electrons. Thus it seems to be impossible to identify the 55 
with the theoretical 18 megacycle oscillation. 

Some of the early work with an external electrode on the first tube had, 
we thought, indicated the presence of 15 or 20 megacycle oscillations. In 
searching for these Plate I was used as pick-up, C, was taken out of the 
detection circuit, Fig. 3, and a 2 mh coil used for L. An oscillation peak of 
some 90 mv was located at 25 ma emission and 63 v on the anode — practically 
the condition for the 230 or 115 megacycle oscillation. Tuned circuits covering 
successive ranges from 100 megacycles down were tried in various ways in the 
attempt to locate the frequency. Resonance was finally established at 1.38 
megacycles although considerable voltage appeared across the crystal throughout 
the whole range. 

Between 26 and 42 v on the anode the oscillations also reach the neighbor- 
hood of 90 mv but the attempts to find the wave-lengths met with no particular 
success. 

We attempted to check the 1.38 megacycle wave by using a tuned radio 
amplifier. For this purpose a Radiola 17 having the range 550 to 1450 kc was 
set up in the cage and an antenna wire was brought near Plate I. Unfortunately 
the 1380 kc wave had become so elusive that even the previous measurements 
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of its wave-length could not be repeated so we were unable to check this. At 
this time the amplifier gave a noise maximum in the middle of its scale. This was 
not sharp, the noise extending over most of the range. Slight changes in the 
tube conditions caused large differences in the way the amplifier responded, 
sometimes several sharp noise peaks appearing, at others a single peak, and at 
still others only a very dull maximum. This, it seems to us, shows conclusively 
that there is often ‘‘a continuous spectrum” of electric oscillations in this long- 
wave range. 

The strong critical oscillation at 1380 kc lies in the neighborhood of the 
theoretical short-wave limit at 1500 kc calculated above. Whether this was 
actually the short-wave limit is not known, for frequencies higher than this 
were not sought with an amplifier. 

G. Future experiments—The experiments described are in general accord 
with the outlined. A closer checking and further development of the theory, 
particularly with respect to the cause and critical nature of some of the oscilla- 
tions, await experiments under essentially simpler conditions. With this in 
view we are continuing the experiments with a cylindrical tube containing 
a cylindrical collector at the tube wall and an axial filament. The ionization 
can be controlled independently of these electrodes by a hot cathode and an 
anode at the two ends of the tube. 

In addition to Sir J. J. Thomson’s letter which has already been mentioned, 
we gratefully acknowledge the aid and suggestions of Mr. H. M. Mott-Smith, 
Jr. in the development of the theory and of Mr. S. Sweetser in the experimental 
work. 
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THE INTERACTION OF ELECTRON AND POSITIVE ION 
SPACE CHARGES IN CATHODE SHEATHS 


Physical Review 
Vol. XXXIII, No. 6, June (1929). 


ABSTRACT 


Effect of positive ions generated at a plane anode upon the space charge limitation of electron cur- 
rents from a parallel cathode. — Mathematical analysis shows that single ions emitted with negli- 
gible velocity permit 0.378 (my/m,)''* additional electrons to pass; but with an unlimited supply 
of ions the electron current approaches a limiting value 1.860 times that which flows when no 
ions are present, and the electron current is then (m,/m,)'/* times the ion current, both currents 
thus being limited by space charge and the electric field being symmetrically distributed between 
the electrodes. Single ions introduced into a pure electron discharge at a point 4/9ths of the distance 
from cathode to anode produce a maximum effect, 0.582 (m,/m,)'/*, in increasing the electron 
current. These conditions apply to a cathode emitting a surplus of electrons surrounded by ionized 
gas. The cathode sheath is then a double layer with an inner negative space charge and an equal 
outer positive charge, the field being zero at the cathode and at the sheath edge. The electron 
current is thus limited to (m,/m,)!/* times the rate at which ions reach the sheath edge. If ions 
are generated without initial velocities uniformly throughout the space between two plane elec- 
trodes, a parabolic potential distribution results. If the total ion generation exceeds 2.86 times 
the ion current that could flow from the more positive to the more negative electrode, a potential 
maximum develops in the space. Electrons produced by ionization are trapped within this region 
and their accumulation modifies the potential distribution yielding a region (named plasma) in 
which only weak fields exist and where the space charge is nearly zero. The potential distribution 
in the plasma, given by the Boltzmann equation from the electron temperature and the electron 
concentrations, determines the motions of the ions and thus fixes the rate at which the ions arrive 
at the cathode sheath. The anode sheath is usually also a positive ion sheath, but with anodes of 
small size a detached double-sheath may exist at the boundary of the anode glow. In discharges 
from hot cathodes in gases where the current is limited by resistance in series with the anode, the 
electron current is space-charge-limited, being fixed by the rate of arrival of ions at the cathode 
sheath. Thus the cathode drop is fixed by the necessity of supplying the requisite number of ions 
to the cathode. The effect of the initial velocities of the ions and electrons that enter a double-sheath 
from the gas is to decrease the electron current by an srmount that varies with the voltage drop 
in the sheath. A nearly complete theory of this effect is worked out for plane electrodes. A detailed 
study is made of the potential distrituticn in the plasma crd near the sheath edge for a particular 
case and the conclusion is drawn that the velocities of the ions that enter the sheath can be cal- 
culated from the electron temperature if the geometry of the source of ionization is given. 

Experiments with double sheaths. — With large cathodes coated with barium oxide in low pres- 
sure mercury vapor, simultaneous measurements showed that the electron current density was 
independent of the cathode temperature and was from 140 to 200 times the ion current density, 
this ratio being independent of the intensity of ionization and of the gas pressure but varying 
slowly with the voltage drop in the cathode sheath, in good accord with the theory. The obser- 
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ved ratio, however, was about 40 per cent of that calculated, this discrepancy being probably due 
to non-uniformity in the cathode coating. Similar results were obtained with double sheaths on 
wire type cathodes, the ratio of the electron current to the ion current through the sheath ranging 
from 450:1 at high current densities to 2000:1 and more at very low currents, this variation being 
in agreement with the approximate theory developed for cylindrical sheaths. In these experiments 
two cathodes were used; one at rather large negative voltage to produce any desired intensity of 
ionization, while from the volt-ampere characteristics of the other cathode the space-charge-limited 
electron currents were measured. The ion currents were measured either by cooling the test cath- 
ode so that it emitted no electrons, or by the use of an auxiliary ion collector. 


‘THE MAXIMUM electron current that can flow from a given hot cathode to an 
anode in high vacuum is limited by the space charge of the electrons.! If even 
a small amount of gas is present and the applied anode voltage is appreciably 
higher than the ionizing potential, the positive ions formed tend to neutralize 
the electron space charge and thus allow the current to increase until, with suffi- 
cient gas, the current becomes limited only by the electron emission from the 
cathode as determined by its temperature. 

Since in a given electric field the ions move hundreds of times slower than 
the electrons, the rate at which the ions need to be produced in order to neutra- 
lize the space charge is usually less than one per cent of the rate at which the 
electrons flow from the cathode. In formulating a quantitative theory for cal- 
culating the increase in electron current produced by a given amount of ioni- 
zation we meet the difficulty that the ions are produced at different points 
within the gas and therefore are not all moving with the same velocity. Then, 
too, the probability of ionization as a function of the electron velocity must be 
known. The problem thus becomes so complicated that it seems hardly worth 
while to attempt a general solution. 

About 13 years ago the writer derived the equations, given in the present 
paper, for the space charge problem between parallel planes where the cathode 
emits a surplus of electrons and the anode emits positive ions without initial 
velocities. The results, although interesting, did not seem to be applicable 
directly to experimental conditions and therefore the results were not published. 
Some years later,? however, by the discovery that all caesium atoms which 
strike a tungsten surface at 1300°K are converted into ions, it became practi- 
cable to generate positive ions at the anode in any desired number, and thus 
obtain the conditions which were assumed in the theory. 

Still more recently in a study of gaseous discharges at low pressures® it was 
found that the space charge equations could be applied to the positive ion cur- 
rents flowing to negatively charged collectois. 

If we consider a negatively charged hot collector or in fact any hot cathode 
in a gas we see that there are present in the positive ion sheath electrons as 


1 Langmuir, Phys. Rev. 2, 450 (1913); Phys. Zeits. 15, 348, 516 (1914). 

? Langmuir and Kingdon, Proc. Roy. Soc. A107, 61 (1925). 

* Langmuir and Mott-Smith, Gen. Elect. Rev. 27, 449, 538, 616, 762, 810 (1924), and Phys. 
Rev. 28, 727 (1926). 
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well as ions. In the present paper it will be shown that the theory which was 
developed 13 years ago is now applicable to the calculation of the properties 
of these double sheaths. 

Jaffet has attempted to develop a theory of the effect of small amounts of 
gas ionization on currents limited by space charge in gases at low pressures. 
However, he based his entire treatment upon the inadmissible assumption 
that as many ions recombine in each element of volume as are produced by 
ionization within that volume. We now know that even with the high current 
densities in a mercury vapor arc carrying amperes, recombination of ions in 
the gas is negligible, compared to the removal of the ions by diffusion to the 
walls and to the electrodes. Thus the equations which Jaffe derived are not 
even approximately correct. 


Theory of the Effect of Ions on Space Charge Currents 
Between Parallel Planes 


Consider an infinite plane cathode C at zero potential, and a similar parallel 
plane anode A at the potential V, and at a distance a from C. Let the cathode 
emit a surplus of electrons without appreciable initial velocities. There will 
thus be an infinite concentration of electrons at the cathode surface and the 
potential gradient will be zero, but a finite electron current, J, per unit area, 
will flow to the anode, this current limited by space charge being given by 
the equation’ 





im Bs) re , 


where e is the charge and m, the mass of the electrons. 

Let us consider the effect of introducing positive ions without initial velo- 
cities, uniformly distributed over a plane B which is at a distance b from C. 
Between B and C there is thus an ion current J, per unit area. Because of the 
partial neutralization of the electron space charge, the electron current from 
the cathode will increase to a new value, say J, per unit area. We assume that 
the ions and electrons do not collide with gas molecules nor with each other 
and that no appreciable number of ions or electrons is lost by recombination 
during the passage between the electrodes. Our problem is to determine how 
the electron current I, depends on J, the positive ion emission and on 6 the 
location of the source of ions. 

Let v, be the velocity of the electrons at any point P which is at a distance 
x from the cathode, 9, the electron space charge density at P. The corresponding 
quantities for the positive ions are denoted by the subscript p. The signs of 
all these quantities will be taken as positive. 


“ George Jaffe, Ann. d. Physik 63, 145-174 (1920). 
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Then 
e% =, and 0,%, = I, (2) 
and assuming the ions have unit charge 
imi = Vz and 3m,v?3 = (V,—V)e (3) 
where V is the potential at the point P and V, the potential at B. 
Poisson’s equation gives 





PV dx? = 4n(0.—0,) (4) 
We may eliminate @ and v by Eqs. (2) and (3) and then after substituting 
a= (I,/I.)(m,/m,)'? and ® = V/V, (5) 
we obtain 
12 
on = 2a (% ] a = [o "_a(®, —6)71"] (6) 
Combining Eqs. (1) and (6) and substituting 
. A= x/a (7) 
we have 
ap I, 
Fe = FT (Oa, — 9") (8) 


Since the electron current is limited by space charge, we impose the condi- 
tion dV/dx = 0 when x = 0, or in other words 


d®/dk=0 when 1=0 (9) 
Integration of Eq. (8) then gives 
dDdd = (4/3) (L_[To)*[P? +a {(Pp— 9)" — B19) (10) 


Ions Emitted From Anode, , = 1 


According to Eq. (10) the potential gradient at the surface of the anode, 
(® = ®, = 1), is proportional to (1—a)'* and so becomes imaginary if a > 1. 
When a = 1 the potential gradient at the anode is zero and the positive ion 
current as well as the electron current is thus limited by space charge. 

It appears, therefore, that even an unlimited supply of positive ions available 
at the anode is not capable of neutralizing the electron space charge, for the 
positive ion current cannot become more than a definite fraction of the electron 
current, this fraction (according to Eq. 5, when a = 1) being equal to the square 
root of the ratio of the mass of the electron to that of the ion. 

Examination of Eqs. (8) and (10) shows that when ®, = 1 and a = 1 the 
equations remain unchanged in form if we substitute 1—@ in place of ®. Thus 
the curve representing the potential distribution apa the cathode and 
anode is symmetrical about its central point (A = },®= }). Between the 
cathode and this central point there is an excess of negative space charge, while 
from the central point to the anode there is an excess of positive charge. 
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To calculate the potential distribution we integrate Eq. (10) after placing 
@,=1 


® 
A= (3/4)(TolL)"? f [O¥2-+a{(1—O)@—1)] 1” do (11) 
Jt. 
The ratio J,/I, is found by observing that ® = 1 when A = 1, thus 
‘ 1 
(Lalo)? = (3/4) f [2 +-a(1—9)*—1)] 22 do (12) 
0 


Table I gives values of 4 obtained from Eq. (11) by numerical integra- 
tion. The values of J,/I, which were used in these calculations as found by 
Eq. (12) are given for various values of a in the next to last horizontal 
line of the table.® 

From the values of J,/J, we see that the electron current increases as 
more positive ions are emitted from the anode until the positive ion current 
also becomes limited by space charge. When this occurs the electron current 
and the positive ion current are each 1.860 times as great as the currents 
of electrons or ions that could flow (with the same applied potentials) if 
carriers of the opposite sign were absent. 

It is interesting to inquire how large is the effect of single positive ions 
emitted from the anode, in causing an increased electron flow from the 
cathode. By differentiating Eq. (12) with respect to a and then placing a = 0, 
and J, = I, we find in terms of Gamma functions 


dI,/da = (3—317°(1.25)F'(1.5)/P°(1.75)] Ip = 0.3781, (13) 
or by Eq. (5) 
dI,/dI, = 0.378(m,/m,)? for a=0 (14) 


A similar calculation for the case a = 1 involves a numerical evaluation of 
the resulting integral giving 


dI,[dI, = 3.455(m,/m,)"2 for a=1 


A plot of J,/I, as function of a from the data of Table I shows that the 
slope of the curve increases gradually from 0.378 at a =0 up to 3.455 at 
a= 1. Thus the effectiveness of the ions in raising the electron current in- 
creases as the field strength decreases in the region where they originate, but 
only up to a certain limiting value. Of course when a = 1 the further increase 
in the electron current is stopped by the space charge limitation of the ion 
current, 


5 In carrying out these calculations it was found convenient to replace ® by a new variable 
o such that ® = o/*. By so doing the infinite value of the integrand that occurs when ® = 0 is 
avoided, Whena = 1 and ® = 1 a similar difficulty still occurs but the value of Ain the range 
® = } to 1 can be obtained from those calculated in the range ® = 0 to j by making use of the 
fact already noted that in this case A is symmetrical about the point ® = }. 
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The square root of the ratio of the masses of the ions and the electrons 
is 607 for mercury vapor, 271 for argon, and 60.8 for hydrogen, and there- 
fore each positive ion of these gases liberated at the anode will increase the 
number of electrons that cross the space by 229, 102 or 23 respectively in the 
case of a pure electron discharge (a = 0). 

Taare I 
Potential Distribution between Plane Cathode Emitting Surplus of Electrons and 
Parallel Plane Anode which Emits Given Numbers of Ions. Table of values of i, 
the fraction of the distance to the anode, at which the potential is a given fraction 
® of the anode potential (zero potential at cathode) 


@ = (Ip/Te) (mp/me)'1; A =x/a 

















® | a=0 | a=02 | a=04 | a=06 | a=08 | a=09 | a=10 
0 0 0 0 0 0 0 0 
0.02 0.0532 | 0.0513 | 0.0491 | 0.0467 | 0.0438 | 0.0419 | 0.0396 
0.05 0.1057 | 0.1022 | 0.0981 | 0.0934 | 0.0879 | 0.0842 | 0.0798 
0.1 0.1778 | 0.1723 | 0.1661 | 0.1588 | 0.1498 | 0.1437 | 0.1367 
0.2 0.2991 | 0.2911 | 0.2823 | 0.2714 | 0.2573 | 0.2477 | 0.2363 
0.3 0.4054 | 0.3962 | 0.3855 | 0.3721 | 0.3546 | 0.3423 | 0.3274 
0.4 0.5030 | 0.4932 | 0.4815 | 0.4667 | 0.4467 | 0.4324 | 0.4146 
0.5 0.5946 | 0.5847 | 0.5731 | 0.5580 | 0.5371 | 0.5218 | 0.5000 
0.6 0.6817 | 0.6723 | 0.6612 | 0.6461 | 0.6245 | 0.6080 | 0.5854 
0.7 0.7653 | 0.7570 | 0.7471 | 0.7332 | 0.7123 | 0.6958 | 0.6726 
0.8 0.8459 | 0.8395 | 0.8314 | 0.8198 | 0.8016 | 0.7861 | 0.7637 
0.9 0.9240 | 0.9201 | 0.9149 | 0.9074 | 0.8940 | 0.8813 | 0.8633 
1.0 1.0000 | 1.0000 | 1.0000 | 1.0000 | 1.0000 | 1.0000 | 1.0000 
I[le 1.0000 | 1.0839 | 1.1872 | 1.3237 | 1.5186 | 1.6644 | 1.8605 
ala, 1.0000 | 1.0411 1.0896 | 1.1505 | 1.2323 | 1.2901 | 1.3640 














The Source of Ions is at a Plane Between Cathode 
and Anode %, <1 

Let us consider the effect produced by ions that start from a plane B 
which lies between C and A. In the region between C and B, Eqs. (6) and 
(10) are applicable and thus the value of d®/dA at B is found by putting 
= ®, in Eq. (10). Equation (6) is applicable also in the region between 
B and A but there a = 0 for there is no ion current. Thus by integration we 
obtain the two equations 


4(L,|Io)!*ay = 303¢ { [w+ 0f(1—py9— 1] 9 de 
and , 


; (15) 
4(I,].)"(1—2,) = 3 f [O®—adyy]1" do 
°s 
The constant of the first integration for the second equation was chosen to 
make d/dA at © = @, the same as for the first equation. 


10 Langmuir Memorial Volumes V 
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Differentiating Eqs. (15) with respect to a, putting a = 0, adding the re- 
sulting equations and combining with Eq. (5) gives rigorously*® 

dI, 

dl, 


This equation, which reduces to Eq. (14) if ®, = 1, allows us to calculate 
the number of additional electrons that can flow in a pure electron discharge 
(a = 0) if single positive ions are introduced at any point in the space between 
the electrodes. The values given in Column 3 of Table II were calculated 
by Eq. (16); the second column represents A, the fraction of the distance from 
cathode to anode at which the ions originate. From Eq. (1) we see that 
A, = PY, 





m 1/2 
‘) = 361? 2.6226%4, (16) 


m, 


Tasre II 
The Increase in Electron Current Caused by Ions Originating at Various Positions 
between Cathode and Anode, a = 0. Initial velocities neglected 








di, [m,\'' 
we as at: (%) 
0.00 0.00 0.0 
0.001 0.0056 0.080 
0.01 0.0316 0.217 
0.1 0.177 0.483 
0.2 0.300 0.554 
0.338 0.444 0.582 max. 
0.5 0.595 0.561 
0.6 0.683 0.534 
0.7 0.765 0.502 
0.8 0.846 0.464 
0.9 0.925 0.419 
1.0 1.000 0.378 











The ions have a maximum effect in increasing the electron current when 
they are introduced at a point which is 4/9 of the distance from cathode to 
anode. If a trace of gas is present and the voltage is so high that we may 
assume the probability of ionization per cm of electron path is uniform, we 
find readily from Eq. (16) (integrating with respect to A) that the average 
value of dJ,/dI, is 0.489 (m,/m,)¥?. 

If the probability of ionization is greater near the end of the path, as in the 
case of low anode voltages, the coefficient will lie between 0.489 and 0.378. 


Low Pressure Discharges With Hot Cathode 


Let us consider for a moment the phenomena that are observed as we 
pass from a pure electron discharge to a discharge at low gas pressure in which 
there is abundant gas ionization. When the ions originate at the anode or 


S The coefficient 2.622 is equal to 3 minus the coefficient 0.378 as given in Eq. (14), 
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at a definite plane between the electrodes we have been able to follow through 
the effects produced by even an unlimited supply of ions. But when the ions 
are produced throughout all or a large part of the space between the elec- 
trodes, we have been able to analyze only the effects produced by a very 
small total number of ions (2 = 0). To understand the typical characteris- 
tics of gas discharges, however, we must devise methods of treating the prob- 
lem involving a large intensity of ionization throughout a volume. The na- 
ture of the problem will best be realized by considering briefly some experi- 
mental observations. 

Suppose, for example, we have a hot tungsten cathode (at zero volts) ca- 
pable of emitting 50 ma in a bulb containing mercury vapor saturated at 
room temperature. With an anode at 10 volts the current is limited by elec- 
tron space charge and is practically the same as in the absence of mercury 
vapor. Beginning at the ionization voltage (10.4 volts) the current increases 
with the anode voltage more rapidly than in good vacuum until at a voltage 
of 15 to 25 volts depending on the vapor pressure, and the geometry of the 
tube, the current rises abruptly to the saturation value corresponding to the 
cathode temperature. 

In this second state of the discharge practically the whole of the voltage 
difference from cathode to anode is concentrated in a cathode sheath in which 
there is a positive ion space charge; the rest of the volume is nearly field- 
free, the space charge of the positive ions being neutralized by low-velocity 
or ‘‘ultimate electrons” which accumulate in this space until their concen- 
tration is hundreds or thousands of times greater than that of the primary 
electrons from the cathode. 

By means of a sufficiently large resistance in series with the anode it is 
possible to observe points on the negative resistance part of the current 
voltage curve that lies between the parts corresponding to the two regions 
we have just considered. In this transition region the current is limited by 
the electron and ion space charges in a double layer or double sheath on the 
cathode. 

In order to understand the formation of this double sheath, the final neu- 
tralization of space charge and the accumulation of the ultimate electrons, we 
will first consider the following problem. 


Potential Distribution and Current Flow Resulting 
from the Production of Ions Uniformly throughout 
the Volume Between Two Planes 
Consider two parallel plane electrodes A and C separated by the distance 
a and let V, be the potential of C taking that of A to be zero. We assume 
that S ions of charge e are generated per unit time in each unit volume, and 
for the present will assume that no electrons are generated by this ionization, 


Joe 
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We will first consider the case in which there is no maximum potential 
in the space between A and C. We will take V, negative so that the ions 
move towards C. Then the ion current density J at any plane at a distance 
x from A is 

I= Sex (17) 
but this current is composed of ions having widely different velocities de- 
pending on the potentials of their points of origin. The space charge o at 
any point at a distance x from A where the potential is V, is thus given by 
the integral {(1/v)dI where v, the velocity of an ion which originated at 
a point of potential V, is found from 

jm,ot = (V—V,)e (18) 
Thus 


@ = S(em,/2)'2 f (V—V,) ae. (19) 


The problem is now to find V as a function of x which satisfies this integral 
equation simultaneously with Poisson’s equation. By trial the following is 
found to be a particular solution 

V = Vela (20) 
which we may now prove as follows. 
Substituting this value of V and the corresponding value of V, in Eq. (19) 
we obtain 

@ = jal,[m,|(—2eV.)]* (21) 

where 

I, = Syea (22) 
is the ion current which reaches C, and S, is the particular value of S which 
corresponds to the potential distribution assumed in Eq. (20). 
Differentiation of Eq. (20) gives 


dV dx = 2Vx/a* (23) 
and a second differentiation and combination with Poisson’s equation gives 
@Y dx? = 2V,/a® = —420 (24) 

whence 
e = —V,|2na* (25) 


We see that both Eqs. (21) and (25) give 9 independent of x or a uniform 
space charge between the planes. Equating the two expressions for g and 
solving the resulting equation for I, gives 
I, = (2e/m,)'?(—V)??/22a*. (26) 
If, as before, I) is the current calculated by the ordinary space charge equa- 
tion, Eq. (1), we see that 
I, = (9/2)Ig = 2.8651, (27) 
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We now recognize that the parabolic potential distribution assumed in 
Eq. (20) is a solution of our problem only when the rate of ionization S has 
the particular value S, given by Eq. (22) and where J, is given by Eq. (26). 
Curve 1 in Fig. 1 illustrates this parabolic distribution. It will be noted by 
Eq. (23) that the potential gradient is zero at A, i.e. at x= 0. 

If S< S, the potential distribution curve will lie between the straight 
line 0 and Curve 1 in Fig. 1, but will not be parabolic. On the other hand, 
if S > S, it is evident that there will be a potential maximum between A and 
C and that Eq. (26) can then be applied separately to the two branches of 


















































Fic. 1. Potential distributions between plane electrodes when ions 
are generated uniformly between them. 


the curve on the opposite sides of the maximum. The potential distribution 
curve is thus still a parabola but the origin is no longer at A. The curves mar- 
ked, 2, 3, 5 and 10 in Fig. 1 have been calculated for values of S equal respec- 
tively to 2, 3, 5 and 10 times S,. The equation of these parabolas is 


an 


Effect of the Electrons Generated by Ionization 


If the positive ions in the foregoing problem are produced by the ioniza- 
tion of a gas an equal number of electrons will be generated simultaneously. 
If S < S, there will be no potential maximum between the electrodes so that 
these electrons will flow to the electrode A without having appreciable effect 
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on the space charge, for it would take an electron current hundreds of times 
greater than J, to neutralize the positive ion space charge due to IJ,. 

The situation is very different, however, if S > S, for there is then a ten- 
dency to develop a potential maximum as illustrated in Fig. 1. In any region 
at a potential higher than that of both electrodes the low velocity electrons 
produced by ionization will accumulate until they nearly neutralize the posi- 
tive space charge. The potential of the region which would otherwise be above 
anode potential (above line ON in Fig. 1) is thus lowered to a value at which 
the electrons, in virtue of their initial velocities, can just escape to the anode 
as fast as they are produced. The accumulation of the ultimate or low velo- 
city electrons is greatly favored by the smallness of the field available for 
drawing away the positive ions. In general there will still be a maximum 
potential in the space but this usually exceeds the anode potential by not 
more than a volt or so, and thus the ions flow in nearly equal numbers 
to anode and cathode, while the electrons go to the anode only. Any cal- 
culation of the exact potential distribution must involve some knowledge 
of the velocity distribution of the electrons and ions. 

We see from Fig. 1 that when S/S, is as great as 10, the fields at the 
cathode and anode which are necessary to draw these ion currents, are very 
large. 

These regions of strong field due to space charge which cover the elec- 
trodes will be referred to as the sheaths. The relatively field-free regions be- 
tween the sheaths where the positive and negative space charges are nearly 
balanced will be called the plasma. We shall find in general that these two 
regions are rather distinct and have very different properties. Let us first 
consider some of the characteristics of the plasma. 


Random Currents and Potential Distribution 
in the Plasma 


Experiment has shown that the ultimate electrons in the plasma usually 
have a velocity distribution corresponding closely with that of Maxwell. 
Thus we may define the electron velocities in terms of an electron tempera- 
ture T,. Through any imaginary plane there is a certain current density J, 
of electrons passing from one side to the other and a nearly equal current 
in the reverse direction, this current being related to n, the number of elec- 
trons per unit volume by the equation 


n, = (2m,[kT.)!I,Je = 4.03 x 10°1,/T 2 (29) 


if J, is expressed in amperes per cm? and n in cm-’, k being the Boltzmann 
constant 1.372x 10-1 erg per degree. 

The ion velocity distribution is not so easily determined and is far less 
accurately Maxwellian. Measurements with perforated collectors have shown 


Google 


Interaction of Electron and Positive Ion Space Charges 151 


that the normal components of velocity of the ions that reach the edge of 
a cathode are roughly that of a Maxwellian distribution’ corresponding to 
a temperature 7, which is about half that of the electron, ic., T, = }T,. 
In these low pressure discharges the ions probably acquire practically all 
the kinetic energy they possess from the electric fields within the plasma. 
The momentum of the electrons is so small that ionizing collisions of electrons 
with gas molecules cannot impart to the ions appreciable kinetic energy. 

All the ions which reach the edge of a cathode sheath pass to the elec- 
trodes and thus only half of the ions corresponding to a Maxwellian distri- 
bution 7, can be present in the plasma near the sheath edge, so that the di- 
rections of the ions can be distributed only over a hemisphere. Thus if 
I, is the positive ion current density reaching the sheath edge, and therefore 
the electrode, we have by analogy with Eq. (29) 


n, = 1(2nm,|kT,)*I,J¢ = 2.02 x 10°1,(m,/m,T,)! (29a) 


The accumulation of ultimate electrons in the plasma will go on until n, 
and n, are very nearly equal and thus from Eqs. (29) and (29a) 


LI, = 3(m,T,|m,T,)" (30) 
or if T, =1T, * (30a) 
T_[I, = (m,|2m,)"? 
For mercury vapor this gives 
I, = 4291, (30b) 


The electron current density J, which enters this equation is practically 
the same as that in the plasma at a small distance from the sheath edge for 
since no electron current flows to the collector the electrons are in a state 
of equilibrium and have a full Maxwellian velocity distribution. The values 
of n, and n, at the sheath edge are thus the same as in the plasma. 

To measure J, we need merely to determine the current density of the 
ions flowing to a negatively charged plane collector. By then making the col- 
lector positive it is frequently possible in a similar way to obtain an electron 
current independent of applied voltage and thus to measure the rate Jj at 
which electrons reach the edge of the electron sheath. Although now equili- 
brium of the electrons is disturbed, so that only half of the full Maxwellian 
distribution can exist at the sheath edge, we may assume with reasonable 
accuracy that the observed electron current density J, at the sheath edge is 
the same as that in neighboring regions of the plasma where the distribution 
has more nearly spherical symmetry. Thus the values of n, and n, at the sheath 
edge are half of those in the interior of the plasma. This non-uniform distri- 
bution , and n, is made possible by the fact that the positive ions contain 


7 Tonks, Mott-Smith and Langmuir, Phys. Rev. 28, 104 (1926). See pp. 120-123. 
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no intrinsic energy by which they could force the electron concentration 
to become uniform. We can therefore conclude that the measured Jj is 
the same as the J, in Eq. (30b). 

Direct measurements® of J; and J, in mercury arcs have given for the 
ratio J,/I, the value 405+25 for 14 experiments, 423+ 30 for 8 experiments and 
407415 for 3 other experiments or for the average of all 25 experime.:ts 411 
+17 which is in good agreement with the value 429 from Eq. (30a).° Returning 
to our consideration of a plasma discharge between parallel plane electrodes 
we see that, since the current of ultimate electrons flowing to the anode 
cannot exceed the positive ion current which is simultaneously produced 
by ionization, there must be an anode sheath with a field sufficient to repel 
all but this small fraction of the electrons that move towards the anode, but 
the ions are not repelled. 

To obtain clearer conceptions of the typical distribution of ions and elec- 
trons in the plasma and of the resulting plasma fields, we may consider, 
as before, that there is a uniform rate of ionization throughout the plasma 
and we may neglect for the present the currents carried by primary electrons. 

If a is the distance between the anode and cathode sheaths then the cur- 
rent density J, of ions flowing to each sheath is approximately 


I, = } Sea (31) 


and to the anode the ultimate electron current density is 2 J, since no elec- 
trons pass to the cathode. 

At somewhat higher gas pressures than we have been considering the 
mean free paths 4, of the ions may be small compared to a and then the ions 
and electrons that are formed in the interior of the plasma must move to the 
sheaths by diffusion. Since the electrons tend to diffuse more rapidly they 
leave the interior of the plasma positively charged and thus there is a field 
which aids in moving the ions. The general differential equations for this 
“ambipolar diffusion” of ions and electrons have been given by Schottky 
and Issendorf.° The ‘‘ambipolar diffusion coefficient” is 
M,M.k(T.+T,) 

(M,+M.)e 
where M, and M, are the mobilities of the ions and electrons (velocity per 
unit field). The effect of the field produced by the electrons, in accelerating 


D= (32) 


® These data are the averages of the values given as I,/I, in Tables III, XIII and XV on pages 
544, 765 and 769 of Vol. 27 Gen. Elect. Rev. Reference 3. At that time the necessity for intro- 
ducing the factor 1/2 in Eq. (29a) was not realized and therefore it was thought that J,/I, should 
be equal to the square root of the ratio of the masses, viz. 607. The difference between this and 
the observed value of about 410 was attributed to the possible presence of negative ions. 

® Dr. Tonks is developing the more rigorous theory of the positive ion velocity distribution 
assuming that the energies are acquired from the plasma fields. 

10 W. Schottky and J. v. Issendorf, Zeits. f. Physik 31, 163 (1925). 
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the ions, has been taken into account in this derivation and is represented by 
the term 7, in the equation. 

The current density J of ions (drift current, not random current) at any 
point in a direction normal to the sheaths is then 


I = —De(dn/dx) ° (33) 
n being the number of ions, or electrons per unit volume. At any point at 
a distance x from the central plane of the plasma the current will be Sex and 


therefore from Eq. (33) by integration we find that the ion concentration at 
x is 


n= n,—Sx/2D (34) 
or at the sheath edges where x = +a/2 we have 
ns = n,— Sa*/8D. (35) 


The drift ion current J is zero at center x = 0 and increases to J, at the 
sheath edge while the random ion current is proportional to m and therefore 
should decrease from a maximum value J, at the center to a value I,(ns/ny) 
at the sheath edge. Although strictly speaking the current at the sheath edge 
is not a random current for it flows in one directio. only we may provisionally"! 
identify this calculated value of the random current with the drift current I, 
at the sheath edge, so that 

Ty = Iyts/y)- (36) 


The mobility M, of Eq. (32) is very small compared to M, and therefore M, 
drops out. The ion mobility is 





M, = @A,(2/am,kT,)'* (37) 
and thus by Eq. (32) 
2k \" . m, \¥3 
D=A, ar) (T.+T,) = 3.15 x 10°4,(T,+T,) (at) (38) 


if we use C.g.s. units. 


Substituting this value of D and the value of S from Eq. (31) in Eq. (34) 
and combining with Eqs. (36) and (29a) 








Iy my Sa aT, 
Le yt ep eT) e) 
or if we put T, = 2T, . 
IylIs = 144/244, (40) 


This simple result indicates that the ion concentration will be nearly uniform 
throughout the plasma if the free path of the ions is large compared to 1/24th 


1 Although this assumption is of doubtful accuracy because of the non-Maxwellian charac- 
ter of the ion velocity distribution near the sheath edge, it is far more nearly in accord with the 
facts than the assumption made by Schottky and Issendorf and others that ms = 0 at the sheath 
edge. 
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of the distance between the electrodes. With mercury vapor at 1 barye pressure 
and 20°C, A, is of the order of 5 cm and therefore if a, the distance between 
the electrode sheaths, is 5 cm the pressure may be as great as 24 baryes (satu- 
rated vapor at 56°C) before the concentration of ions at the center of the plasma 
becomes twice as great as at the edges. 

The potential distribution within the plasma may now be calculated by - 
means of the Boltzmann equation 


n|ny = exp [(V—V,)e/RT,] (41) 


which will be applicable within the plasma since the electron drift currents 
are negligible compared to the random currents and therefore the conditions 
will not depart appreciably from those of equilibrium. The difference of po- 
tential between the sheath edge and the center of the plasma is thus by Eqs. 
(41) and (40), since e/k = 11,600 degrees per volt, 


Vy—Vz = 1.98x 10-*T, logis (1+-4/242,) volts. (42) 


These fields are ordinarily very weak, for example if T, = 10,000° in a mercury 
arc at 24 baryes pressure and with a = 5 cm we find V,—V, = 0.6 volts. 
At a pressure of 240 baryes this voltage difference would be 2.1 volts if T, 
remained the same, but actually 7, decreases as the pressure rises so that the 
potential difference would probably remain approximately constant at about 
0.6 volt. Although this field is extremely small compared to that in the sheaths, 
it must play an essential role in gaseous discharges in drawing the positive 
ions towards the sheath edges. In fact the kinetic energy of the positive ions 
is probably almost entirely derived from the action of this field. 


Anode Sheath 


The electron current flowing to the anode is usually dependent on the con- 
ditions that exist in other parts of the circuit which supplies the energy for 
the anode current. For example, it may be fixed by the electron emission from 
the cathode or by the current that can flow through an external resistance 
placed in series with the anode. If the anode area is comparable with the cross- 
section of the plasma the current density J, of the electron current flowing 
to the anode is usually far smaller than J, the electron current density in the 
plasma near the anode. There will then be a retarding potential V, (negative 
anode drop) in the anode sheath whose magnitude can be calculated from the 
Boltzmann equation which takes the form 


V, = 1.98 x 10-4T, logyo (I/I2)« (43) 


In cases of low pressure plasma discharges with hot cathodes when no meas- 
urements of J, are available, methods of the following type will usually give 
I, with sufficient accuracy to give a fairly reliable value of the anode drop. 
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Each primary electron from the cathode, in falling through the cathode 
sheath, acquires a high kinetic energy, which it retains until the energy is dis- 
sipated in excitation and ionization of the gas molecules. The glass walls of 
the tube become so strongly negatively charged that they receive no more elec- 
trons than positive ions and thus in ordinary cases only a negligible fraction 
of the primary electrons are lost to the walls. It has been shown” under a wide 
range of conditions of this kind, that the total number of ions formed per pri- 
mary electron, which we may call f, is independent of current density, of pres- 
sure and of the geometry of the tube, but depends only on the nature of the 
gas and the energy of the primary electrons. Thus 50 volt electrons in mercury 
vapor give 1.4 ions per primary electron. Neglecting the relatively small ion 
current to the cathode and anode, the primary electron current from the cathode 
is equal to#, the electron current to the anode. Thus the total rate of produc- 
tion of ions within the tube is fi,. 

Since recombination in the gas is negligible at low pressures, all these 67, 
ions will flow to the electrodes and to the walls of the tube. With envelopes 
of roughly spherical shape, the ion current density will be fairly uniform over 
the whole surface. Thus if B is the area of the plasma envelope (sheaths over 
all electrodes and glass surfaces) we find that the positive ion current density 
T, is given by 

T, = 6i,/B. (44) 


Substituting this value of J, for J, in Eq. (30) we can thus calculate J,, the 
random electron current density and then Eq. (43) gives the negative anode 
drop 


m, T, ve (45) 





V, = 1.98x 10-*T, lose] 35 (were 








where A is the anode area. 

Experiments with discharges from hot cathodes in mercury vapor in sphe- 
rical and cylindrical bulbs and with anodes of various sizes have demonstrated 
the general usefulness and reasonable accuracy of this equation. 

With large anode area A the anode sheath is thus a positive ion sheath but 
as A decreases a point is reached where the sheath disappears and is then re- 
placed by an electron sheath, the anode drop becoming positive. When the 
positive anode drop approaches the ionizing voltage an anode glow appears 
and with sufficiently high gas pressure the rate of positive ion production be- 
comes so great as to break down the electron space charge, causing a second plasma 
to develop near the anode. This second plasma usually takes the form of a glo- 
bular luminous protuberance from the anode. Its interior is a typical plasma 
with high electrical conductivity; its boundary is a double sheath with an inner 


18 |, Langmuir and H. A. Jones. Phys. Rev. 31, 357-404 (1928). See particularly pp. 402-3. 
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positive space charge and an outer negative space charge, the potential drop 
being of the order of the ionizing potential. 

The conditions at this double layer are essentially like those that we postu- 
lated in the first section of this paper; the potential gradient vanishes at the 
inner and outer edges and the potential distribution is determined by the charges 
of moving ions which acquire their kinetic energy mainly from the field with- 
in the double layer. 


. 


Cathode Sheaths 


An electrode which is at a negative potential with respect to the plasma 
repels all the ultimate electrons which move towards it, except those that have 
a sufficient component of energy normal to the surface of the electrode, to 
enable them to move against the retarding field. The positive ions in the plasma 
that move towards the electrode are collected by it. The fraction of the ultimate 
electrons that penetrate through this positive ion sheath is given by the Boltz- 
mann equation or may be calculated from the ratio J,/J, in Eq. (43). Thus if 
the temperature of the ultimate electrons is 10,000° the current density of these 
electrons which reach the electrode will be only 1/1000th of that in the plasma 
if the electrode is 5.9 volts negative with respect to the plasma. 

If the electrode is 50 volts or more negative with respect to the plasma the 
sheath will contain no appreciable number of electrons and the positive ions 
will enter the sheath with energies negligible compared to those they acquire 
in the sheath itself. Thus the velocity of the ions is given by 

4m,vi = —Ve 
and since there is no appreciable field in the plasma itself we will have at the 
outer edge of the sheath dV/dx = 0. 

Since these conditions are exactly those that are postulated in the deriva- 
tion of the ordinary space charge Eq. (1) we may apply this equation to cathode 
sheaths in gaseous discharges, merely replacing m, by m,. 

In the usual applications of Eq. (1) the voltage and the distance between 
the electrodes are known and we wish to calculate the current density that 
can flow when the current is limited by space charge. In the present case, how- 
ever, the current density J, is fixed by conditions within the plasma and since 
the applied voltage is usually known the equation can be used to calculate only 
the thickness x of the sheath (a in Eq. (1)). Thus the current density J, is inde- 
pendent of the applied voltage and x varies in proportion to V4, 

The cathode sheath can usually be seen as a dark space and under favor- 
able conditions its thickness can be measured. In low pressure discharges in 
mercury vapor the observed sheath thickness agrees well with that calculated 
by the space charge equations." 


18 Reference 3, p. 545. 
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Of course, modifications or corrections to this theory may be necessary 
under special conditions, for example, when the gas pressure is so high that 
the ions collide with gas molecules within the sheath or when the voltage is 
so low that the initial velocitites of the ions and electrons at the sheath edge 
cannot be neglected. 


Sheath on Hot Cathode. Double Sheath 


If the cathode is heated so that it emits electrons these flow out through 
the positive ion sheath and if this electron current becomes sufficiently great 
it will neutralize the positive ion space charge in the immediate neighborhood 
of the cathode. Since the electrons start with negligible velocities from the 
cathode, the conditions are the same as those postulated when we calculated 
the effect of ions liberated at the anode upon the electron currents from a hot 
cathode emitting a surplus of electrons, for example, in our derivation of Eqs. 
(5), (11) and (12). In the present case, however, it is the sheath edge, functioning 
as anode, that emits a surplus of ions (since dV/dx = 0 at this point) while 
a limited number of electrons is emitted from the cathode. Thus, in applying 
our equations to the present problem we need mz2rely interchange th2 subscripts 
p and e. 

Let us consider the currents of ions and electrons that flow to or from a plane 
cathode in a plasma having given charactezistics, such a3 J,, J, and T,. Let 
the cathode, at potential —V with respect to the plasma first be at such low 
temperature that it emits no electrons. We let a, d:note the sheath thickness 
under these conditions, as calculated from the known value of J, by means of 
Eq. (1), in which for this purpose we replace I, by I,, V, by V, m, by m, and 
a by a. 

Now let the cathode temperature be raised until the current d2nsity of the 
emitted electrons is I,. To calculate the coefficient a we interchange e and p 
in Eq. (5) giving 

a, = (I./I,)(m,|m,)"? (46) 

The effect of these electrons in neutralizing the ion space charge cannot 
cause an increase in J, for this is fixed by the plasma, but manifests itself by 
changing the sheath thickness so that this becomes a instead of a). In Eq. (12) 
the ratio I,/I, was calculated on the assumption that the distanc2 b2tw22n the 
electrodes was fixed. Evidently for our present problem w2 mast replac2 I, 
in this ratio by J, and J, must be replaced by th2 positive ion current dznsity 
that would flow to a cathode of voltage —V if no electrons were emitted and 
if the sheath thickness were a. This current may be calculated from Eq. (1) 
by replacing m, by m,, and V, by V. Thus we sez that (I,/[,)"? in Eq. (12) 
must be replaced by a/a,. The last horizontal line of Table I gives th2 values 
of a/a, (which are merely the square roots of th: numbers in th lin? ab ve) 
for various values of a,. An electron emission for which a, = 0.2 would corre- 
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spond to J, = 0.2 607/, = 121/, in a discharge in mercury vapor. The elec- 
tron current would then be 121 times the positive ion current and yet we see 
from Table I that this would cause the sheath thickness to increase merely 
4.1 per cent. The potential distribution functions of Table I are of course appli- 
cable to these sheaths on a hot cathode. 

As the cathode temperature is raised the electron current density J, increases 
and is equal to the electron emission from the cathode until, when a, becomes 
equal to unity, the current becomes limited by space charge and a further in- 
crease in electron current cannot occur. The cathode is then covered by a double 
layer or double sheath and the ratio of the electron current to the ion current 
is equal to (m,/m,)'?. Even a change in cathode voltage will not cause a change 
in electron current if the positive ion current J, remains constant. 

These facts are of vital importance in any understanding of discharges from 
hot cathodes in low pressures of gas. We see that the use of a hot cathode, no 
matter how high its temperature, does not destroy the cathode drop. 

In discharges with a single cathode the intensity of ionization in the plasma 
depends on the electron current from the cathode and on the cathode drop 
which gives to these electrons their velocity. Under these conditions, when 
the total current is restricted by a resistance in series with the anode, and a sur- 
plus of electrons is emitted by the cathode, the cathode drop adjusts itself 
to such a value that J, in the plasma bears the proper ratio (corresponding 
to a = 1) to the electron current that is drawn. For example, with mercury 
vapor, the cathode drop must be such as to cause an ionization in the plasma 
that will give a positive ion current equal to 1/607th of the electron current 
that flows from the cathode. 

For very low pressure discharges in which the plasma is very uniform we 
may calculate the magnitude of the cathode drop and thus learn upon what 
factors it depends. If C is the effective area of the cathode, then the electron 
current from it will be CJ, and this will be practically equal to the anode cur- 
rent i,. Substituting CJ, for i, in Eq. (44) and then putting for J,/J, its value 


(m,|m,)!? we find 

B = (B/C)(m,|m,)" (47) 
where as before, B is the surface of the plasma envelope. The cathode drop 
will become such as to give to B (which is a function of voltage only) this value. 
The ratio C/B measures the fraction of the positive ions that are generated 
that get back to the cathode. The greater this ratio the smaller will be the cath- 
ode drop. 

At higher gas pressures the intensity of ionization in the plasma will not 
be uniform but there will be a greater intensity near the cathode; this will greatly 
decrease the cathode drop. Under the most favorable conditions nearly all 
the ions formed will pass to the cathode and then 8 (for mercury vapor) will 
only need to be 0.0016, a value which will be reached at about 0.1 volt above 
the ionizing voltage. 
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Theory of Double Sheath Considering Initial Velocities 


The foregoing theory of the cathode double sheath, simplified by neglecting 
the effects of the initial velocities of the ions and electrons, has given us a useful 
picture of the essential character of the phenomena at a hot cathode in gas. 
We have seen, however, that its main field of application will be to cases invol- 
ving cathode drops of 10 or 20 volts so that we are not wholly justified in igno- 
ring these initial velocities. Fortunately there is no great difficulty in calculating 
the ratio J,/I, even when these velocities are taken into account. 

Let us consider a sheath having parallel plane boundaries or ‘‘edges.” Any 
group of electrons or ions entering the sheath with a given velocity distribution 
will contribute to the space charge at any point P within the sheath the amount 
J(1/v)dI, where dI denotes the current density, normal to the plane of the sheath, 
of an elementary group which has the normal component of velocity v. Since 
with a given initial distribution, both dJ and v are functions solely of the po- 
tential at the point P, it follows that the total space charge g at any point depends 
only on the potential at that point. 

Multiplying both members of the Poisson equation (for plane case) by dV 
and integrating we obtain 


(dV /dx) = —8x f{ edV + const. (48) 


In the case of the double sheath where the electron and ion currents are both 
limited by space charge, dV/dx = 0 at both the inner and outer edges so that 
we have 


Vs 


fedv=0 (49) 


Yu 


where V, and V, are the potentials at these two edges, or more specifically 
at the places where dV/dx is zero, one of these being at the minimum potential 
region very close to the cathode and the other S, the outer edge of the sheath. 

Later we shall find it necessary to analyze more closely the nature of this 
sheath edge S, but for the present we will define it as a place where dV/dx = 0 
and g = 0 (as in the plasma) so that according to the Poisson equation d?V//dx? 
is also zero. 

Within the sheath there are three groups of carriers to be considered — 
the positive ions from the plasma, the ultimate electrons from the plasma and 
the electrons emitted by the hot cathode. For each of these groups we shall 
express its space charge in terms of the potential. 

1. Plasma ions.—We have already seen that the velocity distribution at S 
cannot be Maxwellian and we shall see that it cannot even have hemispherical 
symmetry. Assuming that the velocities of the ions originate from the weak 
plasma fields which we now wish to ignore, the velocity must in general be 
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nearly rormal to the plane of the sheath. Although the velocities of all the ions 
cannot be equal, we shall make no great error (especially since the ions are 
accelerated into the sheath) if we replace the actual distribution by a homogeneous 
swarm of ions moving normal to the plane of the sheath with a kinetic energy 
corresponding to the potential E,. If 0,, is the space charge of these ions at S 
then their space charge g, at a point of potential V is 


Gy = OnlE,|(Vi—V+E,)}" (50) 
We shall wish to calculate the integral of Eq. (49). If we let H, be the part 
contributed to this integral by the ions, we have 
Vs 


H, = f 0,dV = 20,cE3%((VsytE,)!?— Es} (51) 
‘yy 


where V;,, is the difference of potential between S and M, i.e. V;—Vy. 
The space charge @,, at the sheath edge can be determined from the positive 
ion current density J, flowing to the cathode from the equation 


Ops = I, (m,/2E,e)'. (52) 


2. Plasma electrons.—We assume that the cathode is sufficiently negative 
with respect to the plasma so that no appreciable fraction of the ultimate elec- 
trons reaches the cathode and thus the velocity distribution of these electrons 
at S will be a complete Maxwellian distribution corresponding to a tempera- 
ture T, and a random electron current density J,,. Then according to the 
Boltzmann equation the space charge at any point due to these electrons is 


Ge = Ges exp {((V—V,)/E, (53) 


where E, is the potential which corresponds to the energy kT, that is, E, = T,/ 
11,600 volts. The integral H, is 


H,= f o.dV = E,as (54) 


Finally 0,, may be expressed in terms of I, 
Ges = I,5(2nm,/E,e)'* (55) 


3. Electrons from cathode.—If the cathode emits more electrons than can 
flow across the sheath there will be a potential minimum V,, at a short dis- 
tance from the cathode surface. 

If V, is the potential of the cathode then V,, may be calculated'* from the 
equation 


Tey = I, exp (Vy—V)/Ed (56) 


14 Eqs. (56) and (57) have been derived from equations in a paper by I. Langmuir, Phys. Rev. 
21, 419 (1923). 
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where J, is the current density of the saturation emission from the cathode 
corresponding to its temperature 7, and J,, is that which gets past the po- 
tential minimum and is thus electron current density passing through the sheath; 
E, is the potential corresponding to kT,, that is T,/11,600 volts. The space 
charge of the electrons at any point in the sheath, between M and S is thus 


rigorously 
Ge = Ge xP {(V—Vy)/E.} ef ((V—Vy)/E.}"" (57) 


where erf denotes the error function defined by 
erf (x) = 2n-¥* { exp (—y*) dy 


When «x is greater than about 2 a very close approximation is 
exp x* erf x = 1/2¥*(x-+1/2x). (58) 


The quantity E, is only 0.1 or 0.2 volts and if V—V, is more than 4 times as 
great this approximation is justified and Eq. (57) thus becomes 


Ge = Ocul (Ee[e(V—Vy +E)" (59) 
Here 0,,, is the space charge density of the emitted electrons at the point of 
minimum potential. 
Integration of Eq. (57) gives rigorously 
Ys 
H,= J e-V = E.[ees—eewt 20eu(Vsul2E,)""}. (60) 
Yu 
Putting V = V, in Eq. (59) we can express 0,4 in terms of e.s. Thus 
Eq. (60), expanded as a power series in E,/V;,,, becomes 


H, = 20.sVsy(1—(2E.[4V sy)? + E.|V su ---]- (61) 
The space charge o,, expressed as a function of I,, is 
Ges = Tey lm,|2(Vsyt+E.)e]* (62) 


When the current I,, is limited by space charge Eq. (49) can now be used 
to determine the relation between J,, and J,. The equation takes the form 


H, = H,+H,. (63) 


The values of these quantities from Eqs. (51), (54) and (61) substituted in 
this equation give a relation between the g’s and then by means of Eqs. (52), 
(55) and (62) we find the following relation between the currents 


Teg[1—(2E,[4V sy)? + E.[2V sy] 
= 1,(m,|/m,)"[1—(E,] Vey)! + E_/2V su] —Tes(7E| Vu) (64) 


11 Langmuir Memorial Volumes V 
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We have defined S as a place where dV /dx is zero. At this region we may 
also put @ = 0, so that 
Ors = Ces tes: (65) 
Expressing the 9’s in terms of the J’s by Eqs. (52), (55) and (62) and using 
this equation to eliminate J,, we obtain 


1— (E,/ Vey)? (1 +E,/2E,) TE, /2V sue 


Faull, = (mpl) eB. |4Vay)®— (E—E.)|2V ou 





(66) 


An examination of this result shows that when (1/2) E, << E, < Vs, an in- 
crease in either E, or E, causes a decrease in I,,. Thus the effect of the initial 
velocities of both the ions and the electrons at the sheath edge is to decrease 
the electron current that can flow from a hot cathode. As a typical example 
we may take E, = 2 volts (corresponding to T, = 23,000°), E, = 1 volt, E, 
= 0.2 volt. The ratio J.,,/I, instead of being 607 for mercury vapor, will be 
only 31 per cent of this for V;,, = 5 volts, 53 per cent for 10 volts and 71 per 
cent for 25 volts. 


The Sheath Edge 


If the initial velocities of the plasma electrons and ions could be neglected 
we would be justified in regarding the edge of the sheath as sharp. In our study 
of the double sheath we must now recognize that the velocities of the ions 
which are measured by E, are derived from the weak fields that extend from 
the sheath a considerable distance into the plasma. 

To develop clear conceptions of the relation between the plasma and the 
sheath we will analyze in some detail a typical although somewhat simplified 
example. Let us imagine two parallel plane electrodes with a plane between 
them which acts as a source of ions and electrons, but which is not to be regar- 
ded as an electrode. Thus the potential of the source will be determined by 
space charges and cannot be arbitrarily varied as that of an electrode could be. 

If the source emits only ions having no initial velocities, the potential will 
rise until the ions can flow to the two electrodes in accord with the space charge 
equation for ions (similar to Eq. (1)). Thus at the source the potential gradient 
is zero. Without loss of generality we may take the source as the origin both 
for the potential V and for the distance x and for simplicity may consider phe- 
nomena only on one side of the source, i.e. for positive values of x. Let I, be 
the positive ion current density that flows from the source in this positive direc- 
tion. 

Now let us introduce electrons having a Maxwellian velocity distribution 
corresponding to a temperature T,. We assume that the electrode is at a nega- 
tive potential sufficient to prevent any appreciable number of electrons from 
reaching it, and thus the Maxwellian distribution is not disturbed. We assume 
also that the electrons pass freely through the source in both directions, which 
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is equivalent to assuming that the source is a perfect reflector for electrons. 
Let Io be the electron current density passing in one direction through the 
source (random current). At any point having the potential V the positive ion 
space charge is 
@, = I,(m,/—2Ve)* 
and the electron charge density according to Eqs. (29), (41) and (53) is 
Ge = 1,(2nm,/E.¢)" exp (V/E,). 


We now substitute the total space charge 0,—@, into the Poisson equation 
and then reduce the result to a dimensionless form by introducing the variables 
» and x, defined by 

n=—VI/E, \ (67) 
T, = (1/97) (2e/m, E97 x? 


This last equation is similar in form to the space charge Eq. (1). Thus x, is 
the positive ion sheath thickness calculated for a collector voltage E, ignoring 
the effects of initial velocities. The Poisson equation thus gives 


d?n|di2 = (4/9) [17**—2na,5 exp (—n)] (68) 


where 2 is a dimensionless parameter proportional to length defined by 4 = x/x, 
and a,, in accordance with Eq. (46) is 


Geo = (Io/I,)(m,/m,)'. (69) 
Multiplication by dy/dA and integration gives 
dn[da = (4/3) {7'*—2"?a,9[K—exp (—7)]}*” (70) 


where K is a constant of integration. The potential distribution is given by 


A= (3/4) f (7®—2"a,9[K— exp (—n)]}"" dn. (71) 


For the case that we are now considering where the ions start from the source 
without initial velocity, we can determine K by the condition dyj/da = 0 when 
n = 0, and find from Eq. (70) that K = 1. Let us now consider the nature 
of this solution to our problem given by Eqs. (70) and (71). 

The family of curves shown in Fig. 2 represents the solutions of Eq. (71) 
for the case K = 1 for a series of different values of a... By plotting —7 as 
ordinate instead of 7 the curves give directly the potential distribution V as 
a function of x in terms of E, and x, as units. The data for the curves shown 
in Fig. 2 have been calculated accurately either by numerical quadrature of 
Eq. (71) or by using some of the equations given below. 

If a,, = 0, that is, if no electrons are present, Eq. (71) becomes 


A= 14 
which corresponds to the ordinary space charge equation for ions. 


1° 
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For values of a,) small compared to unity, expansion of Eq. (71) gives 
A= 7**[140.32¥7a,5712+ (9/56)za2n— ---] 
if 1 is small, while if 7 > 4 
A = 1°!442.66a,97)!/4—2.4 ajo. 


Thus the effect of the electrons is to increase A and decrease the potential gra- 
dient. 
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Fic. 2. Effect of electrons of temperature J, on the potential distribution 
between planes at one of which ions are generated. 


When a,, is zero there is an infinite positive space charge at 7 = 0 and else- 
where the charge decreases continuously as 7 increases. Electrons, when intro- 
duced, are confined almost wholly to regions where 7 is less than 3 or 4. These 
electrons tend to produce a minimum in the space charge. The condition for 
the occurrence of such a minimum is that 

an]d2® = (2/9)[—1-**+470¥"ay9 exp (—n)]dn/da = 0. (72) 

Before a negative space charge can occur as a, increases, it is necessary 
that d*y/d4? shall pass through zero. Equating both the third and the second 
derivatives to zero we find 7 = 0.5 and a, = (¢/27)? = 0.6577. The curve 
obtained with this value is plotted in Fig. 2. 

When a,, increases beyond 0.6577 there are two points of inflection between 
which there is a negative space charge. At the upper one (7 < 0.5) the potential 
gradient dy/dd is a maximum while at the lower one it is a minimum. At a cer- 
tain value of a,, which we shall call a,, the slope at this second inflection beco- 
mes zero. We find this value by placing the second members of Eqs. (68) and 
(70) each equal to zero, thus obtaining 

a, = 0.88407; , = 1.2565. 
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This solution as shown in Fig. 2 is one that gives a region where the space 
charge and the potential gradient are both zero, conditions which characterize 
an ideal plasma. We shall return to a consideration of this case later. 

When a,, increases beyond a,, the second point of inflection becomes im- 
aginary and the curve no longer dips indefinitely downward but after passing 
through a minimum rises again to 7 = 0. Thus for larger values of a,,, 7 must 
remain so small that we can replace 1— exp (—7) by 7 and then Eq. (71) after 
integration gives 

A = (3/2)2-*4a,9-9? [sin-1y—v (1 —»?)!?] (73) 
where 


y = Ub gayi, 


Thus the potential is a periodic function of the distance A, the wave-length 
corresponds to 


A, = (3/2)a4a,0-%? 
and the minimum potential at 2 = 1/24, corresponds to 
Nmaz = 1/r2a,9%. 


Periodic solutions of this kind are illustrated in Fig. 2 for values of a,o of 
0.9, 1.0 and 1.5. These data have been obtained directly from Eq. (71) 
by quadrature since Eq. (73) is only applicable accurately for still larger 
values of a,9. 

Examination of Fig. 2 shows that when a, is only slightly less than the 
critical value a,) = 0.88407 the curves show an extended region in which the 
potential gradient is nearly zero. This clearly corresponds to a plasma. Close 
to the source of ions at 4 = 0 there is a field which draws the ions outward 
into the plasma. However, for large enough values of 4, the potential begins 
to drop again and we thus pass from the plasma into a positive ion sheath. As 
a,9 approaches a,, this descending portion rapidly approaches a limiting form 
in which the successive curves differ from one another merely in a horizontal 
displacement. Thus for the limit a,, = a,, the lower part of the curve is like 
that shown in the curves for a = 0.88207, 0.88307, 0.88397 etc. except that 
it lies at a infinite distance to the right. 

To investigate this transition from plasma to sheath we may write Eq. (71) 


A= (3/4) [ f2% dy (74) 


where 





f= 7? —2'P a9 [1— exp (—7)]. (75) 
An expansion in the neighborhood of 7 = 7, and a.) = a,, gives to 3 terms 
f = AAa+ BuAa+ Cy? 
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where 
Aa = a,,—4,9 
#=7-N 
and A = 1.2679, B = —0.5046 and C = 0.13428. 
Substitution of this value of f in Eq. (74) and integration gives 


A = 0.75C-"? log, [f¥?+ C¥2u+ 0.5BC-* Aa]+ const. 
When Aa is small this reduces to 
AA = 4.713 logie [0.424744(—y15)/ Aa] (76) 


where py and y, correspond to 2 points 7 and 7, that lie on opposite sides of 
m, and AA is the distance between the points 7, and 7,. It is assumed that ps 
and —y, are large compared to Aa. 

When 7 is larger than about 4 the exponential term in Eq. (75) can be neg- 
lected in comparison with unity. Integration of Eq. (74) for a, = a,, then 
gives 

A= (n?+3.134) (1? 1.567)!?—4.713 logy, Aa—1.93 (77) 


the integration constant having been determined from the data of Curve VII 
in Fig. 2 together with Eq. (76). 

Our equations enable us to study the transition between plasma and sheath. 
Let us consider a typical numerical example. A one ampere arc in a 3 cm dia- 
meter tube containing mercury vapor saturated at 30°C gives for a collector 
flush with the tube wall J, = 2x 10-4 amperes per cm’, 7, = 21,000° and 
thus E, = 1.81 volts. Then from Eq. (67) we find x, = 0.00686 cm as our 
unit of length for the sheath measurements (A = 1). If a collector is at —25 
volts with respect to the ionized gas then at the collector surface 7 = 1.256 
+25/1.81 = 15.1. The effective distance between the collector and the source 
of ions may be taken to be 1 cm so that in Eq. (77) we put 4 = 1/0.0068 = 146, 
and obtain Aa = 10-**. From Eq. (76) we see that the plasma field near the 
sheath falls to 1/10th for an increase in distance from the sheath equal to 0.032 
cm (i.e. 4.71 x 0.0068). 

According to the data of Fig. 2 the potential distribution within the sheath 
is given by 

x 0 0.049 0.073. 0.089 =0.114 ~—-0.149 
V 25 5.0 1.34 0.44 0.080 0.006 


where V is the negative voltage at a point whose distance from the collector 
surface is x cm. If the initial velocities of the ions and electrons could be neg- 
lected the total thickness of the 25 volt sheath, calculated by the ordinary 
space charge equation, like Eq. (67), would be 0.049 cm. 

From the foregoing analysis it appears that the motions of the positive ions 
in the plasma are not to be chosen arbitrarily but are fixed by the electron tem- 
peratures and by the geometry of the ion source. With the plane source we 
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have assumed above, we found 7, = 1.2565 which means according to the 
nomenclature of Eq. (66) that E, = 1.2565£,. 

This particular assumption, however, is of course not directly applicable to 
experimental conditions. Dr. Tonks has been able to solve the integral equa- 
tions involved in the problem of potential distribution resulting from a uniform 
generation of ions throughout the plasma (plane, cylindrical or spherical) and 
also for the more usual case where the rate of generation at each point is pro- 
portional to , the concentration of electrons at that point. It is intended to 
publish these results soon. The way in which the distribution of ion generation 
in the plasma affects the conditions in the sheath is by altering the average 
velocity of the ions which enter the sheath. The equations that we derived for 
the double sheath, such as Eq. (66), are applicable if we choose the proper 
value for the ratio E,/E,. For the case of ion generation proportional to n, 
and an infinite plane collector the effective value of this ratio is 0.751 for very 
high intensity of ionization, decreasing somewhat as the intensity of ionization 
decreases but probably never falling as low as 0.5 which according to our discussion 
of Eq. (72) is the limit at which only periodic plasma solutions are possible. 

For most experimental conditions we are thus justified in placing E, = 
0.7E, in Eq. (66). 


Experimental Data on Double Sheaths 


In determining the space potential by the hot probe method,’® the volt- 
ampere characteristic of a small filament is determined first when the filament 
is cold and then again when heated to a temperature at which electrons are emit- 
ted. Only when the filament is below the space potential do the electrons escape. 
Thus the voltage at which the two curves separate is the space potential. At 
lower potentials the difference between corresponding ordinates measures the 
electron current from the probe. 

In using this method in ionized gases it was soon found, when the probe 
potential was lowered below space potential, that the electron current did not 
rise abruptly to the saturation emission corresponding to the probe tempera- 
ture, but often a transition region of several volts was observed. Clearly in 
this range the current is limited by space charge in spite of the fact that an 
abundant supply of positive ions is present in the ionized gas. The double 
sheath theory should apply in such cases. 

Experiment 559.—Similar limitation of current by space charges in double 
sheaths is observed in hot cathode tubes containing gas if the current to the 
anode is lowered below its saturation value by using a large resistance in series 
with the anode. For example, a spherical bulb 12.5 cm in diameter contained 
a tungsten filament 1 cm long and 0.18 mm diameter, a disk-shaped anode 
2.2 cm in diameter, and a mica-backed collector 1.1 cm in diameter. The filament 


18 I, Langmuir, J. Franklin Inst. 196, 754 (1923). 
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was heated to a temperature at which it gave a saturation current of 22.5 ma. 
The volt-ampere characteristics of the anode were measured when the bulb 
contained mercury vapor saturated at 20°C, while simultaneous readings were 
made of the positive ion current flowing to the disk collector, this being kept 
at —80 volt with respect to the anode. Until the anode potential was raised 
to about 12 volts above that of the cathode, negative charges on the walls of 
the tube prevented any appreciable current from flowing. At 15 volts, however, 
the current rose to about 1 ma and as the voltage was increased to 25 the current 
increased only slowly to 1.9 ma. Electrons of 25 volts energy have an ionizing 
power 3.3 times as great as those of 15 volts. This small increase in current in 
spite of the considerable rise of voltage is probably due to the fact that the 
sheaths on the walls are relatively thick. As the ion production increases the 
sheaths become thinner so that the area of the sheath boundary, (which collects 
the ioxs that pass to the walls) increases and prevents any large rise of ion con- 
centration. The small ion currents to the collector, ranging from 5 to 8 micro- 
amperes, indicate that the sheaths must have been several cm thick. 

At voltages above 27 volts the behavior is quite different; as the current is 
raised from 2 to 22.5 ma the voltage rises slowly from 27 to a sharp maximum 
33 at 15 ma and falls to 28 at 22 ma. As saturation is approached the voltage 
can be raised to 60 or more without increasing the current above 22.5. 

In the range of relatively constant voltage (27-33) the collector current 
rose from 8 to 80 microamperes while the electron current changed from 2 
to 22. With such low intensity of ionization the collector currents do not meas- 
ure accurately the ion current density since the sheath on the collector is many 
mm thick. 

Similarly the diameter of the double sheath on the cathode must have been 
10 to 30 times that of the cathode itself. Rough calculations based on the space 
charge theory of sheaths indicate that the electron current from the cathode, 
at the higher currents (20 ma) was about 2000 times as great as the positive 
ion current that flowed to the cathode and at lower currents the ratio may have 
increased to 4000:1. 

In this range the electron current from the cathode is evidently limited 
by the rate of arrival of positive ions at the cathode sheath. If the total current 
is fixed by an external resistance, the voltage drop in the sheath adjusts itself 
to a value which will give just the required number of ions. Since the number 
of ions formed in the plasma is proportional to the current and increases rapidly 
with voltage, we have an explanation of the relatively constant voltage.’® 


1® Approximate calculations of the ratio of electron current to ion current for cylindrical sheaths 
indicate that this ratio should increase from (m,/m,)'/* for very thin sheaths up to 2.25 (mp/me)'/? 
for sheaths of large diameter. However, this theory neglects the fact that for sheaths of large dia- 
meter many of the ions may escape from the sheath after describing orbits about the cathode. 
Thus the ratio i,/ip may increase to values much greater than that just given. In the case of mer- 
cury vapor, values of this ratio as high as 2000 or 4000 are therefore consistent with the theory. 
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Tube with Oxide Coated Cylindrical Cathode 


Conditions more nearly approaching those of the theory we have developed 
are to be found in discharges using relatively large oxide coated cathodes. The 
following data were obtained by F. B. Vogdes. The cathode was a nickel cylinder 
of 0.63 cm diameter, 2.5 cm length closed at one end and heated by radiation 
from an inner tungsten helix. The outer cylindrical surface was coated with 
barium oxide. This cathode was mounted in a well-exhausted spherical bulb 
10 cm in diameter provided with an appendix containing mercury. A collector 
disk 0.6 cm in diameter was placed 2 cm opposite the central part of the cathode, 
the axis of the cathode lying in the plane of the disk. Shortly after starting to 
operate the tube (appendix at 12°C) with an anode current of 4 amperes, the 
arc drop was 50 volts and the current depended greatly on the cathode heating 
current. Thus the current was limited by the cathode emission. The positive 
ion current density given by the collector was 14 ma per cm? and the electron 
temperature T, was 140,000°. The ratio J,/J, was thus 57. 

After operation for some time, the activity of the cathode suddenly increased, 
the arc drop fell to 17 volts, and T, became 38,000. On the following day the 
characteristics were steady and reproducible and the data given in the accom- 
panying table were taken. The arc current was no w independent of the cathode 
heating current and adjusted to 4 amperes by means of a resistance in series 
with the anode. 
































; Telly Ratio 
Appendix} Pressure Arc T. Ie Ip obs. 
temp. baryes drop 7 ma cm-*| ma cm} obs, | cal. cal. 
19.7° 1.5 16.0 24,000 800 5.6 143 372 0.385 
8.8 0.55 20.2 35,000 800 6.0 133 350 0.380 





The effect of lowering the vapor pressure of the mercury in a ratio of about 
3:1 was to increase the electron temperatures and the arc drop but the ratio 
of the observed electron to ion currents remained nearly constant at about 
140:1. In the last column of the table are given the ratios calculated by the 
double sheath theory according to Eq. (66) placing E,/E, = 0.7; E, = T,/11600, 
E, = 0.1 and Vy = arc drop+0.5. 

We see that the small variation of the observed value of J,/I, from 143 to 
133 is in accord with the effect to be expected from the increased electron tem- 
perature. However, the observed ratio is only 38 per cent of that given by our 
theory. Such a difference may probably be explained by a lack of uniformity 
in the emission from the oxide coated surface. 

Experiment 560.—In this experiment the intensity of ionization and the vol- 
tage drop in the sheath could be varied independently of one another. Two 
cathodes were used, one to produce the ionization while the volt-ampere charac- 
teristics of the second were determined. The spherical bulb having a mercury 
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appendix was of 12.5 cm diameter and contained a cathode K of tungsten wire 
0.25 mm diameter wound as an open helix, and an oxide coated cathode C like 
that used before: a nickel cylinder 2.5 cm long and 0.63 cm diameter heated 
by an internal tungsten coil. There was also a collector disk, B, 1.1 cm in diameter, 
backed by mica and a disk-shaped anode A, 2.2 cm diameter. The collector was 
so placed in the bulb that primary electrons reflected from the sheath on the 
bulb were not focussed upon it, for if this precaution is not taken serious errors 
may sometimes result, especially at low pressures of mercury vapor. 

In exhausting the tube all metal electrodes were heated to bright red by 
high frequency induction and the bulb was baked at about 400°C. During 
the whole experiment the tube remained connected to a glass condensation 
pump through a liquid air trap, the readings of a McLeod gauge showing 
pressures of non-condensible gases less than 10-* barye. 

A typical set of data obtained with this tube containing saturated mercury 
vapor at 20°C is illustrated in Fig. 3. In this case the tungsten cathode K was 
maintained at —50 volts with respect to the anode (taken as zero potential) 
and heated to a temperature at which it emitted 60 ma of electrons. The ioni- 
zation produced by these 50 volt electrons was such as to give 0.127 ma of ion 
current to the collector B (kept at —75 volts). This corresponds to J, = 65 x 10-* 
amps cm~? after correction for the edge effect.1” 

Curve I represents the observed volt-ampere characteristic of the oxide- 
cathode C when the heating current in the tungsten coil was 5 amperes, — 
the cathode then being at a temperature too low to emit an appreciable electron 
current. The rise in current as the voltage approaches zero is due to electrons 
collected from the plasma. At positive voltages C becomes anode and the current 
is then limited by the emission from K. By plotting the ratio! of the electron 
currents to C and to the anode A (the sum being approximately 60 ma) on 
semi-logarithmic paper against the voltage of C, a straight line was obtained 
extending over a range of 6 volts, in which the ratio increased 10‘ fold. From 
the slope of this line, the temperature of the plasma electrons was found to 
be 8500° which gives E, = 0.733 volt. 

When the current through the tungsten coil was raised to 9.5 amperes, 
the saturation emission from C, calculated by Richardson’s equation from 
measurements of saturation currents at lower temperatures, increased to 2.2 
amperes. We see, however, from the observed volt-ampere Curve II, Fig. 3, 
that the electron currents were less than 80 ma. These currents remained 
unchanged if the heating current was lowered to 8.0 amperes (calculated 
emission 180 ma) but the electron current became saturated at —14 ma with 
a heating current of 7.0 amps. Thus the currents of Curve II are limited by 
space charge. 


1” Reference 3, p. 540. 
1@ Langmuir and Jones, Phys. Rev. 31, 396 (1928). 
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For positive voltages the two curves coincide since no electrons can escape. 
The difference between corresponding ordinates for negative voltages thus 
represents the current of thermionic electrons that leaves the cathode, which 
we shall call i,. As the voltage is lowered below 0 volts, a few electrons escape 
because of their initial velocities which correspond to about E; = 0.1 volt. 
The point of inflection at about E, = —0.5 volt thus lies close to the space 


To 
pean 


a." 










































































































i 


Fic. 3. Volt-ampere characteristics of oxide coated cylindrical cathode; E, is voltage 
of the cathode C with respect to the anode A; E, = —50; #, = 60 ma (disregard 
“i, = 0” on Curve I). ‘ 


potential. This would seem to indicate a positive anode drop of 0.5 volt. How- 
ever, because of the contact potential of the oxide on the cathode the effective 
cathode potential is probably a volt or so more positive than indicated by the 
value of E,. 

The values of i, obtained by subtracting the ordinates of Curve II from 
those of Curve I are tabulated in Column 6 of Table III. A corresponding 
set of data obtained with an ionizing current i, = 20 ma and a heating current 
of 9.5 amperes for the oxide cathode C is given in Column 3. We see that al- 
though these currents are independent of the temperature of C they are nearly 
proportional to the current from K showing that the electron current is deter- 
mined by the supply of ions to the cathode. 

Let us first examine these data from the point of view of Eq. (66), that is, 
let us see whether the variation of i, with E, can be explained as the effect of 
the velocities of the plasma electrons and ions. Placing E, = 0.733 volt from 
the data of Curve I, E, = 0.7 E, = 0.513 volt and E; = 0.1 volt, we calculate 
from Eq. (66) the values of the ratio J,/I, given in Column 2. Dividing the 
observed values of i, by this factor we should obtain the positive ion current 
to the cathode. However, although J, in the plasma may be assumed to be inde- 
pendent of E, (since —E, is less than the ionizing potential) the positive ion 
current will vary slightly with E, because of the changes in the sheath thickness. 
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Taste III 
Variation of Electron Current with Cathode Potential 
Mercury vapor sat. at 20° E, = —60 Emission of C 2.2 amps. 





























1 2 3 | 4 5 6 7 | 8 
i, = 20 ma; Ip = 0.025 ma cm=* | i, = 60 ma; Jp = 0.061 macm-* 
E, I. . | | f i 
pals te fe x te fe x 
Ip \ obs. cal. cm | obs. cal. cm 
-3 310 | 22.4 20.7 0.040 57.7 50.9 0.026 
—4 347 23.9 23.7 0.048 58.9 57.8 0.031 
-5 375 25.5 26.2 0.056 62.2 63.4 0.036 
—6 393 27.0 27.9 0.063 65.2 67.1 0.040 
—8 420 31.5 30.9 0.076 73.8 73.5 0.048 
—10 437 34.0 33.0 0.087 -79.9 78.1 0.056 








The fifth and eighth columns give the sheath thickness in cm calculated by 
the space charge equation making allowance for the initial velocities of the 
ions.!° The values of J, used in these calculations according to a method which 
will be described later, were taken to be 0.025 and 0.061 ma cm- for i, = 20 
and 60 ma respectively. 

From the diameter of the sheath (0.635 2x) the collecting area of the cylin- 
drical sheath was found (length 2.54 cm) and thus a positive ion current density 
Jj, was calculated from each value of i,. The averages of these, excluding only 
those at E, = —3, gave 0.0117 and 0.0299 ma cm-* for i, = 20 and 60 ma. 
These multiplied by the sheath areas and the factor J,/I, of Column 2, gave 
the values of #, (calc.) in Columns 4 and 7. The dotted curve in Fig. 3 repre- 
sents the values in Column 7. A comparison of these observed and calculated 
values (which involve only one empirically determined parameter Jj) shows 
that the observed variation of i, with E, is in satisfactory agreement with Eq. 
(66) and is thus explained by the velocities of the plasma electrons and ions. 
Only about 1/4 of the observed variation is due to changes in the sheath thick- 
ness. 

The slight differences in the shape of the curves obtained from the cal- 
culated and the observed values of i, are probably to be explained; — 1. By 
uncertainties in the contact potentials which would displace the curves hori- 
zontally a volt or so; — 2. By changes in the distribution of ion currents in 
the plasma, resulting from the space charges of the escaping electrons. If the 
cathode is made more negative than —10 volts ionization is produced by the 
emitted electrons which may cause considerable departures from the theore- 
tical curve; for this reason we have confined ourselves in this discussion to 
the region above —10 volts. 


19 Calculated by Eqs. (10) and (11), Reference 3, p. 452. The positive ion “temperature” 
which enters only as a small correction, was taken to be 5000° and the voltage in the sheath — E,. 
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Since in deriving Eq. (66) we have assumed that plasma electrons in appre- 
ciable numbers are not able to reach the cathode we must not expect this equa- 
tion to apply when, according to Curve I, any large electron current passes 
to this electrode. Thus we should not expect agreement between the observed 
and calculated values of i, at voltages much higher than —4. We see in fact 
that considerable differences are observed at —3 volts. 


Tasie IV 
Relation between Electron and Ion Currents 


Hg at 20°C Ey=—S5O0 Eg=-85 E,=-8 
Currents in milliamps 


























1 2 3 4 5 6 7 
Hg { 
temp. ix ie ig Ip | ip x In 
20° 10 16.7 0.0376 0.0063 0.0923 0.1316 0.0129 
20 28.6 0.0591 0.0168 0.1580 0.0994 0.0237 
30 38.0 0.0765 0.0269 0.2100 0.0854 0.0327 
40 47.9 0.0940 0.0379 0.2646 0.0755 0.0422 
50 57.7 0.1098 | 0.0484 | 0.3188 | 0.0685 | 0.0517 
60 66.5 0.1270 0.0604 | [0.3674] | 0.0636 | [0.0604] 
Exponent 0.77 | 0.67 1.17 0.77 0.86 
10° 60 63.9 0.117 0.0534 | 0.328 0.0676 | [0.0534] 
Exponent 0.80 | 0.67 0.80 0.88 




















Studies were also made of the variation of i, with ionizing current i,, of 
the relation of i, to the ion current density J, and the effect of varying the mer- 
cury vapor pressure. For these purposes E, was kept constant at —8 volts, 
and, while i, was varied from 10 to 60 ma measurements were made of t, and 
of i,, the ion current to the collector B, this being at voltages ranging from 
—70 to —120. The cathode C was heated to a temperature at which it emitted 
2.2 amps. Table IV gives data obtained in this way. 

Plotting i, against i, on double logarithmic paper gives a straight line of 
slope 0.77 showing that the electron current increases in proportion to the 
0.77 power of the ionizing current i,. The ion current to the collector ,, plotted 
similarly gives approximately a straight line of slope 0.67. 

Before we can test the proportionality between 7, and i,, the ion current 
to the cathode, which is to be expected by our double sheath theory, correc- 
tions must be made for the effects of the thickness of the sheaths on C and 
B. The theory of these edge corrections!” indicates that i, should be a linear 
function of »1/?, the slope S of this line being 


S = 0.00306g(m,/m)4amp?volt-*4 (78) 
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where g is a numerical factor approximately equal to unity and which is depen- 
dent solely on the geometry of the collector and where 

v = V8*{1+0.0247(T/V)"*} (79) 
is the V* of the space charge equation multiplied by a correction factor which 
allows for the effects of the initial velocities of the ions as they enter the sheath. 
Numerous experiments in which collectors like B have been used for ions in 
mercury vapor have given g = 0.98 which corresponds by Eq. (78) to S = 1.21 
x 10-4. By this theory, to correct #, for the edge effects, we subtract Sy? from 
114 and thus obtain ij? where i, is the corrected current; — that is, the current 
that would flow if no edge correction were needed. Dividing #, by the actual 
area of the collector gives I, the ion current density. The figures in Column 4 
were obtained in this way. Putting V = 85 volts, T = 5000 for the ion tem- 
perature, gives » = 932 and Sv? = 3.694 x 10-* amps”, so that if i, is expres- 
sed in microamps we subtract 3.694 from 1} to obtain i2, i also being in 
microamps. Dividing i, by 0.95 cm?, the collector surface, gives I,. 

For the lower currents at least, these values are certainly over-corrected. 
We realize this if we consider that the sheath thickness for #, = 10 ma cal- 
culated from the value of J, in Column 4 is 0.7 cm as compared to a collector 
diameter of 1.1 cm. We also find by a double logarithmic plot that J, is pro- 
portional to the 1.17 power of i,, whereas numerous experiments (unpublished) 
with guard-ring collectors, that need no corrections, have shown that J,, as 
observed by a collector mounted not far from the center of a spherical bulb, 
varies with a power of the ionizing current that ranges from 0.85 to 0.90. 

Let us see whether the experimental data of Columns 1, 2 and 3 are con- 
sistent with the assumption that the electron current from the cathode is pro- 
portional to i,, the ion current that flows to the cathode. The thickness of the 
double sheath x according to the last line of Table I, is 1.364 times that cal- 
culated by the ordinary space charge equation. The current density used for 
this calculation should be that at a surface half way between the cathode and 
the outer edge of the sheath, so that the effective area of the cathode sheath 
is 7(0.635-+-x) 2.54 cm*. Thus from Eqs. (1) and (79) taking T = 5000, V = 8 
and expressing 7, in ma we get 


x? = 0.00212(0.635+x)/i,. (80) 


#° In mercury arcs, (Reference 3, p. 764) J, varies in proportion to the 1.25 power of the arc 
current indicating appreciable ionization of excited atoms. Experiments (Langmuir and Jones, 
Phys. Rev. 31, 403 (1928)) with ionization by 30—100 volt electrons in which the total ion cur- 
rents were measured using the walls of the cylinder enclosing the discharge as collector have 
shown that J, varies with the 1.0 power of the ionizing current even when this varies in a ratio 
of more than 1:100. The reason for exponents less than unity is undoubtedly to be sought 
in a variation of the plasma fields which causes the distribution of ions between a central col- 
lector and the glass walls to vary with the intensity of the discharge. The fact that the best data 
(with guard rings) give a straight double logarithmic plot, is entirely inconsistent with recom- 
bination of ions and electrons as a cause of the low value of the exponent. Recombination would 
introduce a term varying with J3 which cannot be reconciled with the observed data. 
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The collecting area for ions, however, is 2(0.635+-2x) 2.54 cm? and therefore 
i, = 7.98(0.635+2x)I,. ; (81) 
. For the highest current, 7, = 60, we may assume that the value of J, in 
Column 4 is approximately correct. With this value of J,, Eqs. (80) and (81) 
solved as simultaneous equations, give x = 0.0636 cm and i, = 0.3674 ma. We 
obtain the other values of i, in Column 5 by taking them proportional to #, in 
Column 2, and from these the sheath thickness x (Column 6) is found by Eq. 
(80). Equation (81) then enables us to calculate J, as given in Column 7. These 
values of J, give a straight logarithmic plot against i, of slope 0.86 which agrees 
with the exponents 0.85 to 0.90 found in the experiments with guard-ring 
collectors, and therefore our experimental data are consistent with the double 
sheath theory that requires a proportionality between #, and #,. 

The ratio :,/i, given by these data is 181:1. By Table III at this cathode 
voltage (—8) we should have the ratio 420:1 so the observed electron current 
is 0.431 of that calculated, only a little greater than the ratio 0.38 we found 
from the data supplied by Mr. Vogdes. Undoubtedly part at least of this dis- 
crepancy is accounted for by lack of uniformity of the oxide coating and per- 
haps the lower temperature of the ends of the cathode cylinder. 

The last two lines of Table IV give data obtained with mercury vapor satu- 
rated at 10° at which the pressure is only 0.40 that at 20°. The exponents were 
found from logarithmic plots of data with values of i, ranging from 10 to 60. 
The ratio i,/i, is here 195, somewhat closer to the theoretical value 420. 


Filamentary Cathodes 


A large number of experiments (Experiment 562-a) have been made with 
two tungsten cathodes 0.25 mm in diameter, one (K) to produce the ioniza- 
tion of the mercury vapor and the other (C) to give the volt-ampere characteri- 
stics. The values of J, were determined simultaneously using a guardring col- 
lector. With C cold the positive ion currents 1, to C could be measured as a 
function of voltage. Then with C hot enough to emit a surplus of electrons 
the electron current was measured. The ratio 7,/i, depended on J, and on the 
voltage, E,, but was independent of the pressure of mercury vapor (10 to 20°C) 
and of the voltage FE, of the ionizing electrons. For E, = —10 volts the follow- 
ing values were obtained 


I, i |i, 
0.140 ma cm-? 940 
0.38 530 
0.57 450 


A more detailed analysis of the curves obtained in these experiments will 
be reserved for a subsequent paper. 

The writer wishes to express his appreciation of the assistance of Mr. S. P. 
Sweetser who carried out most of the experiments. 
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With Lew: Tonxs as co-author 
Physical Review 
Vol. XXXIV, No. 6, September (1929). 


ABSTRACT 


The conception of random positive ion velocities corresponding to ion temperatures in a plas- 
ma has serious theoretical difficulties and is lacking in direct experimental verification. It is more 
reasonable to assume that each ion starts from rest and subsequently possesses only the velocity 
which it acquires by falling through a static electric field which is itself maintained by the balance 
of electron and ion charges. This new viewpoint thus ascribes motions to the positive ions which, 
for long free paths, are ordered rather than chaotic, each negative body in contact with the discharge 
collecting ions from a definite region of the plasma and from it only. The resulting integral 
equations for the plasma-sheath potential distribution have been set up for plane, cylindrical, 
and spherical plasmas, for long, short and intermediate length ion free paths, and for both 
constant rate of ionization throughout the plasma and rate proportional to electron density, and 
these equations have been solved for the potential distribution in the plasma in all important 
cases. The case of short ion free paths in a cylinder with ion generation proportional to elec- 
tron density gives the same potential distribution as found for the positive column by Schottky 
using his ambipolar diffusion theory, with the advantages that ambipolarity and quasineutrality 
need not appear as postulates. The calculated potential distribution agrees with that found 
experimentally. The potential difference between center and edge of plasma approximates 
T,/11,600 volts in all long ion free path cases. The theory yields two equations. One, the ion 
current equation, simply equates the total number of ions reaching the discharge tube wall to 
the total number of ions generated in the plasma, but it affords a new method of calculating 
the density of ionization. The second, the plasma balance equation, relates rate of ion generation, 
discharge tube diameter (in the cylindrical case), and electron temperature. It can be used to 
calculate the rate of ion generation, the resulting values checking (to order of magnitude) those 
calculated from one-stage ionization probabilities. The potential difference between the center 
of the plasma and a non-conducting bounding wall as calculated from the ion current equation 
agrees with that found experimentally. 

The solution of the general plasma-sheath equation has been extended into the sheath sur- 
rounding the plasma to determine the first order correction which is to be subtracted from the 
discharge tube radius to obtain the plasma radius. The wall sheath in the positive column is 
several times the thickness given by the simple space charge equation. 

Actually the ions do not start from rest when formed but have small random velocities cor- 
responding to the gas temperature, T,. In the long ion free path cases this leads to an error 
of the order of only 7,/T- in the calculated potential distributions. 

In the plasma surrounding a fine negatively charged probe wire the potential difference be- 
tween plasma potential maximum and sheath edge may be so small that the ions generated within 
the plasma potential maximum are not trapped but can traverse the maximum by virtue of 
their finite inital velocities. This justifies the use of a sufficiently fine negatively charged wire 
in the usual way to measure positive ion concentrations, although certain difficulties appear 


[176] 
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(which are thought to be connected with the collector theory rather than the present plasma 
‘theory. 

A positively charged cylindrical probe collects electrons in the same manner as previously 
supposed, except that the sheath about it is considerably thickened by the presence of ions ge- 
nerated in the sheath. 

The plasma balance equation completes the number of relations needed to determine comple- 
tely the conditions in a positive column. Taking the arc current as the independent arc variable, 
‘the five dependent variables are axial electric field, density of ionization, electron temperature, 
positive ion current to the wall, and the rate of generation of positive ions. The five relations 
‘which determine them are the plasma balance equation, the ion current equation, an ion gene- 
‘ration equation, a mobility equation, and an energy balance equation. The essential nature of 
‘these relations is recognized even though present knowledge is insufficient to complete all of 
them. : 

Stability in the positive column has not been considered. The possibility exists that insta- 
‘bility of one type or another may lead to the oscillations which can occur in an arc. 


LIST OF SYMBOLS 


It has been thought advisable to give below a list of the symbols used in the present pa- 
per together with their meanings and a reference to the place of their first appearance in the 
body of the article. The occasional duplication of symbols will, it is thought, not lead to confusion. 


A Coefficient of A,*n; Eq. (58) 
A Area of probe electrode; Eq. (87) 
A’ Coefficient of A,*n, (similar to A); Eq. (79) 
a Discharge tube radius, maximum value of r in plasma. 
@, a,, etc. Numerical coefficients; Eq. (17) 
‘'B Numerical coefficient; Eq. (80) 
Cc Numerical coefficient; Eq. (80) 
ec As in “Case CLA” indicates cylindrical plasma; Table II 
D Ion-into-gas diffusion constant; Eq. (27) 
e Electronic charge; Eq. (1) 
Sh Defined by Eq. (93) 
Hi, Hs Integrals; following Eq. (80) 
ho Numerical plasma constant; Eqs. (51) and (53) 
In Random electron current density at tube wall; following Eq. (55) 
I, Positive ion current density, random; Eqs. (1), (87), and (88) 
at discharge tube wall; Eq. (49) 
tg Arc current; Eq. (97) 
fe, ty Electron, positive ion currents to probe; Eq. (87) 
J N, when N, is constant; Eq. (24) 
J As in “Case CLJ’’ denotes that N, is constant; Table II 
Jo Bessel Function of zero order; Table IId 
k Boltzmann constant; Eq. (1) 
L As in “Case CLA” indicates long ion free paths; Table II 
L and M-S Refers to.I. Langmuir and H. M. Mott-Smith, Jr. articles; Footnote (1) 
1 Mean free path of electrons; Eq. (96) 
4, Mean free path of gas molecules. 
Ip Mean free path of positive ions. 
M As in “Case CMA” indicates “medium” ion free paths; Table II 
M. D. Maxwell Distribution. 
Me Mass of electron; Eq. (1) 


12 Langmuir Memorial Volumes V 
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Mass of pasitive ion; ; Eq. (1) 
Number of electrons per cm length of arc; Eq. (97) 
Number of ions generated cm-* sec"! at 2; Eq. (2) 
Electron density; Eq. (3) 
Electron density at plasma potential maximum; Eq. (3) 
Positive ion density; Eq. (2) 
Electron density at 2; Eq. (8) 
Number of ions formed per electron per cm of path; Eq. (91) 
As in “Case PLJ” indicates plane plasma; Table II 
Term number in a power series; following Eq. (17) 
Gas pressure in baryes; Eq. (91) 
Ion mobility per unit charge; Eq. (29) 
Dimensionless length parameter; Eq. (79) 
Ion mobility factor; Eq. (35) 
Distance in plasma; Eq. (2) 
Value of s at plasma potential maximum; Eq. (82) 
As in “Case SLA” indicates spherical plasma; Table II 
As in “Case PSA” indicates short ion free paths; Table IT 
Dimensionless length parameter; Eq. (10) 


Abbreviation for ds/dn. 
Abbreviation for d*s/dn*. 


pene, } for which dy/ds = 00. 
Value of d*s/dn* 
Value of 5; Fig. 7 
Dimensionless length parameter; Eq. (11) 
Value of s at sheath edge; preceding Eq. (62) 
Electron temperature; Eq. (3) 
Gas temperature; Eq. (27) 
Positive ion temperature; Eq. (1) 
Space potential at ry relative to plasma potential maximum. 
Tenization potential of gas; Eq. (91) 
Wall potential with respect to plasma potential maximum. 
Space potential at z; Eq. (7) 
=v, when v, is independent of z; Eq. (27) 
Average thermal velocity of gas molecules. 
Average thermal velocity of electrons; Eq. (96) 
Component of average finn velocity of ion in free path; preceding Eq. (35) 
it 
Mean ion drift velocity; preceding Eq. (57) 
Velocity at r of ion generated at z; Eq. (2) 
Potential equivalent of electron velocity; Eq. (91) 
RT-|e; Eq. (71) 
Potential gradient drawing ions toward sheath. 
Length unit; defined by Eq. (71) 
Longitudinal potential gradient in positive column; Eq. (97) 
Distance in plasma; Eq. (2) 
Factor for transforming variables; Eq. (10) 
Defined by; Eq. (94) 
Geometrical parameter; Eq. (2) 
Probability-of-ionization constant; Eq. (91) 
S—503 Eq. (63) 
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én 1—"e; Eq. (63) 
ose So— S03 Eq. (66) 
one No—N9; Eq. (66) 
€ Base of natural logarithms. 
¢ Potential parameter, '/*/S; Eq. (83) 
” —eV/kT,. 
No Value of for which dy/ds = co. 
Te Mean value of m—7; Footnote (19) 
Ns n—no+nNe- 
Na —eV./kT,. Eq. (56) 
Nw —eVy|kTe; Eq. (56) 
no Value of 7 at sheath edge; preceding Eq. (62) 
Ne Mean value of ng—7; Footnote (19) 
6 Integration parameter; Eq. (15) 
rt Number of ions generated per electron per sec; Eq. (8) 
a As in “Case CLA” indicates generation of ions proportional to electron 

density; Table II 
B —eV/kT,; Eq. (79) 
Me Electron mobility; Eq. (96) 
Be —eV kT; Eq. (79) 
é Distance parameter in sheath; Eq. (70) 
e Fractional part of tube radius occupied by sheath; Eq. (77) 
e Integration parameter; Eq. (15) 
Ce Electron reflection coefficient; Eq. (56) 
Oz Integration parameter; Eq. (15) 
Zz Constant slope of i,*vs. V or i.* vs. V plot; Eq. (88) 
o Distance parameter, s/S; Eq. (83) 
tT T,/T, (Section V only). 
t Mean free time of positive ions. 
® Arbitrary fraction; Eq. (61) 


I. Introduction 

THERE is a large amount of evidence to show that the vast majority of free elec- 
trons in the plasma of a gaseous discharge possess velocities distributed accord- 
ing to the Maxwell Distribution Law (hereafter ‘‘M. D.”). The tempera- 
tures to which these velocity distributions correspond lie roughly in the range 
between 5000 and 70,000°K. The method for measuring these temperatures 
need not be gone into! beyond mentioning that it depends on the Boltzmann 
density distribution which the electrons assume in the sheath about a negati- 
vely charged collector. The validity of the method hinges, first, on the confine- 
ment of the electrode potential changes to a sheath about the electrode, and 
second, to the smallness of changes in sheath cross-section or volume compared 
to the whole cross-section or volume of the plasma. 

No such direct measurements on the positive ions are possible for various 
reasons. The most direct evidence that the ions possess considerable velocities 

1 I, Langmuir and H. M. Mott-Smith, Jr., Gen. Elect. Rev. 27, 449, 538, 616, 762, 810 


(1924). Hereafter these articles will be referred to as “ZL and M-S, Part I, etc., to Part V”’, 
respectively. 
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lies in the saturation current to a collector at negative voltages. It has been 
reasoned that since the potential difference between plasma and electrode is 
confined to the sheath, only those ions will be collected which are headed for 
the sheath edge anyway. The random ion current density J, in the discharge 
can then be found by dividing the observed saturation current by the sheath 
area. The ion density is equal to the electron density m, in the field-free plasma. 
On the assumption that the velocities are distributed according to the M. D. 
Law, but only over one hemisphere since no ions leave the collector, kinetic 
theory gives 


Ty? = (2nm,|R)!I,|2en, = 2.02 x 10, [n,) (m,|m,)¥* (1) 


A saturation electron current at small positive voltages on the same collector 
can be observed if the collector area is not too great. This can be treated in 
the same way, giving? 

T}? = 4.03 x 10J,/n,. 


Combining the two it is found that : 
T,/T, = (I,/2I.)’m,/m, 


In a typical set of measurements made on a mercury arc® the average value 
of I,/I, was 4054.25. For mercury m,/m, = 3.678 x 105, whence it would follow 
that T,/7, = 0.55. It seems entirely unreasonable, however, that the ion energy 
should even approach the electron energy in view of the fact that it is the elec- 
trons primarily which supply energy to the rest of the plasma and the positive 
ions with their large relative mass and frequent impact with slow atoms are 
not adapted to acquiring large random kinetic energies. 

But evidence in favor of a large random ion current is found in another 
experiment. When two equal plane electrodes, back to back and insulated from 
each other, are placed in the positive column of a discharge so that one elec- 
trode faces the anode, the other the cathode, the two electrodes receive com- 
parable ion currents even though to reach one of the electrodes the ions must 
flow toward the anode. A similar conclusion offers itself in the related experi- 
ment in which the sheaths on a spherical electrode immersed in a positive co- 
lumn are seen to be of equal thickness on cathode and anode sides.‘ 

There is other evidence also, Experiments in which a double electrode is 
used, the electrode facing the discharge being pierced with fine holes,® give 
ion temperatures of several thousand degrees. But how accurately Maxwellian 
these results show the velocity distribution to be is somewhat doubtful. 


2 There appears to be some justification for using 4.03 in the equation pertaining to 
electrons as compared to half of this for the ions, See I, Langmuir, Phys. Rev. 33, 96-45 
(1929). 

2? L and M-S, Part II, Table III. 

“ L and M-S, Part V, p. 812. 

* L. Tonks, H. Mott-Smith, Jr., and I. Langmuir, Phys. Rev. 28 104 (1926). 
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Although all this evidence points to the possession of considerable velo- 
cities by the positive ions, and the concept of a random velocity distribution 
among the positive ions has been a generally useful one in explaining a multi- 
tude of observations, there has been no convincing determination of the velo- 
city distribution, and the hypothesis of large random velocities has grave theo- 
retical difficulties to overcome.* A further difficulty crops up as soon as the 
attempt is made to join the sheath to the plasma, that is, to investigate theore- 
tically the nature of the sheath edge.’ In quite general terms the perplexity 
is this. Consider two nearby points in the discharge, one just inside the sheath 
about a negatively charged electrode and one just outside the sheath. At the 
outside point suppose that there is a one-sided M. D. of velocity among the 
ions — one-sided since no ions come out through the sheath. At this point 
the electron and ion densities are equal. The potential at the inside point is 
slightly less than in the plasma, with the result that both electron and ion 
densities are less there, the electrons according to the Boltzmann Law and 
the ions because of their greater average velocity. This can readily be seen 
by plotting the theoretical densities against the potential decrease. But these 
curves show an astonishing relation — for small negative potentials the 
electron density exceeds that of the positive ions because the electron density 
curve approaches the plasma potential with a finite, the ion curve with an 
infinite slope. By Poisson’s Equation any such predominance of negative 
charge at the sheath edge requires positive curvature in the potential distri- 
bution curve there, thus making it impossible to merge the sheath into the 
plasma. 

We have now reached a new point of view which seems in every way to 
be more satisfactory. We suppose as before that the electrons possess a M. D. 
of velocity and such a high mobility that they obey the Boltzmann Law irre- 
spective of any drift in the plasma away from their points of origin. (This, is 
of course, not true of the longitudinal gradient in a positive column, but the 
arc current is so very much greater than the drift currents necessitated by the 
generation of electrons, that this gradient by its smallness justifies rather than 
invalidates our assumption.) But the positive ions are supposed to have negli- 
gible velocity when formed and to acquire only such velocities as correspond 
to the electric fields through which they pass. In the case of long mean free 
paths each ion will thus fall freely under the influence of the small plasma fields 
set up by the electrons and ions themselves until it strikes the tube wall or an 
electrode. For short free paths the ion will be impeded in its motion by colli- 
sions with atoms but still will be mainly guided by the electric field in which 
it finds itself. 


* In applying his quasi-neutral diffusion theory to the positive column of an arc W. 
Schottky, Phys. Zeits. 25, 346 (1924), abandons the idea that the positive ions have a 
temperature comparable with the electron temperature. 

7 1. Langmuir, Phys. Rev. 33, 976 (1929). 
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This point of view, it will be seen, ascribes a less chaotic motion to the ions 
than they possessed according to the old concept. Thus in a sphere or cylinder 
at very low pressure the ions all move radially outward, each with a velocity 
corresponding to its point of origin, and for any geometrical configuration it 
becomes theoretically possible to associate each element of wall or electrode 
area with a tubular region of the plasma which alone contributes ions to that 
area. Accompanying this picture is the idea that it is the presence of an elec- 
trode (or tube wall) in contact with the discharge which is responsible for the 
ion current flowing to that electrode by reason of its influence, as a boundary 
condition, on the potential distribution in the plasma.° 

In order to handle this theory mathematically it is necessary to know the 
space distribution of the ion generation. Two cases will be considered below. 
If the ions are generated wholly by electrons which have acquired their velocity 
in the sheath surrounding an electron source, and the mean free path is long 
compared to the tube dimensions, the generation will, in many cases, be essen- 
tially uniform throughout the plasma. If, on the other hand, the ion generation 
is caused by the ‘‘ultimate” electrons themselves which are constantly renew- 
ing their energy, as in the positive column of a discharge, the rate of genera- 
tion of ions will be proportional to the electron density. Other cases may suggest 
themselves, as for instance, generation by fast electrons at higher pressures 
where the mean free path of the electrons is small, and these cases can also be 
handled by the methods developed here. 

For all geometrical configurations except those possessing the simplest 
symmetry, the mathematical difficulties become very great, and for this reason 
the quantitative treatment is confined in the following section to plasmas boun- 
ded externally by two infinite parallel planes, or by an infinite circular cylinder, 
or by a sphere, and in Sections VI and VII to plasmas bounded internally by 
a cylinder. 


II. Potential Distribution in the Plasma. Part I 


It is evident that if ions are to flow to electrodes and walls under the in- 
fluence of the electric fields hypothecated, there must be a potential maximum 
in the plasma, and, in the simple cases to be discussed here, symmetry con- 
siderations place it at the center of the boundary structure and the ions thus 
move outward in straight lines. It is advantageous to select the origin of coor- 
dinates at the center (median plane, cylinder axis, or sphere-center) of the 


* This is, of course, an idealized representation. In any case the ions possess the random 
motions which they had as atoms just before ionization occurred, but this is usually small com- 
pared to the potentials through which the ion falls in the plasma. Cases in which these small 
velocities are not negligible appear later. At the higher pressures collisions with atoms introduce 
additional randomness. 

® Later, in Section VI, it will be found that very small electrodes have no effect on the 
potential distribution through the body of the plasma and can, therefore, be used as true probes. 
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structure and to denote distance in cm from this center by r. If the potential 
at r = 0 be taken as zero, it is negative elsewhere and the ions generated at 
any point z acquire a certain velocity v, by the time they pass some further 
point r. In general v, may be a complicated function of the potential distri- 
bution, and the high and low pressure cases are distinguished by the type of 
function assumed for v,. If the number of ions generated per second per unit 
volume at z is N,, their density when they pass r is, in each case, respectively, 

Plane: N,dz/v, 

Cylinder: N,z dz/rv, 

Sphere: N,z? dz/r*v, 
Since ions generated at every value of z which is less than r contribute to n,, 
the ion density at 7, this density is given by 


n,=r if N,2° dz/v, (2) 
0 


where f assumes the values, 0, 1, 2, for plane, cylindrical, and spherical cases 
respectively. 
The electron density at any point is given by 


n, = ny exp (eV/kT.) (3) 


where ny is the electron density at the origin, T, is the electron temperature 
and V is the space potential. Poisson’s Equation may be written 


V?V = —4ne(n,—n,). 
Substituting Eqs. (3) and (2) in this equation we have 


VV —4aeny exp (eV /RT,)+42er-? f N,2° dz/v, = 0. (4) 
0 


This is the general integral equation for the potential distribution throughout 
plasma and sheath. In the form of Eq. (4) and in subsequent forms to which 
this equation may be transformed in various cases it will be known as the com- 
plete plasma-sheath equation. Throughout its various metamorphoses it will 
continue to consist of three terms, namely, one term corresponding to the Pois- 
son differential coefficient, another corresponding to the electron density, 
and a third corresponding to the positive ion density. In its complete form this 
equation is far too complicated to handle, but it can, fortunately, be simplified 
in two important regions. First, in the plasma it will appear that the Poisson 
term is negligible. Dropping it from the complete equation leaves the plasma 
equation, the equation with which the present section deals. Second, in the 
sheath bounding the plasma other simplifications can be made leading to the 
sheath solution which will be discussed in Section IV. 
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Eq. (4) can be simplified immediately by the substitution of a new dimen- 
sionless variable 7 for V, 
n = —eV/RT,. (5) 
The equation then becomes 


(AT, /4nce*ng) V2 te-"—ngtr-? [ N,2° dz/v, = 0. (6) 
0 


This equation must now be adapted to the various particular cases. 

Case 1. Long mean free path and ion generation proportional to electron 
density —In this case each ion falls freely from the point at which it is 
generated. Accordingly, 


v, = [2e(V,—V)|/m,}"* = [2kT.(n—n,)/m,} (7) 
where V, and V are the potentials at z and r respectively. Here, also 
N, = An, = Anye-"z (8) 


where 4 is the number of ions generated by an electron in one second. Substi- 
tuting these expressions in Eq. (6), we have 


(RT, /4ere*ng) Ven e-"—2(m, /2RT 2-8 f ahe-"e(q—n,)dz = 0. (9) 
0 


In order to solve this equation the substitution 
s=ar (10) 
is necessary where s is the new variable and a is an adjustable constant. Remem- 


bering that Ay has the dimensions of 7r-*, it is seen that Eq. (9) takes on the 
form 


(othT,JAnetn)Vin-+e-"—A(m,J2AT 5-Pa foterre(g—n) ede, = 0 (11) 


where V? indicates that derivatives are taken with respect to s, and 7, is the 
same function of s, that 7 is of s. At this point a is so chosen that the coefficients 
of the second and third terms are equal, that is 


a = A(m,/2kT.)"" (12) 


and as a has the dimensions of a reciprocal length, s as well as 7 is dimen- 
sionless. This substitution puts the differential equation in the form 


(mm,j|8ne2ne)Vin tenr—s-? f sfemt=(q—n,)? ds, = 0. (13) 

0 
Later it will be shown that the introduction of typical values for the con- 
stants in the coefficient of V?7 renders that term negligible over practically 


the whole range of s in most cases. Thus the definition of the plasma as the 
region where ion and electron space charges are essentially equal receives addi- 
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tional justification. If now the sheath edge is defined as the surface at which 

this essential equality fails, it is left somewhat indefinite, thus requiring a detail- 

ed treatment of the plasma-sheath transition, which will be touched on later. 
Dropping the first term, then, we have to solve the integral equation 


s 
er—s® f sfe-ne(q—n,)" ds, = 0. (14) 
0 


The fact that the plasma equation can be reduced to this dimensionless 
form immediately enables us to draw the important conclusion that the poten- 
tial distribution curve will be of the same shape irrespective of the particular 
values which the constants which originally entered the equation may have. 
To make the general curve fit any particular case it will simply be necessary 
to change the ordinate (7) scale according to the value of 7, and the abscissa 
(s) scale according to the tube dimensions and the thickness of the sheath on 
the wall when that is appreciable. 

The solution of Eq. (14) is made possible by regarding 7 rather than s as 
the independent variable and putting successively 


n=O, 1: =0h @=esind. (15) 
This converts the equation to the form 


nl2 


see — f shee" (ds,|do,)d0 = 0. (16) 
vo 


If now s be expressed as a power series in 9 


$= dy} aot agg -- (17) 
with s, being expressed as the same function of o,, it is obvious that the inte- 
grand itself can be expressed in a series 
by+b,0,+5,05+ +: 

in which each 6 is a function of certain of the a’s. The substitutions indicated 
in Eq. (15) give the (p+1) term of this series the form 5,0” sin? 6. The integra- 
tion limits in terms of 6 are 0 and 2/2, and this integral of sin? 0d0 being given 
in the tables, the integral term of Eq. (16) comes out as a power series in g. 
The coefficients of this series can then be equated term by term with those 
in the expansion of the first term in Eq. (16) in order to evaluate ao, @,, a, etc. 
The boundary condition that s = 0, at 9 = 0 requires that a) = 0. In the 
final solutions it also turns out that 0 = a, = a, = ag, etc., so, for simplicity, 
these values will be assumed immediately in obtaining the actual solutions. 
We shall, therefore, use, 

$= aotao®+aps+ +. (18) 
The second boundary condition that the electric field at the origin be zero 
requires that dy/ds = 0, that is that ds/d(o?) = oo there, a condition which the 
above solution is seen to satisfy also. 
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The cylindrical case may be used to illustrate the evaluation of the coeffi- 
cients in detail. For this case 8 = 1 so that Eq. (16) becomes 
ale 


se f s,(ds.|do,)e dd = 0. (19) 


From Eg. (18) 
5, ds,|do, = ao, +2(2a,a)o3 +3(a§-+2a,a,)o3+ ---. 
Also 
e% = Lott of/21—o8/3!4 +++ 

Replacing 9?"+1 in the product by o?#1 sin’™+19, the coefficient of 9?" is 
seen to be 
(—1)" sin?"+10{a, /m!—2(2a,a,)/(m— 1)!4-3(a§+ 2a,a,)/(m—2)!— --- 

h[at+2(a,a4-1-+ ayday-at ++ )I\(m—R+1)!4 «tok = m41) (20) 
Now 


n/t 


J sin™gd9 — 12-4 6---(2m) 
0 


so that, denoting the bracketed expression in (20) by o,, the coefficient of 9?"+1 
in the integral is 
“CHET Oey (21) 
For the first term of Eq. (19) we have to form the product 

(a,9-+ayg*+ ---)(1—gt+et/2!— +++). 
The coefficient of 9?"+! here is 

—(—1)"[a,/m!—a,/(m—1)!-+-a,/(m—2)!— «+» +4 9m41]- 

Setting the sum of this expression and (21) equal to zero we find that the con- 
dition to be satisfied by the a’s is 





(—1)"o 


1-2-4-6-.-(2m) 
1-3-5+7...(2m+1) 
X [aj/m!—2(2a,a5)/(m—1)!+3(a§+2a,4,)/(m—2)!— ---] (22) 

To evaluate the a’s, m is set equal successively to 0, 1, 2, etc. 
For m = 0, a, = a? whence a, = 1 
For m= 1, 1—a, = (2/3) (1—4a,), whence a; = —0.2 
For m= 2, 1/2!4+0.2+a, = (8/15)[1/2!+0.8+3(0.04+2a,)] whence a, = 
—0.026061 and so on, giving for the solution 
s = 7} ?2(1—0.2n—0.0260617)2—0.006489473 

—0.0019840n'—0.00067937n5— 0.0002538—0.000101n?— ---) (23) 





a,/m!—a,/(m—1)!+-a,/(m—2)!— --- 

















Google 


General Theory of the Plasma of an Arc 187 


The coefficients of the last two terms are estimated from the trend of the pre- 
ceding ones. 

If this series be used to calculate the potential distribution, it is found that 
at a certain value of 7, say jo, dn/ds passes through infinity and that thereafter 
s decreases with increasing 7. We recognize in mj and in the corresponding 
value sy of s the extreme limit for the validity of the plasma solution since d?n/ds® 
is infinite at s) and the V27 term of Eq. (13) ceases to be negligible at some 
lesser value of s. By setting the derivative of Eq. (23) equal to zero, it is found 
by successive approximations that 7) = 1.155, sy = 0.7722. 

The results of a similar calculation for the plane case are given in Table 
IIa at the conclusion of this section. 

Case 2. Long mean free path and ion generation constant throughout the plasma.— 
This case differs from the previous one in that here 

N, = J (24) 

J being the number of ions generated per cm® per sec. throughout the plasma. 

Examination of the previous treatment will show that all the conversion fac- 

tors and integral equations there used can be adapted to the new case by omit- 

ting the e”z under the integral sign and substituting J/n, for 4 everywhere. Thus, 
instead of Eqs. (12) and (13) we have 

a = J(m,|2kT,)"*/ng (25) 


(m,J*/8nen8)Vin-+e-"—s-* f s(n—n,) 2? ds, = 0. (26) 


This equation can be solved by the identical method used before and the re- 
sulting solutions having the same general character as the earlier ones are given 
in Table IIb. : 

Case 3. Short mean free paths and uniform ion generation.—A. If the mean 
free paths are short compared to the dimensions of the plasma and the field 
strength is so small that the energy which an ion picks up between impacts 
with atoms is small compared to the thermal energy of the atoms, the ion drift 
velocity at r is made up of two components, one arising from diffusion, the 
other from the electric field, 


v, = —(D/n,) dn,/dr—(eD/RT,)dV [dr 
where T, is the temperature of the gas and D is the diffusion constant for the 
ions into the gas. The fact that v, has ceased to be a function of z will be indi- 
cated henceforward by dropping the subscript z. Since ion and electron den- 
sities are equal in the plasma, n, can be substituted for N, in Eq. (3), thus making 
it possible to eliminate n, and dn, and giving 


v = —(eD/k)(T33+7;) dV dr 
and since T, < < T,, the diffusion component is negligible and 
v = —(eD|kT,) dV dr. (27) 
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Assuming D to be the same as the interdiffusion constant for the gas, we have!® 
D = 0.5611, where J, is the mean free path and 0 the average speed of the 
atoms in their random motion. Expressing 0 in terms of T, we have 
ov = 2(2kT,|/xm,)'? = 1.597(kT,/m,)!2 
Thus Eq. (27) can be put in the form 
ov = —0.8951,(kT,m,)edV [dr 
= —gedV|dr (28) 


q = 0.8951, |(kT,m,)". (29) 


for convenience. Now N, = J can be brought from under the integral sign 
in Eq. (6) and since v, = v of Eq. (28) is independent of z this, too, comes out, 
giving 


where 


(RT, /47€2n9)V?2n + €-"— (J noqkT,)r-° (ddr)? f s8 ds, =0. (30) 
0 
The substitutions used in Case 1 here lead to 
a? = J/nyqkT, (31) 
and 
(J/Ane*nig)Vin+e-"—s-?(ds/dn) f si ds, = 0. (32) 


As before the first term can be neglected for the present and the shaban comes 
out very simply as 
e" = 1—-8/2(8+1). (33) 
A marked difference between this solution and those previously obtained 
is that here m) = oo although 5, is finite, having the values 


5) = 1.414, 2.000, 2.449; 6 =0, 1,2. (34) 


In this case then, the potential at which the present solution fails to be a good 
approximation must be very far indeed from ny although the corresponding 
value of s may not be very different from 59. 
B." At pressures intermediate between those just discussed and those con- 
templated in Cases 1 and 2 the ion temperature will be determined less by the 
* gas temperature and more by the energy acquired in a free path. Thus 7, in 


10 Jeans, Dynamical Theory of Gases, 2nd edition, § 440. 

1. Here, as later in Case 4B, the significance of the analysis is somewhat doubtful, first be- 
cause of the small radial field strength near the potential maximum as mentioned below, and 
second, because in the very important class of cases pertaining to the positive column of an arc 
there is a uniform longitudinal field. Both in the free fall and the short path cases the ion 
motions can be simply resolved into components, leaving the theoretical results unaffected by 
this uniform field, but this resolution fails when, as here, the drift velocity is proportional to 
the square root of the field. 
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Eq. (29) must be replaced by 7,, the ion temperature, and this becomes pro- 
portional to dV/dr so that the drift velocity is proportional to the square root 
of the field strength. A rough value for the drift velocity can be calculated 
as follows. Let the ions be accelerated by a uniform field X and let the average 
components of velocity in the direction of the field at the beginning and the 
end of a mean free path be v, and », respectively. The gas atoms are moving 
so slowly compared to the ions that they can be assumed to be at rest. The 
persistence of velocity for the resulting type of collision’? is 0.5 so that 


v, = 2v. 


Denoting the mean free time of the ion between collisions by t there are the 
additional relations 


0, = ot (eX/m,)t 
1, = Ut (eX/m,)c* 
where I, is the positive ion mean free path which is 2’ times the atom free 
path on account of the higher velocity. The last equation neglects the existence 
of a velocity component perpendicular to the field, but the effect of such a com- 
ponent in decreasing the progress made between collisions is small enough 
to be neglected in this rough calculation. Eliminating t and v, from these three 
equations, solving for v9, and then finding v = (v)+,)/2, the drift velocity, 
it is found that 
v = 1.2(eXI,/m,)? 
If in the present case we put 
q = 1.2(L,/m,)" (35) 
then 
v = —q'(edV/dr)"*. (36) 
Substituting this expression for v and J for N, in Eq. (6), and at the same 
time introducing s we have 
a = (J*nig'*kT)3 (37) 


(1/4ze*) (RT J#/njq’*)!° V2n + e-"—s* (ds/dn)} f sds, = 0 (38) 


the solution for which, neglecting the V27 term as usual, is 
© et = [1—255/3(1+-8)°}*. (39) 


42 P.M. Morse, Phys. Rev. 31, 1003 (1928) uses a formula for ion mobility which is an adap- 
tation of an expression for electron mobilities derived by K.T. Compton, Phys. Rev. 22, 333 
(1923). Morse does not, however, take into account the finite persistence of velocity of the ions, 
with the result that his consolidated numerical coefficient is 0.858 compared to 1.2 derived 
here, Eq. (35). 

18 The Dynamical Theory of Gases, J. H. Jeans, p. 279, 2nd edition. 
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In this case, too, 7 = 0c while 
So = 1.145, 1.816, 2.378; for B = 0, 1, 2. (40) 


A unique feature of this potential distribution is that 1 approaches zero 
at s = 0 along a cubic rather than along a parabola, as in all the previous cases. 
It is probable, however, that this is of little significance because the approach 
of the electric field to zero in the neighborhood of the origin makes Eq. (28) 
rather than Eq. (36) the more applicable there. 

’ Case 4. Short mean free paths and ton generation proportional to electron 
density.—Here again two cases must be distinguished according to the length 
of the ion free paths relative to the electric field and gas temperature. 

A. In the range of shorter free paths Eq. (30) is readily adapted by substi- 
tuting An,e~": for J, leading to the equations 


a = (A/gkT)"* (41) 
(A/4sce*n9q)Vin+ -"—s~? (ds/dn) f e~"2s8 ds, = 0. (42) 


The solution, when the first term is neglected as usual, can be easily trans- 
formed into the Bessel Equation of order (1—)/2 


d*t0/ds*+- (1/s)deo/ds+- [1—(1—f)*/4s*)]w = 0 


by putting w = s’-N4e-", The solutions are given in Table IId. 
The solution for the cylindrical case, 


a = Jo([A/gkT.}'"7), 
is identical with Schottky’s solution which he gives! as 
nm = noJo([a/D.}'*r) 


(the a being the present 4) if one assumes the ion temperature and mobility 
entering the expression for the ambipolar diffusion constant D, to be small 
compared to the electron temperature and mobility, respectively. The new 
treatment is thought to have two advantages over the earlier treatment, first 
in that the present method, by including the Poisson term in the fundamental 
equation, will tell us when this term can no longer be neglected and how the 
problem can be handled beyond this point (see Section IV), and second, in 
that the radial ambipolarity of the diffusion is shown not to be essential to 
the solution. Schottky recognizes that his solution is, in fact, inconsistent with 
this idea, for its assumption that n is zero at the tube wall is equivalent to ha- 
ving the wall at an infinite negative potential, in which case the electron current 
would be zero. The essential requirement appears to be that the loss of electrons 
to the walls shall not be sufficient to disturb materially the M. D. of electrons 
in the plasma. 


4 W. Schottky, Phys. Zeits. 25, 635 (1924). 


Google 


General Theory of the Plasma of an Arc 191 


B. In the range of longer free paths Eqs. (37) and (38) can be readily adap- 
ted by writing An, for J and putting e~”. under the integral sign, giving — 


a = (A*/q'*kT)* (43) 
(1/Arenget) (RTA4/q/*)*V3n-+-e-"—s8 (ds|dn)¥" f e-"es, ds, = 0. (44) 


With the omission of the first term the equation can be integrated once to assume 
the form 


s v 
et = (1-2 f y | f erasfds]?dy). 
0 0 
Solutions of the form 
e-" = 1+a,s+a,s*+ --- 
can then be obtained by substitution (see Table IId). 


The theoretical potential distribution curves for a number of the cases so 
far discussed are shown in Figs. 1 and 2. Fig. 1 applies to cases where the ioni- 
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Bia. 1. Shae curves for rate of Fic. 2. Theoretical curves for rate of 
ionization proportional to electron den- ionization constant. For the meaning of 
sity. For the meaning of curve designa- curve designations see Table II. 


tions see Table II. 
zation rate is proportional to electron density and thus covers Cases 1 and 4. 
Fig. 2, applying to a uniform ionization rate covers Cases 2 and 3. The abscissae 
are values of s/s) so that except for the small sheath thickness on the wall the 
radius of the tube is the unit of distance. The ordinates are values of 7 which 
can be converted readily to voltage by multiplication by T,/11,600. 
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Corresponding to the transition from long to short ionic free paths the res- 
pective potential distribution curves should show a progressive change. Curves 
for cylinder-long-path, cylinder-medium and cylinder-short-path in both Figs. 1 
and 2 show this transition at larger values of s/s, but the cylinder-medium-path 
curve falls out of line at the lower values of s/s). This undoubtedly arises from 
the fact mentioned before that the mobility law underlying the medium-path 
curves is not valid in small fields, leaving the cases involving the long and the 
very short ionic free paths as those capable of the most rigorous treatment. 
involving the long and the very short ionic free paths as those capable of the 
most rigorous treatment. 

Comparison with experiment.— Later, in Sections VI and VII, the orthodox 
use of a fine wire probe will be in the main justified on the basis of the new 
theory. Anticipating these conclusions, use can be made here of some measure- 
ments made by Mr. T. J. Killian!’ on the potential distribution along the dia- 
meter of the anode arm of a mercury arc for two different pressures of mer- 
cury vapor, corresponding respectively to 1.4° and 38.6°C. Killian measured 
also the electron temperature in each case, which gives all the information needed 
to check the observations against the theory. Actually, potentials were deter- 
mined on both sides of the tube axis — but in view of the tube symmetry the 
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Fic. 3. Comparison of experimental and theoretical plasma potential dis- 
tributions for long ion free paths. 


points in Figs. 3 and 4 are plotted to one side only, those which have been trans- 
posed being indicated by crosses. The ordinates are, in each case, 11,600 V/T, 
= 1, V being the space potential in volts and 11,600 being e/k in degrees per 
volt. Along with the experimental points in each case is plotted one or two of 
the theoretical curves. 

For the lowest gas pressure, Fig. 3, Curve CLA of Fig. 1 should give good 
agreement with the data, as it does. At some higher pressure, Curve CSA may 
be more nearly approached, as appears in Fig. 4. In judging of the agreement 


4 T. J. Killian, forthcoming paper in the Physical Review. 
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between the theoretical and experimental results both the uncertainty of the 
potential measurements and also the absence of any adjustable constant in the 
theory must be considered. Since the transition from the CLA curve to the 
CS curve should occur in the range where the free path length J, is compa- 
rable with the radius a, the ratio /,/a has been given on each figure. The value 
of 1, was calculated by multiplying Langmuir and Jones’ value of 70 cm" for 
the electronic mean free path at 1 barye and 650°K by 1/4 and correcting to 
300°K and the appropriate pressure. When the potential distribution curve 
assumes the short-free-path form as in Fig. 4 one should expect /,/a to be rather 
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Fic. 4. Comparison of experimental and theoretical plasma potential distribu- 
tions for short free paths. 


less than 0.37, the value found. On the other hand free-path values — and 
even the concept itself — are somewhat uncertain. Probably the fact that the 
transition occurs in the general neighborhood expected is all that can be asked. 

The plasma balance equation.—A digression may be permissible at this point 
to inquire into another consequence of the theory so far developed. In every 
case there is a fixed numerical value sy which is the upper limit of the values 
which s can assume. Now Sy has already been identified with the tube radius 
in Figs. 3 and 4 and this is justifiable to the extent that the sheath thickness 
is negligible. Hence, using Eq. (10), we can write approximately for any case 


als) = 1/s = 1]a. (45) 


1° I. Langmuir and H. A. Jones, Phys. Rev. 31, 357 (1928). 


13 Langmuir Memorial Volumes V 
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To fix our ideas let us confine our attention to the low pressure A cases covered 
by Table IIa. After introducing the value of a given by Eq. (12) this becomes 


ad = 55 (2k/m,)!?T 3? = 0.5522 x 10°s, (T,m,/m,)2(cm sec“). (46) 
For a cylinder, s) = 0.7722 whence 
ad = 0.4264 x 10°(T,m,/m,)"*cm sec (47) 


and in Hg (m,/m,)"? is 605.5 so that for a cylindrical mercury discharge at 
low pressure 
ad = 703.1T 2. (48) 


We are thus enabled to calculate most easily the average rate at which each 
electron in the positive column of an arc ionizes atoms. Using some of the 
results given by Langmuir and Mott-Smith for a tube of 1.6 cm radius with 
bulb at 15.5°C corresponding to a vapor pressure of 1.05 baryes we find the 
values given in the 5th column of Table I. 














Taste 11? 
—— 2% 10-* cale. by _ 
Run No. Arc current, T Ip plasma ion generation 
(amps) (ma cm~*) balance equation (See 
equation Section VIII) 
34b 0.5 27,500 0.17 7.29 | 1.6 
35a 1.0 29,000 0.25 748 2A 
35b 2.0 26,600 0.44 TAS 1.4 
37a 8.0 19,500 2.29 6.13 | 0.21 





Eq. (46) will be called the plasma balance equation for the low-pressure 
proportional-ionization cases because it states the adjustment of electron tem- 
perature to ion generation which just fits the plasma into the space available 
for it. It will be noted that Eq. (46) can be derived directly from the s vs. r 
eyuation appearing in Table IIa by inserting the limiting values s, and a. This 
same substitution when made in each of the other s vs. r equations of Table II 
yields the plasma balance equation appropriate to the particular case. Because 
of the finite thickness of the positive ion sheath on tube wall, a does not corre- 
spond exactly to sy), and the necessary correction will be derived in Section IV. 

Hitherto, the number of known relations in a positive column has been 
one less than the number of variables to be fixed. The plasma balance equa- 
tion is important because it is the missing relation. This phase of the theory 
will be discussed in Section VIII. 


17 TL and M-S, Il, Table III. Examination of the original data reveals that the electron 
temperature in Run 34b is somewhat uncertain with the consequence that the value 1.6 for 
4x 10-* may, possibly, be as much as 30 per cent too low. 
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The plasma balance equation can, obviously, say nothing concerning the 
actual causal dependence of A on T, and other quantities. This causal rela- 
tionship might conceivably be incompatible with the plasma balance equation 
and in the case the formation of a plasma would be impossible. This relation- 
ship will be further discussed in Section VIII. 

The first order correction to the plasma equation.—The total unimportance 
of the first order correction to the plasma solution throughout the greater part 
of the plasma becomes evident in Section IV but it will enter into any exact 
plasma-sheath transition calculation. The evaluation of this correction can 
be carried out by a method similar to that employed later in Section V. In long 
free path cases it will probably be advantageous to put s,+ 6s, for s in the com- 
plete equation, s, being the solution already obtained and ds, being the correc- 
tion desired. In short free path cases, on the other hand, it appears that the 
useful substitution will be e—” = e-"+6(e-%). 


Ill. Positive Ion Currents in the Plasma 


Pursuing the views advanced in the preceding sections one readily con- 
cludes that the positive ion current at the center of a discharge tube is zero, 
that at any other point it is radial (except for a longitudinal component in the 
positive column arising from the constant longitudinal gradient), and that it 
increases continually up to the sheath edge. If we abandon the approximation 
that each newly-created ion starts from rest, and make the more reasonable 
assumption that the newly-created ions have the same temperature as the gas — 
namely T7,, it is seen that there is a real, if small random ion current even at 
the center of the tube, but that does not concern us at present. The important 
thing to note here is that the ion currents en route to the walls are almost cer- 
tain to remain unobservable by any direct measurements, for the introduction 
of any electrode which is apparently suitable for the purpose will itself so distort 
the plasma fields and ion motions as to destroy completely the effect sought. 
The result is that in seeking experimental agreement with the theory, we are 
limited to the observation of the ion current density at the tube wall. This cur- 
rent can be readily expressed in terms of the variables which have already been 
introduced. In all of the cases already discussed the number of ions reaching 
each unit of wall area in one second is the number generated per second in the 
volume subtended by that wall area. Thus 


aI, = fen? dr 
oO 


where J, is the positive ion current density at the wall. Introducing s here as 
before we have 


89 
I, = aes, [ Nis? ds (49) 
0 
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or where 9(= 7") is the independent variable 
nit 


I, = aess’-1 [_N,s*(ds/do) do. 50 
P 0 e@ 
0 


Comparison of this with the integrand appearing in the integral equations 
of Case 1 above shows an identity of form. The only difference lies in the 
variable of integration. Whereas for each series term a sin"6d0 was integrated 
before, here a 9"dg is to be integrated. Thus with ionization proportional to 
electron density 


1, = aes? Hany 3) (— 1) agnor? |(2m-+ B+ 1) 


o,, being defined for the cylindrical case just above (20) and for any case as 
the coefficient of the (m-+-1)* term of the series which occurs as integrand 
in the course of the original solution. In this way J, is seen to 


Tasxe II 


Plasma Solutions and Values of 55, 70, Ao 
Designation of Cases 





Form of plasma Ion free paths | Ton generation 

P plane L long J constant throughout (Nz = J) 

C cylindrical M medium A proportional to electron density (N; = Anz) 
SS spherical 


S short 





Tass Ila!* 
Plasma Solutions for Case 1 in Text 
Plasma equation: s = Gy'/(1+gin+gay*+---), a = s/r = A(m,/2kT,)!? 











Constant Case: PLi CLAY SLA 
Gc | 2m 1 | 4/x 
& —0.333333 —0.200000 | —0.142857 
8a —0.0333333 —0.0260260 ' —0.017722 
—0.00476190 —0.00648941 = 
& —0.0,661376 —0.0019840 _ 
8s —0.0,84181 —0.0,6794 | _ 
&e —0.0,9715 — 0.03253 _ 
& _ —0.0,10 | - 
So 0.4046 0.7722 _- 
No 0.8540 1.155 _ 
hg | 0.8513 0.3500 | = 








® In the numerical coefficients the subscripts have the meaning indicated by 0.0,7 = 0.00007. 


1° The coefficients in italics were obtained by extrapolation from the previous ones. 
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Tas.e IIb?* 
Plasma Solutions for Case 2 in Text 
Plasma equation: s = Gy'*(i+gintgaitt--:), a@=s/r = (Jim) (m,/2kT,)'* 




















Constant Case: PLJ CLI SLI 
Gc | Jn | 1 4in 
a | —2/3 —0.600000 —0.571429 
&: +4/15 +0.238182 +0.227712 
go —8/105 | 0.068573 —0.0661527 
a! a | 4.0,015303 +0.0147939 
8s — | | -0.0027721 —0.00265902 
Be | LEDP/LBS eee (2p+1)] +0.0,4242 + 0.03395 
a! — | —0.0,56 —0.0,50 
8s - +0.0,65 +0.0,55 
fo 0.3443 | 0.5828 0.7707 
to 0.9244 ! 1.0542 1.1950 
ho 1.0000 0.5000 0.3333 
5 0.38 ! 0.638 0.818 
ng? 0.943 1.26 1.50 
ho? 1.000 0.500 0.333 

Tasie IIc 


Plasma Solutions for Case 3 in Text 


Cases (P, C, S) SJ: 
Plasma equation: s* = 2(1+8) (1—e-") 

















q = 0.895 I,(kTgm,)-1/* a = s/r = (J/noqkT.)'* 
Constant | Case: PSJ | css | ssJ 
B | 0 1 2 
So 1.414 | 2.000 2.449 
No | fo) | 0° fo) 
ho ! 1.0000 | 0.5000 | 0.3333 
Cases (P, C, S) MJ: 
Plasma equation: s* = (3/2) (14.6%) (1—e-™) 
a = 1.2 (p/m) a = slr = (J*Inkg’thT,)! 
Constant | Case: PMJ | CMJ. SMJ 
6 | 0 | 1 | 2 
So 1.145 1.816 2.378 
No oo | co 0° 
hg 1.000 i 0.500 | 0.333 
hoes in — 2 = 





*° These solutions were obtained by an approximate method. (Sce Section VI.) 
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Taste IId 


Plasma Solutions for Case 4 in Text 
Cases (P, C, S) Sa: 








q = 0.895 I,(kTym,)-1!2 a = slr = (AlqhT.)** 
| Case: PSA | CSh | SSA 
Plasma | | 
equation e-7=coss | e-" = Jo(s) e-" = (sin s)/s 
Se 1.571 2.405 | 3.142 
No fo) ) | 0° 
ly 0.6366 0.2159 \ 0.1013 





Cases (P, C, S) MA; 
g = 1.2 (L,/m,)'/* a = s/r = (A*/q*kT.)'/° 
Plasma solution for case CMA only: 
e-1 = 1—(1/12)s*—0.0,69444s*— 0.0,79089s° — 0.0,325115"* 
—0.0,16513s5—..- 
So = 2.154 No = 00 Ig =++> 


involve a new dimensionless constant which can be chosen to correspond to 
current density just as s) corresponds to distance and 7 to voltage 


C 


hy = sot YS (—1Pogng t+? |(2m-+ B+ 1) 
0 
so that 


I, = hyeangd (51) 
which will be called an ion current equation. In Cases 2 and 3 (N, = J, con- 


stant) it is readily seen that Eq. (49) can be integrated directly giving the ion 
current equation 


I, = head (52) 


where h, = 1/(1+ 8). In Case 4 when the mean free paths are short Eq. (49) 
again applies. The values of h, for this and other cases are given in Table II. 
Another significance may be attributed to A, in Cases 1 and 4, namely that 


(1+) Ao = average value of €-” (53) 


taken throughout the plasma. Thus in the cylindrical case the total number 
of electrons N, per unit length of tube is given by 


N, = 2Agnona® (54) 
whence the total ion current 
2nal, = N,e2 = 2na*hynyed 
which checks Eq. (51). The plane and spherical cases work out similarly. 
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Both when the ionization rate is uniform and when it is proportional to 
electron density, a simultaneous solution of the plasma balance equation and 
the equations involving ion current gives in long free path cases 


I, = Sohetty (2kT,/m,)!* (554) 
= 8.787 x 10-sohtong (T.m,/m,)* amp cm-* (55B) 

and in short free path cases 
I, = sphoenogkT,Ja (55.5) 


These types of equation will also be called ion current equations. 

It will be noted that the ion current equation affords a method by which 
the electron density at the potential maximum in the plasma may be deter- 
mined. Solving for m) in Case CLA Eq. (55B) becomes 


ty = 4.21 10°*(m,/m,)}21, Ts, 


This method was checked experimentally against the electron and ion den- 
sities determined from the positive and negative branches of the volt-ampere 
characteristic of a fine probe as discussed in Sections VI and VII. For this 
purpose three runs were made with the tube which Killian used. The results 
are shown in column 5 of Table III. 























Tare III 
Are m™X 107'° 
current, | Bulb temp. 5 ( 1px fae by Eq. (55) | by #—V plot 
emp. ‘amps/cm’ . TT 
(amp) me. “ wea | for ions ] for electrons 
5.0 15.5°C 20,600 4.52 8.04 | 16.3 8.07 
5.0 oc 27,800 4.57 7.0 16.4 6.2 
1.0 15.5°C | 23,300 0.84 1.40 3.12 1.54 











The value of J, for the 1.0 amp case has been corrected for the wall sheath 
thickness in accordance with Section VI so that J, refers to the sheath edge 
as it should rather than the tube wall. The correction amounts to 4.5 per cent 
in this case. 

The potential which a non-conducting tube wall bounding the discharge 
assumes can now be calculated. Such a wall becomes sufficiently negative 
so that all the electrons are turned back in the sheath except the small number 
required to neutralize the positive ion current. By kinetic theory the electron 
current density reaching the surface of the wall is 


I, = enge™"(kT,|220m,}'2 
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where n,, = —11,600 V,,/T,, V,, being the wall voltage with respect to the 
plasma potential maximum. But if the reflection coefficient of the wall is 0, 
the current actually collected?! will be only 


I, = (1-2). 
Equating I’, to I, as given by Eq. (55) it is found that 


te = In [(m,|m,)*/2n'!*hgs.]-+In (1-22) (56) 
which in Case CLA and Hg gives 
Nw = 6.45+1n (1—g,). (57) 


Both the voltage on the axis of positive column and T, can be determined from the 
semi-log plot of the volt-ampere characteristic of a fine axial wire. Also, the 
voltage at which a collector on the tube wall opposite the wire takes zero current 
is readily measured. The difference of the two voltages multiplied by 11,600/T, 
gives 7,,. Referring to the original data for collectors F?? and H upon which 
Tables III and XIV of L and M-S Parts II and IV are based it is found that 
Nw = 5.94+0.2 for Runs 34b to 37a. In a special test with a positive column 
of twice the diameter used there it was found that 7,, was 6.13 for one pair 
and 5.73 for another pair of electrodes, again giving an average of 5.9. A reason- 
able value for g, is thought to be 0.15 leading to the theoretical value 6.3 for 
No. The agreement with experiment is considered to be good particularly in 
view of the effect of the collector support. 

This is, perhaps, as good a place as any to point out that in many cases the 
plasma theory as so far developed applies to the plasma in the neighborhood 
of an anode almost as well as to electrodes drawing less electron current. The 
only necessary condition is that the electron current density reaching the anode 
shall be small compared to the random current density at the sheath edge. 
It has already been pointed out?’ that without violating this condition anodes 
of reasonable area are capable of collecting the full arc current. 

We are now in a position to discuss the magnitude of the ion currents recei- 
ved by two equal plane collectors arranged back to back in the positive column 
of a discharge so that one electrode J faces the cathode, the other K, the anode. 


" It might reasonably be expected that the constant drain of fast electrons by the walls would 
cause a deficiency of high velocity electrons. No such effect has been found at small distances 
from a wall or from an electrode considerably less negative than the wall. The explanation of this 
phenomenon is not known. Were it not for this mechanism which rapidly re-establishes a M. D., 
slow electrons would accumulate indefinitely at a potential maximum and build up the ionization 
density to a high value, escaping finally either by recombination or by setting up oscillations. 
Perhaps the unknown mechanism involves just such oscillations. 

%2 The ideal collector would be axial, but the fact that F is not axial is unimportant compa- 
red to the errors introduced by the lead-in structure in lowering the plasma potential at the sup- 
ported end of the collector. 

™ L and M-S, Part IV, pp. 766, 767. 
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Fig. 5 gives the volt-ampere characteristics** in Hg vapor saturated at 16°C 
of two such electrodes. Each was allowéd to float while the characteristic of 
the other was being taken. Both were square plates 0.95 cm on a side spaced 
0.08 cm apart in a tube of 3.2 cm diameter carrying an arc current of 0.60 amps. 
The arc gradient was 0.24 v cm-. It is to be noted that not only did J receive 


Characteristics of 
two electrodes 
back_to back 

J facing cathode 

K: facing anode 





Fic. 5. Note change in current scale at zero. 


the larger electron current at positive voltages but also the larger ion current 
at negative voltages. K, which was completely exposed to any longitudinal 
drift of the ions toward the cathode captured fewer ions than J which, on the 
random ion current theory, could only receive the random component of the 
ion current. The present theory, however, explains this quite readily. We observe 
that the larger electron current to J arises from the very appreciable ratio of 
drift to random electron current density. This not only increases the density 
of electrons in the plasma near J above normal but decreases the density near 
K below normal. Positive space charge arising from an excess of ions if present 
would set up potential differences tending to wipe this out, but such an excess 
has little tendency to occur because the generation of the positive ions is it- 


* From unpublished data taken by I. Langmuir and H. M. Mott-Smith, Jr. 
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self proportional to the electron density. Thus the density of ionization as 
a whole is less near K than near J, and the smaller ion current to K than to J at 
negative electrode voltages is to be expected. The relative difference between 
the two ion currents is smaller than between the two electron currents and 
this probably arises from the effect of the longitudinal field in the column which 
tends to increase the volume from which ions can reach K and to decrease 
the volume contributing ions to J. (This longitudinal field of 0.24 v cm™ is 
small compared to the average radial plasma field. The electron temperature 
was approximately 30,000°K. In case CLA mo) = 1.155 whence the potential 
difference between tube axis and plasma edge is 1.155(30,000/11,600) = 3v, 
a difference equal to that found in 12.5 cm along the axis. It is interesting to 

- note that the displacement of the curves shows that the presence of the dual 
electrode causes a potential difference of some 3 v in less than a millimeter 
distance.) 

The ratio of random electron current to drift current—The quotient of the 
density of the ion current to the wall in a positive column and the arc current 
itself leads directly to the ratio of random electron current density J,, to drift 
current density J,. From kinetic theory 


I, = eng(kT,[2xm,)!" 
at the tube axis. Combining this with Eq. (55A) we have 
I. I, 2 (m,/ m,)/; 2sghgn'?, 


The average drift current over the tube cross-section is ¢,/7a* and taking account 
of the actual distribution by using Eq. (53) we have « 


I, = t,/2hyna* 
at the tube axis. It follows then, that 
IT, = (2?/59)(m,/m,)!?a7I,2 5] « (57.5) 


The approximate equality of I, for electrodes of various sizes and in various 
positions.—One of the experimental facts which favored the random ion current 
belief was the observation that at low gas pressures electrodes variously disposed 
in a tube excited from a hot cathode received ion current densities (corrected 
to sheath area) which differed usually less than 2 to 1 in ratio even though one 
electrode might be in the center, the other on the wall of the bulb. Experiment 
thus shows that the shape of the plasma boundary at a certain place has no 
great effect on the ion current density to that place. The theory indicates the 
same result, for Eq. (55A) shows that for plasmas of different sizes and varying 
in shape from the plane to the spherical but all having the same maximum 
ionization intensity, I, is proportional to s,k). From Table IIb it is seen that 
the variation involved is only from 0.34 to 0.26. 

The average ion velocity at s,.—Later it will be convenient to know the 
average velocity of the ions as they pass from the plasma into the sheath. The 
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n equivalent to this velocity will be denoted by 7, and can be calculated 
readily. We have 


I, = nev, 


py N= ME”, VI = (2RT .ijo/m,)"? 


where ¥, is the mean ion velocity. Combining these, we find 
I, = enge-"(2kT ,Qo/m,)? 
and eliminating I, with Eq. (55A) it is found that 
ho = hesee*™ (58) 
in long free path cases. In Case CLA 7) = 0.7359. 
The magnitude of the neglected term in the plasma equation.—Eq. (55) makes 
it possible to calculate the coefficient of the neglected term in Eq. (11) or (13) 
which will be denoted by A, for any given case. Using Eqs. (45) and (55) to 
eliminate a and ny respectively, we have 
A = hys3(2kT,.)®*/8nea*m}"I, (594) 
for long free path cases. Introducing the numerical values of known constants 
and expressing J, in amps cm-* this becomes ; 


A = 4.210 x 10-h,53(m,/m,)'?T3?/a°I, (59B) 
and for Case CLA in mercury 
A = 1.119 x 10-5T?"/a*J,. (60) 


Thus in Run 37a? where the arc current was 8.0 amps, 7, = 19,500°, 
a = 1.6 cm, and I, = 2.29x 10-8, and we find A = 5.19x 10-7. In Run 34b 
at the other extreme of this group of runs the arc current was 0.5 amp. In this 
case T, = 27,500° and J, = 0.17x 10-*, whence A = 1.17 10-®. From Table 
Ila it is readily found that V?7 at the potential maximum has its largest value 
4.94 in the plane case. We thus confirm the smallness of AV?y at the origin 
relative to the other terms of Eq. (13). How far out this term may be neglected 
will be discussed in the next section. 


IV. The Sheath Edge and Sheath 


The limit of validity of the plasma equation.—We have already noted that the 
approximation which gives the plasma equation fails at some value of s less 
than sy because of the fact that V2 becomes infinite at s). Physically, of course, 
this is just the type of development that is necessary to give a sheath. Accor- 
dingly, the problem of carrying the solution up to and past 5s, is the problem 
of the sheath edge and sheath. 

Only the low pressure case will be analyzed in this section and that com- 
paratively roughly because the plasma-sheath transition is inherently more 
complicated than either plasma or sheath alone. The high pressure case might 


™ L. and M-S. Table III, Part II. 
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be covered by the assumption that the ion velocity was proportional to the 
electric field, but there is a wide range of pressures for which the ion may drift 
in the plasma yet fall freely through the greater part of a thin sheath. 

The first question which arises concerns the point at which the plasma 
solution should be abandoned. We may, without definitely committing our- 
selves for the present, say that we shall have to do this when the Poisson term, 
neglected in the plasma solution, becomes equal to a certain fractional part, 
@, of either of the other two terms, that is when 


Ad*n|ds? = Be-", (61) 


Here V2n has been replaced by d?n/ds? since the only sheaths which will be 
considered are those which are thin compared to the radius of the tube. 

The point on the plasma solution at which this relation is satisfied is desig- 
nated on Fig. 6 by ng, se. The coordinates s, and ng are most easily expressed 


COMPLETE 
SOLUTION 


PLASMA 
SOLUTION 


SHEATH 





Fic. 6. The relation of the plasma and complete solutions of the 
plasma-sheath integral equation. 


by their differences dsg and én from s, and 7) respectively. In order to evaluate 
ésq and 6y , d?n/ds* must first be expressed with 7 as the independent variable. 
We have 

nds = (ds/dn), d?y[ds* = —(d?s/dy?)(ds/dn)* (62) 
A Taylor Expansion gives 


ds = + (3)s0'6q?[1 + 67 (---)] (63) 
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where és = s—sy, 67 = N—Mo, 59 denotes the value of d*s/dy? at s,, and the 
term involving sg is absent since s; = 0 by definition of s,. Neglecting all 
but the lowest order terms in 67 we also have 


ds/dn = s’ = s)'6n 
d?s/dr? = s” = sy’. 
Substitution in Eq. (62) gives 


dn|ds = s5'-* dn (64) 
6?y/ds? = —sy’-* dn-3 (65) 
In addition, : 
er =e" 


to the same degree of approximation. 

_ Then 679, the value of —én for which Eq. (61) is satisfied, (the minus 
sign being inserted simply to make dng intrinsically positive), is found through 
substituting the last two equations into Eq. (61). It is found to be given by 


dn3 = Aer|si2@ (66) 


The corresponding value, dsp, of —dés can be found from Eq. (63). In case 
CLA 
$0’ = —0.635 


so that using A from Eq. (60). 


dng = 2.064 x 10-5T,!%a-*87 shu 
and 

6sq = 1.35 x 10-°T,a-*8J 28h -28- 
for mercury. 

As example we may take the two runs already used. Noting that ¢”/s9’* 
= 7.88 in Case CLA, the values of A already found substituted in Eq. (66) 
give immediately 

6ne = 0.0160/H"* and dye = 0.045/6"8 


for the 8 amp and 0.5 amp arcs respectively. Thus for ® = 0.05 we have 
dno = 0.045 as dng = 0.122 
bse = 6.4 10-4 bs9 = 47x 10-4. 


The extension of the general plasma-sheath equation, Eq. (4), past no, 
S@ is very much more complicated than the solution of the plasma itself. In 
addition, the only theoretical result which finds application at present is the 
sheath thickness, and that occurs only as the correction to the discharge tube 
radius which gives the plasma radius. Accordingly, the present treatment of 
the problem will be only approximate. The solution involves three simplifi- 
cations of the general plasma-sheath equation. The first consists in the replace- 
ment of V? V by d?V/dr? as already noted in connection with Eq. (61). The 
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second concerns the ion charge term of the general equation and results in 
the elimination of the integral. The third consists in dropping the electron 
charge term when it becomes negligible. 

Regarding the second simplification it is to be noted that in A cases the low 
and rapidly decreasing electron density in the wall sheath suppresses the gene- 
ration of ions there, and in any case, the thinness of the sheath will render its 
ion contribution negligible compared to that from the plasma. Hence the ion 
current density through the sheath can be assumed to be constant and to have 
the value calculated for sg. This value is equal to J,, the value at sy, to within 
a quantity of the order of ésg or 67%. To calculate the ion space charge the 
velocities of the ions must also be known. The plasma equation enables us to 
find the single velocity which is equivalent as regards space charge to the actual 
distribution of ion velocities at sg. The same steps that yield Eq. (58) lead to 

Te = so[hpe*"o (67) 
where nq is the 7 corresponding to the equivalent single velocity. A serious 
difficulty enters here, for it immediately appears that 7%» is characteristic of 
Ne, S@ only. For example, 7,, corresponding to the single equivalent velocity 
of the stream at 7, So, is not 79+», but by combining Eqs. (57) and (67) 
it is found that 

Tho = Tot 2sphge* dno = Not 1.476no (68) 
in Case CLA. This is indicated qualitatively in Fig. 6. If jo and 7 represented 
mean potentials of origin of the ions, the expected relation would have been 
correct. Actually the average here encountered is the reciprocal square of the 
mean reciprocal square root of ng—7n and y.—7 respectively. In the present 
solution, however, we shall treat 79 like a simple mean value rather than the 
complicated average which it really represents. The positive ion space charge 
in the sheath then becomes (m,/2kT,n,)"I, where n,=1—net+Ne-. By Eq. 
(55A) this becomes engsyhyn,-"? and using this in place of the integral term in 
Eq. (4) we have 

@?V |dr?—4en,e-"+ 4tengsyhon, 3? = 
which can be reduced to 

Ad*n|ds?+-e-"—sghon,? = 0 (69) 

A being given by Eq. (59A). 

In order to bring this equation into a form which has already been treated 
by Langmuir it is convenient to substitute for s(= ar) a new independent 
variable £, which is defined by the following series of equations 


dt = dr|x, (70) 
T, = ((2)¥?/97) (e/m,)?W3?/x5 (71) 
W, = kT, |e = T,[11,600 (72) 


** J. Langmuir, Phys. Rev. 33, 976-980 (1929) Eq. (68). 
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dé rather than & being defined since the origin of é’s is better left indefinite 
for the present. The physical significance of W, and x, are evident from their 
relation to electron temperature and the simple space charge equation res- 
pectively. As the new variable appears in the first term only of Eq. (69), the 
substitution is most easily carried out by means of the relations 
ds? = a®dr? = a®xi dé 
followed by substitutions for x3 and W, from Eqs. (71) and (72). It is found 
that 
A/ds? = 9syhy/4dé* (73) 
so that : 
d'n|de = (4/9) (n7*?9—€-"/syho) 
Integrating once, it is found that 
(dn|dé)*— (dn]db); = (16/9)ni*—7y*— (1— 8" )e"?/2soho]. 

Evaluating (dn/dt), by means of Eqs. (73), (61), (64), and (65) we find 

(dn/d8)s = (4€°"*/9sqhe) Pino. 

In order to proceed, a further approximation now becomes necessary. The 
quantities 7» and 7 must be replaced by 7 and 7) throughout both the above 
equations. Thus 7, which was equivalent to 7—7»+7 is redefined as 7—7)+1- 
Naturally, dy, can be written for dy in the derivatives. Making use of Eq. (58) 
to eliminate sot), the differential equation then becomes 

(dn,/4é)>— (4/978) Gn» = (16/9)[n*—HY—(1—e""™)/2joP* (74) 
The right member now vanishes when 7 = 1 (i.e. 7, = 7). The left member 
then tells us that the electric field at 7, sy has the value which we had sup- 
posed it to have at 79, sp. Thus the effect of the last approximation has been 
to transfer the beginning of the sheath solution to 7, so as regards ion and 
electron space charge concentrations and ion velocities but to retain the correct 
value of initial electric field. 

The next integration has to be performed in three steps, namely; A. By 
expansion in a Taylor Series at 7, = 7, giving 





B= GR VAMG— In 2H (17) In eh 
for the range 7) < 7, < 27. Putting 7 = 0.736 for Case CLA the value of 
é for 7, = 27 becomes 
€]i.a72 = —0.449—1.23 In (Gdyq). 


B. By quadrature of Eq. (74) neglecting (4/973)®éno, giving for Case CLA 
Ns 1.472 2.944 4.416 
§—E)iaz 0 2.82 4.40 
in the range 27) <n, < 67%. 
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C. By integration of Eq. (74) neglecting the exponential (electron space charge) 
giving, finally 
& = (n¥?+2.88)(ni*—1.44)"2—0.10—1.23 In (Gdne) (75) 


for Case CLA when 7, > 67, ¢ being measured from 5. 

In Run 37a already cited, it was found that én, = 0.045 when # = 0.05. 
We have also found that the potential of the tube wall is given by 7,, = 6.30 
= ,+m—No- whence n, = 5.88 and 


&, = 5.16—1.23 In (Bd7¢) (76) 


where &, measures the sheath thickness on a non-conducting wall. Thus 
é, = 12.7 whereas the same ion current space charge limited in the absence of 
electrons would give 


&,, = (5.88)* = 3.78. 


This sheath, then, is 3.3 times what might be called the normal thickness. In 
Run 346 (0.5 amp arc) én = 0.12 for ® = 0.05 and &,, = 11.4. 

The exact sheath solution would not involve ® which is a measure of the 
error tolerated in the plasma solution before it is abandoned, and consequently 
the presence of © can be used to estimate the degree of approximation involved 
in Eq. (75). Since én varies with ®-, the term which is variable in ® becomes 
—0.81 In®. Thus a two-fold change in ® causes a change in & of only +0.56 
which is less than errors introduced in the integration of Eq. (74). 

The relation between é,, and the tube radius is most readily obtained from 
Eq. (73). Putting @ for As/sy, the fraction of the tube radius occupied by the 
sheath, this gives 

@ = (2/350)(A]sohtg) Eu. (77) 
In Case CLA this becomes 
o = 1.662A'E. (78) 


Whence, in Run 37a, g@ = 0.015 and in Run 34b, 9 = 0.065. 


V. Effect on the Plasma of an Ion Temperature 


Up to this point the theoretical treatment of the plasma has been based 
on the assumption that newly formed ions start from rest, whereas it is most 
reasonable to suppose that they actually posses the velocity distribution charac- 
teristic of the gas atoms from which they have just been formed. W. Schottky’s 
treatment”? of the short mean free path case includes consideration of such an 
ion temperature. Here the long free path case is handled. In view of the result 
that the difference in voltage between the potential maximum and the sheath 
edge is of the order of T,/11,600 in the cases so far discussed, whereas any ion 


*” Schottky, Phys. Zeits. 25, 342 (1924). 
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temperature effects would probably be confined to a voltage difference of 
T,/11,600, (7, = T,) this assumption appears to be justified in the main. Only 
in the neighborhood of the potential maximum could the ion temperature con- 
ceivably influence the result appreciably, and it is possible to evaluate there 
the first and second order corrections from this cause. 

Case PLJ will serve as the example. As before, 7 denotes —eV/kT,, but in 
addition it is convenient to introduce 4 to denote —eV/kT,. The plasma-sheath 
equation now takes the form 


AV yee ral Fexp (un) [Plu] a, 


+J exp un, da,} = 0 (79) 


where P(x) = 2x7? fe-"dt, and g = s(T,/T,)'? takes the place of s in the 
0 

previous analyses. We shall not give the derivation of this equation. Let it suffice 
to point out that the first integral gives the density of the accelerated ions origi- 
nating at values of 7, (or y4,) less than (or ») and the second integral gives the 
density of the retarded ions originating at values of 7, (or u,) greater than 7(or 1) 
and that these expressions include the flow of ions across the potential maxi- 
mum. The two integrals can be rearranged to give 


co Q 
a f exp (u—y,) dq,—2™ f exp (u—p,)P((u—m)") da. 
0 0 
Assuming the solution 
w= Be+CH+ --- | 
uw, = BG+CH+ --- ” 


the first integral immediately above, which will be denoted by H,, becomes 


co 


H, = ae" { exp (—Bg?—Cqt— ---) dq,. 


(80) 


Now, to the present degree of approximation 


H, = H, l 9 t CGHi/4C)c-0 
\c= 


by a Taylor Expansion, so that 


H, = ane f Bd dq,+C f —qte-Bt aa,| 
0 ° 
and 
Hy = (/2B"")e#[1—3C/4B?] = (x/2B"*) (14-4) [1—3C/4B]. 
14 Langmuir Memorial Volumes V 
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The second integral expands to 


H, = 2f [(u—)4 (2/3) (u—w)"*+ +] da. 


Using the assumed solution we have 
H, = 2f [(Bg¢-+Cqo'—Bg—Byt)'*+ (2/3)(Bg + Co'—Bgt—Bat)**] dq, 
Q 


and applying the same method as before 
H, = (xB*¢@?/2)(1+ Bq?/2+5q°C/8B). 
Eq. (80) can be written 
gt = (#/B)(1—nC/B*+ --). (81) 
Using this to express H, in terms of u we have 
Hy, = (mu/2B")(1+4/2—3Cy/8B?). 
If T,/T, be noted by t then 7 = ty and Eq. (79) can now be written 
A’'Viu+e-“— H, +H, = 0. 
Neglecting A’Viu, expanding e~*, substituting for H, and H,, and equating 
sums of coefficients of like powers of u to zero, it is found that 
1—(7/2B*)(1—3C/4B*) = 0 
—t—(2/2B'*)(1—3C/4B*)+2/2B'? = 0 
whence 
B= 2*/4(1+7)?, C = az/12(1+9r)*. 
Noting that g? = s*/t and u = 7/t we thus find for Eq. (81) 
$= (21+ aya] [L—2n/3(14+2)+ 
for the plasma solution in the neighborhood of s = 0, at which place, as has 
been pointed out, the ion temperature will have the maximum effect. Com- 
parison with the solution originally obtained (Table IIb) shows that the distor- 


tion introduced by the finite ion temperature is only of the order of T7,/T,, 
a very small quantity in most cases. 


VI. Potential Distribution in the Plasma 
Part II — Internal Plasma 


The cases hitherto treated have all dealt with outward motion (in the extreme 
case parallel motion) of the ions toward an external collector. If, however, 
a negatively charged electrode is placed in the midst of the plasma this electrode 
becomes surrounded by a potential maximum and an entirely new condition 
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arises in which the ions generated inside that maximum flow inward while 
those generated outside flow outward. Among the three plasma shapes already 
investigated it is evident that in the plane case the introduction of an additional 
infinite plane electrode parallel to the walls leaves the problem formally un- 
changed. On the other hand, introducing an axial cylindrical electrode in a 
cylindrical tube, or a central spherical electrode in a spherical bulb does change 
the problem. It is readily seen that the lower limit of the integral expressing 
the ion concentration in the plasma equation, Eq. (14) for instance, must lie 
at the potential maximum. Thus, to deal with the new cases, the zero limit 
of the integral has to be replaced by the finite value of s, say S, which corre- 
sponds to the radial distance of the potential maximum. Hence, the equation 


becomes, 
s 


es f shes (n—7,)* ds, = 0. (82) 


s 


As before, an expansion in series can be attempted, 
s—S = (2/x)n*(1+-aynt ---) 
outside the potential maximum and 
s—S = — lay ™(L+b.+ 


inside the potential maximum. The coefficients a,, ag,..., 5,, bg,.... are func- 
tions of S. Unfortunately, for the smaller values of S these series do not con- 
verge for all values of 7 less than 7 with the result that rigorous solutions would 
be most complicated even if at all possible. It is questionable whether any invol- 
ved mathematical investigation which is intended to cover electrodes of all 
sizes is justifiable.2* 

But the case of a very small cylindrical collector is of particular importance, 
because fine wires are often used experimentally as probes. In this instance 
the external plasma, namely that part of the plasma outside the potential maxi- 
mum, very soon becomes indistinguishable from the plasma about an axial 
potential maximum and equations already derived can be applied. Inside the 
potential maximum an approximate mathematical method can be used. This 
method was employed before the rigorous solution of the long free path plasma 
equation had been found and applies strictly only when ionization is uniform. 
It gives the comparative results shown in Table IIb. 

The approximation is made by supposing that the ion density at A, Fig. (7), 
is caused by ions starting from the potentials lying on the broken line As,S 


38 In the very short mean free path cases rigorous solutions are readily obtained. These solu- 
tions involve the zero order Bessel Functions of both the first and second kind in the cylindrical 
case and (cos s)/s as well as (sin s)/s in the spherical case. 


ue 
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rather than from the potentials lying on the actual potential curve ABS. As, 
is tangent to ABS at A. On this basis 
2 = n+(s,—s)y’ whens<s,<s, 
n, =90 when s,<s,< S 
$,—s = —n/n’. 





x 


Fic. 7. Illustrating the approximation made in solving the internal plasma case. 


These are the quantities now to be introduced in the integral of Eq. (82) after 
making that equation apply to uniform ionization (€~"s = 1) and to the cylin- 
drical case (8 = 1). The integral breaks up into two parts 


* 


s 
(n'y f ses) tds, + f s,s, 
*t 


which combine to 
n*#[(S?#—s*)/2—sn/n' +(n]n'P/6]. 


Dropping (n/n’)?/6 because it is always negligible we have the approximate 
differential equation for an internal cylindrical plasma 


e418 [(S?—s?)/2s—n/n'] = 0. 


The substitutions o = s/S and ¢ = 77/S convert this equation to 


2ole-"-+ 0? ++ ofdo/dt—1 = 0. (83) 
In the limit, when S is zero, e~*5* = 1 and 
20¢-+0?+ otdo/dt—1 = 0. (84) 


The solution of this equation which satisfies the boundary conditions at s = S, 
(i.e., at o = 1) namely, that € = 0 and dt/do = 0 there, is 


2t(o+L)+In (1—20t) = 0 (85) 


or in terms of s and 7, 


(2/S?)(n-+sy”)-++In (1—2sy"2/S2) = 0. 
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Fig. 8 is a plot of this limiting form of the plasma equation. With increasing 
n Eq. (85) rapidly approaches the limiting form 
2of = 1—-e-H-1 = 1. 
Thus when 7'/S > 1 the internal plasma solution may be written 
n = S4/4s?, (86) 


If as before, Eq. (61) be used as the criterion for the failure of the plasma 
solution as the sheath is approached, the limit of validity is again given by that 


2.0 
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Fic. 8. Limiting form of potential distribution in plasma. 


equation. In our present approximations, however, e~” may be taken as unity 
and it is found that 


S'/s = GA, 9 = S(A/D), no = S°O 2/441”, 


Thus, choosing ® = 0.05 it is found in the two cases previously cited that 
Sq = 0.0571 S, no = 78.8S? in the 8.0 amp arc of Run 37a 
S@ = 0.123, no = 16.3.S? in the 0.5 amp arc of Run 34b. 
In order that errors arising from putting e~? = 1 should not be serious, it may 
be insisted that for the present approximation 7» < 0.25. If follows that in 
Run 37a, S < 0.056 whence s, < 3.2x10-%, or in terms of fractional tube 
radius s¢(int)/sg(ext) << 4.1x10-%. In Run 34b these quantities come out 
S << 0.124, so < 0.0153, sg(int)/sg(ext) < 0.0197. Thus, for the present for- 
mulae to hold within the approximations stated, the radius of the probe used 
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in Run 37a would have to be somewhat less than 1/250th of the tube radius 
and in Run 34b somewhat less than 1/50th. Further quantitative relations 
depend on the possession of an adequate sheath theory for this case. 

A striking feature of the internal plasma is the very uniform potential through- 
out all but a small portion near the internal electrode. Thus Eq. (86) shows 
that when s = S?/2 then 7 = S*. Accordingly, at least three-quarters of the ions 
generated in the internal plasma are formed at less than 7 = S? below the maxi- 
mum. Even though S be as large as 0.1, the majority of these ions will possess 
enough thermal energy to cross the potential maximum and escape from the 
probe vicinity, for the ratio t = T,/J, is rarely less than 0.01. This means that 
the trapping of ions by the potential maximum is relatively unimportant in 
the case of a fine wire probe. Of the ions reaching the probe only a small frac- 
tion may originate within the internal plasma; the vast majority have crossed 
the maximum from the outside. Thus the negatively charged probe can be 
treated on the present theory just as it was on the old.?*3° 

The important case appears to be that in which the collected current is 
limited by orbital motion. The equation for the resulting volt-ampere char- 
acteristic may be written*® 

i} = (4A'T3|x) (—eV IAT, +1) (87) 


where i, is the positive ion current to the probe, A is the probe area, I, is the 
positive ion current density in the plasma about the probe, and V, is the nega- 
tive probe voltage measured with respect to the potential maximum in the 
plasma. Thus if the square of the observed current i, be plotted against the 
collector voltage V, a straight line will be obtained whose negative slope Z is 
given by 

I,/Ti* = (ak/4e)22"2/A. (88) 
In the previous applications of this theory it has been assumed that J, at the 
tube axis was substantially equal to its value at the wall, and on this basis values 
of T, were calculated which were comparable with T,. It will be observed, 
however, that in view of the general kinetic theory relation 

([/e)T?? = n(k/2xm)"2. (89) 
Eq. (88) can say nothing regarding I, and T, individually. It can yield only 
the ion density in the plasma near the probe 
n, = (xm, /2e)!?512/Ae = 3.32 x 10% (m,/m,)221?/A cm-$ 

if X is expressed in amp volt-1?, It might appear possible to use the addition 
of unity to —eV,/kT, in the second factor in the right member of Eq. (87) 


for determining T, and J,, but the extrapolation required and the uncertainty 
of the zero point of V, among other factors make such an attempt futile. 


3° L and M-S, Part I. The next few equations are taken directly from this article. 
3° H. M. Mott-Smith and I. Langmuir, Phys. Rev. 28, 727 (1926). 
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Although Langmuir and Mott-Smith have apparently used this method 
for measuring ion density with success, two difficulties appeared in the tests 
already tabulated in Table III. The first is evident in the table, namely, that 
the apparent density (Column 6) obtained for the ions in this way has approxi- 
mately twice the value of the density found either by Eq. (55) or from the posi- 
tive branch of the volt-ampere characteristic of the probe, as treated in Section 


Characteristic of fine cylindrical 
probe collecting ions 
Hg saturated at 0°C 
Arc current 5 amp. 

Probe, diam. 5x10°cm, length L55cm 





VII. The second difficulty is illustrated by Fig. 9, where it is seen that the 
straight line coinciding with the upper portion of the curve cuts the axis not 
at the space potential as theoretically required, but some 6v negative to it. 
Only the first run was normal in this respect. Neither of these difficulties casts 
serious doubt on the proposed theory; because the questions raised pertain 
rather to the theory of the collector. Quite apart from any plasma theory the 
ionization densities as determined from the two ends of the volt-ampere charac- 
teristic should agree, and yet there is the two-fold difference between Columns 
6 and 7 of Table III. 

If probes of greater and greater diameter be employed there are two im- 
portant effects. The diameter of the potential maximum increases and as a first 
result the number of ions generated in the internal plasma increase more rapidly 
than the number crossing inward over the potential maximum. This occurs 
because the former number is roughly proportional to the cross-sectional area 
of the internal plasma, while the latter is proportional to the perimeter of the 
cross-section. As a second result the average potential within the internal plasma 
decreases with respect to the maximum so that a smaller proportion of the 
ions generated inside the maximum escape. The progression of these two factors 
thus accomplishes the transition from the condition where the small electrode 
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only intercepts a part of the low temperature random ion current which is 
flowing around it to the condition where the large electrode determines a volume 
in the plasma from which it drains all the ions generated there. 


VII. Potential Distribution in the Plasma 
Part III — The Vicinity of a Positively 
Charged Electrode 


It has been pointed out that if an electrode whose exposed area is just suffi- 
cient to receive a random electron current equal to the arc current be used 
as anode there is zero anode drop.*! If the electrode area is greater than this 
critical area the anode drop is negative, if less than this positive. A collector 
having an area equal to or greater than this critical area in a discharge tube 
carrying a fixed arc current can be maintained at any desired potential negative 
to the plasma without any material effect on the plasma potential, as this is 
fixed by the anode. If, now, the collector potential is raised past the anode 
potential, the collector becomes anode and the plasma potential rises with it, 
the original anode thus taking the role of negative collector. Only when the 
electrode area is but a small fraction of the critical area can it be maintained 
at a voltage considerably positive with respect to the plasma. 

The simplest case to consider is that of a small wire in a plasma of large 
dimensions relative to it. This case has not, as yet, been treated quantitatively 
since qualitative considerations seem to suffice for the present. The potential 
distribution is of the type shown in Fig. 10. The space charge in the sheath 
is made up of orbital electrons and out-going ions which have been generated 
in the sheath and whose space charge contribution may be very small except 
near the sheath edge. The electric field decreases to zero (or at least a very 
small value) at the sheath edge or plasma potential maximum, and from that 
point out the potential distribution is approximately normal. There are two 
disturbing factors, the drain of electrons from the plasma and the ions flowing 
outward from the sheath. Over wide ranges of potential on a fine wire the for- 
mer results in only a very small electron deficiency and even when this beco- 
mes considerable it is compensated by the proportional decrease in ion gene- 
ration. The second factor can be compensated by a slight increase in curvature 
of the plasma potential curve which causes a decrease in the space charge con- 
tribution from ions generated immediately outside the sheath edge. Thus a po- 
sitively charged electrode of this type does not affect more than a small region 
in the plasma and the theory of electron collection which calls for a straight 
line i3—V plot as previously outlined applies.*? Ionization densities calculated 
in this way have already been given in comparison with the results of other 
methods in Table III. 


3 ZL and M-S, Part IV, p. 766. 
32 TL and M-S, Part I, p. 455, and Part III, Fig. 10. 
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It is probable that the thickness of the electron sheaths in such cases is con- 
siderably greater than the value obtained from the ordinary space charge equa- 
tion because of neutralization of electron space charge by ions generated within 
the sheath. They are generated there at a greater rate per electron than at the 
plasma potential maximum because of the higher electron velocities.*? But 
this greater rate of generation does not lead to a net positive charge as the large 
electric field rapidly gives the ions considerable velocities. At the plasma po- 
tential maximum, however, the space charge neutralization is practically com- 
plete. Accordingly, near the sheath edge (plasma potential maximum) and 
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| 
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Fic. 10. Potential near a positively charged cylinder. 


for some distance within it there will be appreciable neutralization of electron 
space charge by the ions. The resulting increase in the sheath thickness may be 
sufficient to make orbital motion the factor limiting the current to the electrode 
even with electrodes of comparatively large diameter. Such a collector has 
actually been found to give an approximately linear 12—V plot at small posi- 
tive potentials.™ 

A more complicated case is that of a small positively charged electrode on 
the tube wall. Collector H,°5 a square plate 1.9 cm on a side, bent to fit the wall 
of the 3.2 cm diameter discharge is such an electrode. Fig. 4*° shows that with 
2 amps leaving the cathode, a constant current of 1 amp reached this collector 
in the voltage range —10 to —5 v measured with respect to the anode. The 
present theory makes a rough calculation of the magnitude of this current pos- 
sible.** As the potential of H was increased up to —10 v, the maximum plasma 
potential opposite it in the discharge tube remained fixed at —10 v. (Strictly 


*3 See Section VIII (3). 

* L and M-S, Part III, Fig. 11. 

%% L and M-S, Part II, Figs. 3 and 4. 

3* See also the treatment of this given by I. Langmuir, Phys. Rev. 33, (1929). 
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speaking, of course, there is no potential maximum in the plasma near H because 
of the arc gradient, but the resulting differences of potential over the width 
of H are so small compared to the radial plasma potential differences that the 
arc gradient is neglected in the present discussion). If, as the potential of H 
with respect to anode was still further raised (the total arc current being main- 
tained constant at 2 amp), the plasma had tended to rise with it, the whole 
arc current would have flowed to it immediately. This is what would occur 
with a collector somewhat larger than H, as was pointed out at the beginning 
of this section. But as H varies from —10 to —5 v the maximum plasma po- 
tential opposite remains practically constant at —10 v. The existence of the 
saturation current is then accounted for in the usual way by the formation of 
an electron sheath over H so that the whole random electron current crossing 
the sheath edge is captured by H, whereas no ions can reach it. 

A fairly good approximation to the conditions in the adjacent plasma when 
H is drawing its saturation current would be obtained if H were replaced by 
an orifice in the tube wall opening into a second discharge tube identical with 
the first in size as well as excitation. The most important difference is that in 
this hypothetical case electrons travel both ways through the orifice, but this 
is not thought to be an essential difference since the actual one-way flow results 
to a first approximation only in lowering the electron density to one-half, the 
ion density dropping in proportion due to the proportional ionization. Our 
hypothetical picture shows that for small openings there is a saddle-like po- 
tential distribution in the hole, the pommel lying in one tube, the cantle in 
the other. As the size of the hole is increased, the plasma maxima in the two 
tubes approach each other along the hole axis, finally merging into a single maxi- 
mum at the center of the hole. This size undoubtedly corresponds to the size 
at which H would become anode as soon as it reached plasma potential. Since 
this did not happen, the plasma maximum lies some distance from the edge 
of the sheath on H. Thus we may adopt the plasma maximum as the upper 
limit of the plasma potential in contact with the sheath edge at the center of H. 

The radial motion of the ions over the cross-section of the hypothetical 
hole is so similar to their motion in a cylinder that we are led to use the same 
mean value of e~” over the sheath edge of H as over the cross-section of a cylin- 
der, namely, 2h, (Eq. (53)). Then applying the Boltzmann Equation to the 
electrons at the sheath edge the current density is found to be 

e—"nge (kT,[2xm,)"? 
at any point of H and to average 
I, = 2g (kT,[2xm,)\” 

over the whole of H. 

The use of the Boltzmann Equation in this case where accelerating fields 
are involved needs some justification. The hole analogy indicates that the plasma 
equipotentials are perpendicular to H at the sheath edge, so that with respect 
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to tube radii the plasma potential at H is a minimum. In addition the accelera- 
ting field from the edge of H toward its center is similar in nature to the acce- 
lerating field toward the axis of the discharge tube which does not lead to any 
apparent discrepancies, and the flow of electrons toward H across the sheath 
edge is analogous to their longitudinal drift in the discharge tube. The chief 
effect of the accelerating field at H is to reduce the electron density at the sheath 
edge everywhere to one-half normal, the effect of which has already been dealt 

with. 

Combining the equation for J, with Eq. (55) the ratio of I, to J, is found 
to be 

I.JI = (m,|m,)"2[755 


= 0.731(m,/m,)"* Sa 


which, in the case of Hg gives I,/I, = 444, as an upper limit. This is to be 
compared with the average experimental value 380 of six low pressure runs.*? 


VIII. General Arc Relations 


It will be shown in this section that the plasma balance equation completes 
the number of relations necessary to determine all the variables of the positive 
column of an arc as a function of one of them. Although all these relations 
are recognized qualitatively, the complete quantitative formulation of certain 
ones is lacking. For this reason the discussion undertaken here is to be regarded 
as suggestive of the possibilities offered by the theory and also as serving, per- 
haps, to define the problems still awaiting solution. 

The variable quantities involved in the positive column of an arc may be 
divided into two classes, the independent and the dependent. Among the for- 
mer belong the gas used, the tube radius a, the gas pressure p,, and the wall 
temperature, which, in case the atomic mean free path is comparable with a, 
may be used for the gas temperature T,. One of the arc variables proper must 
also be included in this category — experimentally it is usually the total arc 
current ¢,. The dependent variables are, therefore, the axial electric field Z, 
the electron density in the axis n,, the electron temperature T,, the positive 
ion current density at the wall J,, and the number of ions generated per elec- 
tron per second, A. These variables are’five in number and five equations will 
be required for their complete determination. These equations, involving 
various more or less accurately known relations and constants will be discussed 
individually for the low pressure (Case CLA) arc. 

(1) The Plasma Balance Equation. Eq. (46).—This is the essentially new 
equation given by the present theory. When the wall sheath is not thin the 
tube radius a must be corrected by using Eq. (77). Further, this equation only 


* L and M-S, Part II, Table III, Runs 34b to 37a. 
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applies strictly when ions are formed by a one-stage process, for only in that 
case is the ion generation at a point proportional to electron density. In the 
hypothetical case that ion generation is entirely a two-stage process, the rate 
would tend toward proportionality to the square of the electron density. Now 
the transition from uniform ion generation to ion generation proportional to 
the first power of electron density causes s, to go from 0.5828 to 0.7722. Hence 
the further complete transition to proportionality to the square of the electron 
density would probably cause a further comparable increase in s). It seems 
probable, however, that not until high arc current densities and high gas pres- 
sures as well are reached will this effect on s, become considerable, for s, de- 
pends on the distribution of the ion production through the tube cross-section 
and not on its magnitude. Thus the ionization of excited atoms may be contri- 
buting effectively to the total ionization, thereby causing the ‘‘constant” 2 
to increase with ¢,, but as long as these excited atoms are distributed with fair 
uniformity over the tube cross-section (as in the case at low pressure) sq will 
be but slightly affected. 

(2) The Ion-Current Equation, Eq. (55A).—Deviations from the one-stage 
ionization process will also affect the accuracy of this equation. But since sohy 
changes only from 0.2914 to 0.2703 in passing from uniform to proportional 
ion generation this equation is much less dependent on ionization mechanism 
than is the plasma balance equation. 

(3) The Ion Generation Equation.—In accounting for the ion generation 
Killian®* has assumed that the ionizing is done by those electrons in a normal 
M.D. which possess velocities greater than the equivalent of the ionization 
potential V, of the gas. As Killian points out, it is sufficient for this purpose 
to represent the ionization probabilities at the lower voltages only and these 
are given accurately enough by the relation 


P= B(p,/T,)(W—V,) (91) 


where P is the number of ions generated per electron per cm of path at gas 
pressure p, and temperature T, (the really significant variable is density) and 
where W is the equivalent voltage of the ionizing electrons, V, is the gas ioni- 
zation potential, and £ is an experimentally determined constant. It is the slope 
of the P vs. W curve reduced to unit pressure and temperature. Using VW, 
for T,/11,600 the calculation of 4 on the basis stated gives 


= 6.70 x 10°B(p,/T,) W722(2+ V,/ Wee" (92) 


Judging from the shape of the experimental probability curves*® it seems more 
reasonable to assume that initially P is proportional to the excess velocity of 


38 Forthcoming article in Phys. Rev. 
8° K. T. Compton and C. C. Van Voorhis, Fig 6, Phys. Rev. 26, 436 (1925) and T. J. Jones, 
Fig. 2, Phys. Rev. 29, 822 (1927). 
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the electron rather than its excess energy. The only effect of this assumption 
is to change the 2 in the parenthesis of Eq. (92) to 3/2. Thus, putting 


Sx = 6.70 x 107(W,/V,)°? (3/24. V/V) a (93) 
and 
a, = BV}? (p,/T,) (94) 
we have 
A=afy. (95) 


A plot of f, facilitating calculations of 4 is given in Fig. 11. From Compton 
and Van Voorhis fp,/T, is 1.4 where p, = 1 mm = 1330 baryes and T, is 
room temperature, that is about 300°K.‘° Thus £ = 0.31 for mercury vapor. 





Fic. 11. Variation of relative ionizing power of electrons with their equivalent voltage. 


Also, V, = 10.4. For the case illustrated in Fig. 3 we may assume T, = 400°K 
roughly. Correcting 0.27 baryes, the vapor pressure of Hg which is saturated 
at 1.4°C, for thermal effusion it is found that p, = 0.33 baryes, whence a, 
= 0.0086. Since T, = 38,800°K, V,/W, = 3.11 and from Fig. (11) f, = 2.5 
X 10° giving 4 = 2.1 10*. Eq. (48) can also give a value of 4. Using a = 3.1 it 

4° By letter K. T. Compton has explained that the pressure of 1 mm, given in Fig. 6 (loc. cit.) 


‘corresponds to the initial temperature of the ionization compartment before any heating occur- 
red there. 
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is found that 4 = 4.510 which is rather satisfactory agreement in view of 
(a), large uncertainties in 8, and (b), the large errors in f, which arise from 
small errors in T,. 

Thus the plasma balance equation and the ion generation equation together 
constitute a pair of simultaneous equations in the variables A and T, only, which 
should fix these two arc variables irrespective of the others. The simultaneous 
graphical solution of the two equations is given by Fig. 12. The relatively small 
changes in 7, for large changes in a and a, is evident. 
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Fic. 12. Simultaneous solution of plasma-balance and one-stage ionization equations. 


The fact, however, that J, does vary with arc current, decreasing in general 
with increasing current, indicates that two-stage ionization processes contri- 
bute appreciably to the total ionization. How important such processes may 
be is shown by a comparison of the values of 4 given in the last two columns 
of Table I. These values were calculated in the same way as the values of 4 for 
Killian’s results. The fifth column gives the rate of ion generation necessary 
to maintain the plasma, the last column the rate at which the one-stage process 
can supply ions. The rapid failure of this source of ionization with increasing 
arc current is evident. : 

Unfortunately a new element of uncertainty has been introduced in the 
attempt to confirm Eq. (95) further by the additional experiments already men- 
tioned in connection with Table III. It is to be noted that the electron tempera- 
tures there listed are considerably lower than those found by Killian, who 
for instance found 38,800° under apparently the same conditions as those which 
gave us 27,800° as listed in the second row of Table III. 
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4) Mobility Equation.—Killian has used** Langevin’s Mobility Equation 
ty Equai 8 y tq 
Be = 0.75el,/mv, (96) 


where y, is the electron mobility, J, the electron mean free path and 0, the 
average thermal velocity, to calculate the electron mean free path from the arc 
current i,, arc gradient Z, and N the number of electrons per cm length of 
column through the relation 


i, = NewZ (97) 

The value so obtained checks well with the accepted value. Combining these 

two equations and noting at the same time that 0, = 2(2kT7,/xm,)"* and that 
N, is given by Eq. (54), it is found that 

t, = 0.7529 *hge*a*ngl,Z|/(mkT,)'? (98) 


= 8.7x 10-a'n],Z/T}? (99) 
for Hg in practical units. 

(5) Energy Balance Equation.—Although the types of energy loss in the posi- 
tive column are probably known, their quantitative formulation is not possible 
as yet. The power input is, of course, 1,2 per cm of tube. Of this, the kinetic 
energy of the ions striking the wall accounts for approximately 2xaI,(n,,—0.3) 
kT,/e ergs sec-', the 0.3 being estimated as the average potential drop in the 
plasma. The electrons striking the wall account for 2naI,2kT,/e and the heat 
of recombination for 2zaI,V, watts. In addition, the ions will, on the average, 
have fallen through various distances parallel to the axis before striking the 
wall and will therefore dissipate additional energy there. The energy which 
the electrons lose in their elastic collisions is probably negligible,** but this 
cannot be true of their inelastic collisions which do not lead to ionization, those 
which do lead to ionization having already been counted at the wall. Certain 
unknown probabilities are involved in these processes but no new arc variables. 

The power immediately accounted for is thus 


2nal,[8.0T,/11,600-+ V,] watts. 


Applying this to two typical cases, a 1 amp and an 8 amp arc at low pressure* 
it is found that only 0.31 to 0.28 of the energy is accounted for in this way, 
necessitating a detailed investigation of the radiation loss and of the other more 
obscure factors. 

Schottky’s treatment of the positive column.—In his arc theory Schottky com- 
bines his plasma solution directly with the plausible assumption that NA is 
proportional to i,Z for different tube diameters to obtain the important result 
that arc gradient is inversely proportional to tube diameter if electron and ion 
mobilities remain constant. Certain experiments of Claude in neon in which 


“ Runs 35a and 37a of L and M-S, Part II, Table III. 
“)'W. Schottky, Phys. Zeits. 25, 635 (1924). 
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the product Za [Schottky’s (0V/0Z)-R] was found to be constant appear to 
confirm the original:‘assumption. The practical value of this treatment cannot 
‘be denied, but from a more fundamental point of view such a short cut evades 
some of the basic relations in an arc, all of which must be woven into any com- 
prehensive theory. 

' Stability and oscillations —The plasma balance equation represents an equi- 
librium but it is not obvious that it is a stable equilibrium. Instability of one 
type in a mercury cathode arc is certainly shown by its negative resistance. 
But there seem to be other possibilities also. Thus if we suppose that due to 
statistical fluctuations in the electron velocities the rate of generation of ions 
in a certain cross section of a positive column is momentarily +64 what will 
ensue? The plasma balance equation tells us that A+ 64 corresponds to a smaller 
tube diameter than A, that is, that the plasma field is stronger and that the ions 
will, consequently, flow out faster. But this increased field and increased po- 
sitive ion density result in an increased potential at the tube axis in this region, 
at least while the excess ions are flowing away. This, in turn, by unduly acce- 
lerating electrons causes further excess ionization in this cross-section. At 
the same time, to the anode side of this region there will be a deficiency of 
ionization, for there the arc gradient will be less than normal. Will such a lump 
of excess ionization be dissipated more rapidly than renewed? Will the general 
drift of ions toward the cathode carry it as a wave in that direction? 

If a positive column is maintained by an anode of such size that it has a nega- 
tive drop, there is an absolute potential maximum in the plasma near the anode. 
‘At that place one should expect to find more and more electrons trapped because 
of inelastic collisions made nearby. This would mean a progressive decrease 
in their effective temperature. Does the same mechanism which accomplishes 
the rapid recovery of a disturbed M. D. elsewhere in the positive column oper- 
ate in this region also, preventing the average electron energy from decreasing? 
Or do the electrons accumulate to a degree where new forces predominate 
which allow them to dissipate once more? 

A study along the lines indicated by these and possibly other similar ques- 
tions may lead to further insight into the oscillation behavior of arcs. 
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METASTABLE ATOMS AND ELECTRONS PRODUCED BY 
' RESONANCE RADIATION IN NEON 


With Cuiirton G. Founp as co-author 
Physical Review 
= Vol. XXXVI, No. 3, August (1930). 


IN sTuDIEs of arcs in pure neon at a few millimeters pressure, we have observed 
some phenomena which indicate that the resonance radiation from the arc 
can travel through the un-ionized neon beyond the end of the arc for distances 
of 20 to 30 centimeters, or more, and the absorption of this radiation produces, 
by excitation of the gas and by subsequent collisions of the second kind, meta- 
stable atoms at the rate of at least 10'S cm-$ sec~'. In these experiments the neon 
arc carrying currents of approximately one ampere was passed through a long 
tube between a hot cathode at one end of the tube and an anode placed near 
the center. One or more collecting electrodes were placed in the tube beyond 
the end of the arc, and, in some experiments, movable collectors were used 
whose distance from the end of the arc could be varied. 

The metastable atoms thus produced beyond the end of the arc diffuse 
into contact with the walls or with metallic electrodes and liberate electrons 
from the glass or metal surfaces which have velocities of the order of 5 or 10 
volts. The walls thus become positively charged and within the space there is 
a definite concentration of electrons. If a collector is maintained at, say, 70 
volts negative with respect to the anode, the electrons emitted by it serve as 
a measure of the concentration of the metastable atoms. The concentration 
of metastable atoms diffusing out of the arc should fall to 1/e** of its value every 
time the distance is increased by an amount equal to 0.4 of the radius of the 
tube. Within a few centimeters of the end of the arc this theoretical decrement 
is actually observed, but at greater distances the concentration of metastable 
atoms decreases far more slowly. 

_ The width of the line corresponding to the resonance radiation in the arc 
is far greater than that of the absorption line in the unexcited neon, which is 
determined mainly by the Doppler effect. Assuming this cause of broadening 
of the absorption line, it can be calculated that between parallel planes the 
energy absorbed per unit volume in the gas is inversely proportional to the 


[Epitor’s Note: This paper appears as Chapter Thirteen in the author’s book, Phenomena, 
Atoms and Molecules, Philosophical Library, 1950.] 
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distance from the source and thus, as the end of the arc is approximately a point 
source of this radiation, the rate of production of metastable atoms should 
vary approximately inversely as the cube of the distance from the end of the 
arc. The observed values are in accord with this theory. 

The electrons in the tube generated at the walls by the metastable atoms 
give to the neon a conductivity whose value can be measured, and from the 
known mobility of the electrons in neon gas, the concentration of electrons 
can be calculated. For low voltages on the collectors, the currents are deter- 
mined solely by this mobility of the electrons, and the volt-ampere characteristics 
for small currents are thus linear on both sides of the zero point. For larger 
negative voltages, the current becomes limited by the number of electrons 
that can escape from the collector. For sufficient positive voltages, the currents 
increase more rapidly than corresponds to the linear relationships, this being 
due to ions produced within the tube by the acceleration of the electrons. The 
experiments prove that these ions are produced by the ionization of metastable 
atoms rather than normal atoms, for the rate of production of ions varies ap- 
proximately with the square of the light intensity. These conclusions are con- 
firmed by experiments with a shutter placed beyond the end of the arc, which 
can cut off the radiation without interfering with the diffusion of atoms, ions, 
etc., past the shutter. It is thus proved that the production of metastable atoms 
is produced by light which travels only in straight lines. The fact that when 
the collector is positive the electron currents are also proportional to the light 
intensity proves that the electrons owe their origin not to photoelectric effect 
from the electrodes, but to the production of metastable atoms or excited atoms. 
Small disk-shaped collectors have also been used in which one side, which 
faces the source of resonance radiation, is covered with mica so that the exposed 
surface cannot receive radiation, and yet the electron current was nearly as 
great as if the mica were placed on the back side of the collector, proving that 
the electron currents are generated by metastable atoms which diffuse short 
distances to the electrode even when the resonance radiation does not reach 
the electrode itself. 

Since the electrons emitted by the collectors possess considerable initial 
velocities, and since these electrons make elastic collisions with the neon atoms, 
it is impossible to obtain a saturation current from these electrodes at these 
gas pressures, for electrons which diffuse back to the electrodes have sufficient 
energy to be reabsorbed by it. A theoretical investigation shows that in this 
case the current 7, that flows between any two electrodes is given by the equa- 
tion, 

4 loa ,. A ot 1 

= 3 TAC(V/Vo) log (i V/V) 
where F is the potential difference between the electrodes, V4 is the volt equi- 
valent of the velocity with which the electrons are emitted from the cathode, 
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I, is the theoretical saturation current density of the electrons emitted from 
the cathode, A is the mean free path of electrons, and C is the electrostatic capa- 
citance between the two electrodes (expressed in centimeters). Experiments 
show that this equation expresses well the volt-ampere characteristics of neigh- 
boring electrodes in neon exposed to resonance radiation. 


15° 
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With Ciirton G. Founp as co-author 


Physical Review 
Vol. XXXIX, No. 2, January (1932). 


ABSTRACT 


Experiments are described from which it is concluded that electrons are emitted from a nega- 
tively charged collector in the positive column of a neon discharge. The influences of conditions 
in the plasma and conditions in the sheath are separated and their influence on the formation of 
a cold cathode discharge considered. Measurements of currents to a negatively charged collector 
in un-ionized neon beyond the end of the positive column, with variation of position of the collector 
discharge current, and external conditions, support the theory that resonance radiation travels 
in straight lines over large distances beyond the end of the positive column. The absorption of 
this radiation and collisions of the second kind result in the formation of metastable atoms, which 
diffuse into contact with the walls or with metallic electrodes and there liberate electrons. 


Introduction 


A NuMBER of observers have found that currents to negatively charged elec- 
trodes in the positive column of a neon discharge exceed those predicted from 
the collector theory of Langmuir and Mott-Smith.1 Measurements of Uyter- 
hoeven? show that the observed current to a collector, in neon, at 150 volts 
negative to the surrounding space, is twice that calculated from the collector 
voltage and observed sheath thickness. The large observed current can be 
accounted for on the basis of a secondary electron emission from the collector. 
More recent results of Uyterhoeven and Harrington® show that at low pressures 
of neon from 15-50 per cent of the current to a negatively charged collector 
is due to secondary electron emission, the greater part of which is caused by 
uncharged particles which are probably metastable atoms. Oliphant‘ accounts 
for the high secondary electron emission by neutral particles, which he obtained 
with a discharge in helium, as being due to metastable atoms striking the elec- 
trode and thereby releasing electrons. 

Results of investigations with discharges in neon at 1 to 2 mm pressure 
indicate that electron currents of considerable magnitude leave a negatively 
charged electrode not only when the electrode is in the main discharge,’ but 

* Langmuir and Mott-Smith, Gen. Elect. Rev. 27, 449, 538, 616, 762, 810 (1924). 

* Uyterhoeven, Proc. Natl. Acad. Sci. 13, 32 (1929). 

* Uyterhoeven and Harrington, Phys. Rev. 36, 709 (1930). 

“ Oliphant, Proc. Roy. Soc. May, (1929). 

* Langmuir and Found, Phys. Rev. 36, 604 (1930). 
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also when the electrode is located in un-ionized neon at a distance as great as 
30 cm from the end of the positive column. The present paper gives the experi- 
mental evidence for the conclusion that these currents are actually electron 
currents and also gives results which indicate that the secondary electrons 
originate from bombardment by metastable atoms. 


Electrode in Positive Column 


Studies with the rectifier type of hot cathode neon tube which has been 
described by Found and Forney*® showed that a cold cathode discharge be- 
tween the anodes occurs when the voltage between the anodes is much lower 
in neon than for similar tubes filled with mercury. In order to investigate the 
processes involved in the break-down between the anodes, a d.c. discharge 
was passed through neon at 2 mm pressure between the hot cathode located 
at one end of the cylindrical tube of 2.5 cm diameter and 45 cm long, and one 
of the anodes. The anodes were iron cups 1.3 cm in diameter and 1.3 cm deep 
and were placed in side arms which extended at right angles to the main tube 
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Fic. 1. Neon tube No. 381. Discharge current = 3.0 amps. Tube volts = 69. 
Neon pressure = 2 mm. Second anode as collector. 


at the end opposite the cathode. The fronts of the anodes were 2.8 cm from 
the center of the main discharge. The second anode was used as a collector 
and the current to it measured as its potential was made increasingly negative 
with respect to the anode carrying the main discharge. The volt-ampere charac- 
teristics, given in Fig. 1, show that the current is not independent of the collector 


* Found and Forney, Trans. A. I. E. E. 47, 751 (1928). 
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voltage, as predicted from the theory of sheaths, but increases as the potential 
of the electrode is made increasingly negative. 

At voltages more negative than about —180 volts, the rate of increase of 
the negative current’ is much more rapid, approximating an exponential increase. 
In the voltage range, where the current increases rapidly, if the main cathode 
is disconnected, a cold cathode discharge is maintained between the collector 
and the anode. In order to maintain such a discharge, there must be an electron 
emission from the collector. That such an electron emission does exist is shown 
by the fact that when negative voltage on a collector within the positive column 
reaches the value at which the current increases rapidly, a dark space, resem- 
bling a Faraday dark space, is formed in the positive column on the anode side 
of the electrode. 


Effect of Electrons Injected into the Positive Column 


In order to connect the formation of a dark space with the emission of elec- 
trons, it is necessary to describe a phenomenon observed by the writers several 
years ago while measuring the potential distribution in a glow discharge. 

The tube in which the observations were made was a cylindrical glass tube 
6.5 cm in diameter. At each end of the tube was placed a flat disk-shaped alu- 
minum electrode which filled the cross section of the tube. The distance be- 
tween the electrodes was about 40 cm. The tube contained nitrogen at a pres- 
sure of 0.34 mm in which a d.c. discharge of 5 ma current passed between 
the electrodes. The cathode dark space of about 0.6 cm thickness was followed 
by the blueish cathode glow which extended about 1 cm. Beyond the cathode 
glow was the Faraday dark space for a distance of 13 cm. The remainder of 
the tube was filled with the reddish positive column which was striated, the 
distance between striations being about 3 cm. The voltage drop across the 
tube was about 750 volts, approximately half of which was cathode drop. A 
V-shaped tungsten filament of 1 cm length and 0.17 mm diameter was placed 
within the positive column about 5 cm from its cathode end (i.e., between 
the second and third striation). 

When the filament is heated to a temperature at which it emits electrons, 
if the potential of the filament is negative to the space surrounding it, elec- 
trons are injected into the discharge with a velocity corresponding to the dif- 
ference of potential between the filament and the space. The number of elec- 
trons injected can be controlled by the filament temperature and their veloc- 
ity by the voltage on the filament. It was found that when electrons with a 
velocity greater than that corresponding to about 100 volts were injected into 
the positive column of the nitrogen discharge, a dark space, similar to the 
Faraday dark space, was observed on the anode side of the point where the 


7 A negative current is defined as one in the direction of electrons leaving an electrode and 
positive current, one in the direction of electrons to an electrode. 
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electrons were injected. No change could be seen in the discharge on the cath- 
ode side of the filament. When the filament was connected directly to the main 
cathode, that is, the electron velocity corresponded to about 400 volts, it was 
found that an injected electron current of only 20 microamperes, or '0.4 per 
cent of the discharge current, caused the formation of a dark space, extending 
from the filament a distance of 8 cm toward the anode. The length of the newly 
formed dark space increased almost linearly with the number of injected elec- 
trons, approaching a limiting length equal to the Faraday dark space between 
the cathode glow and the positive column. The value of the injected electron, 
current, at which the limiting length of dark space was reached, was lower 
the higher the velocity of the injected electrons. For example, with 400 volt 
electrons the limit was reached with 20 microamperes of injected current, 
while with 100 volt electrons it required about 400 microamperes. 

The formation of the dark space, produced in the present experiment with 
neon, took place when the collector was about 150 volts negative to the space 
and increased in length as the collector voltage was increased. The close ana- 
logy between the two cases indicates that electrons of high velocity were being 
injected into the neon discharge when the collector was at high negative voltages. 


Tonization by Collision 


When electrons are emitted from an electrode into a gas the current from 
the electrode increases as the applied potential is increased. Dr. K. B. Blod- 
gett® has made observations on the increase of current in argon and finds when 
the electronic mean free path is small compared to the sheath thickness, that 
the current increases according to the relation 

i = 192" 
where #, is the electron emission from the cathode and n the number of ioniz- 
ing collisions within the sheath. When the sheath is thin compared to the mean 
free path the maximum increase of current with voltage corresponds to an 
arithmetic progression. 

The current from a collector in a neon discharge increases with voltage in 
a manner similar to that observed by Dr. Blodgett for argon. When the col- 
lecting electrode is in a region of low ionization, as is the case when the second 
anode was used as collector for curve of Fig. 1, the collector current increases 
exponentially with increase in voltage. This is shown in Fig. 3 in which the 
logarithm of the difference between the observed current of Fig. 1 and the 
positive ion current expected from space charge considerations is plotted against 
the voltage. The equation of this curve is 


i = 0.94 x 2(¥-2021 x 10-6 amps 


* K.B. Blodgett, Proc. Natl. Acad. Sci. 15, 233 (1929). 
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which, from analogy with Dr. Blodgett’s results, corresponds to an electron 
emission from the collector of 0.94 microamperes. 

Moreover, when the collector is in a region of intense ionization (i.e., when 
the sheath thickness is thin) the rate of increase of current decreases with in- 
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Fic. 2. Neon tube No. 19,800. Discharge current = 2.0 amps. Neon pressure 
= 0.7 mm. Collector is tungsten disk in positive column. 
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Fic. 3. Increase of negative collector current with voltage. Plotted from Fig. 1. 


creasingly negative voltages, approaching a limiting value as shown in the 
curve of Fig. 2, which is for a tungsten disk in the positive column of a discharge 
of 2 amps in neon at 0.7 mm pressure. 
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Analysis of Current-Voltage Curve 


The shape of the volt-ampere characteristic of a collecting electrode de- 
pends greatly on the intensity of the discharge and also on the pressure of neon. 
The electron emission from the collector is due to conditions in the plasma 
and the increase of current is governed by the conditions in the sheath. This 
is demonstrated in the curves of Fig. 4, which give the volt-ampere characteri- 
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Fic. 4. Collector characteristics as function of pressure. Neon tube No. 19,800. 
Discharge current 2.0 amps. Collector is tungsten disk in positive column. 


stics of a plane collector of 1.2 cm diameter at the center of a 5 cm diameter 
tube in which is a neon discharge of 2 amperes. Although at low voltages the 
collector current increases with pressure up to about 1 mm, and then decreases 
again at higher pressures, the rate of increase of current at higher voltages 
continues to increase as the pressure is increased. At low pressures the m.f.p. 
of the electrons is so high that ionization by collision cannot take place within 
the sheath. Since at high pressures the thickness of the sheath increases due 
to the decrease in collector current, and the m.f.p. of the electron is less, ioni- 
zation by collision within the sheath causes the collector current to increase 
rapidly. 

The following experiment shows that the shape of the current-voltage curve 
at low negative voltages is determined by conditions in the plasma, and at high 
voltages by conditions in the sheath. The collecting electrode was placed in 
a side arm at a distance of about 2.5 cm from the edge of the main discharge 
of 2.0 amps in neon at 2 mm pressure. Curve ABC of Fig. 5 gives the cur- 
rent-voltage curve for the collector. The side arm was then covered by a cloth 
which was cooled by means of liquid air, and a second voltage curve ABD was 
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obtained. The curve remained unaltered at low voltages (AB), showing that 
this portion of the curve was controlled by conditions in the plasma, which 
were not altered by cooling the region around the collecting electrode. Since 
a similar current increase at the higher voltages can be obtained by increasing 
the pressure of neon 50 per cent, as shown by the curve EFD for 3 mm pressure, 
we account for the rapid rise of current in this range of voltages by the increased 
density of gas in the region of the sheath, which permits more efficient ioni- 
zation by collision and hence a faster increase in collector current with voltage. 


Effect of Negative Currents on Formation of an Arc 


The results just described are important in the design of full wave recti- 
fiers in which there are two anodes and a cathode. In this type of tube, the 
maximum voltage at which the tube can operate is determined by the voltage 
at which a cold electrode discharge takes place between the two anodes. 

Whether or not a cold cathode discharge will take place is determined not 
by the current to the negative electrode, but by the rate of increase of the cur- 
rent with voltage. This is illustrated in the curves of Fig. 4 which give the current 
as a function of negative voltage on a collector in a neon discharge. 
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Fic. 5. Effect of pressure change on collector characteristics. Discharge current 
= 2.0 amps. 

Although the currents at 1.06 mm pressure are many times greater than 
those at 0.4 mm pressure, the curve at the former pressure is concave upwards 
over the total voltage range, while the curve at 4.0 mm pressure is concave 
downward, showing a very sharp rise of current with voltage at about —200 
volts, where the tendency to form a self-sustaining discharge is quite evident. 
When the anode is in a region of low ionization during the negative half cycle, 
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the positive ion sheath about it is large permitting multiple ionizing collisions 
and thus favorable conditions are produced for the initiation of a discharge 
between the anodes, as illustrated by the curve for 4.0 mm pressure. On the 
other hand, when the anode is in a region of such dense ionization that the 
sheath thickness is of the order of an electronic m.f.p., a secondary electron 
can produce only one electron within the sheath, and although the positive 
ion current to the anode may be high during the negative half cycle, no dis- 
charge wil] take place between the anodes as no cascading process of ioniza- 
tion can occur. ; 

Thus in a discharge tube containing a multiplicity of anodes, there is less 
tendency for an arc to form between the anodes when they are so placed that 
the electrodes, when negative, are in a region of intense ionization. However, 
in such position a great deal of bombardment is caused, and, consequently, a 
loss of electrode material by sputtering. 


Studies of Secondary Electron Emission 


The above experiments indicate that a negatively charged collector in the 
positive column of a neon discharge emits electrons, and it has been shown 
that these secondary electrons cause ionization by collision at relatively large 
negative voltages. In order to avoid the complications produced by ionization 
by collision, the following experiments to determine the source of secondary 
emission were performed with low negative voltages at which ionization by 
collision was negligible. 


Variation of Currents with Distance of Electrode 
from Discharge 


In order to study the variation of the currents to a negatively charged col- 
lector as a function of the concentration of ions, a tube of 2.5 cm diameter was 
used in which the collecting electrode could be moved along the tube from 
a position in the discharge to a distance of several cm beyond the anode end 
of the positive column. The curve in Fig. 6 is a plot of the log of the current 
in ma to a collector at a potential 75 volts negative to the anode, as a func- 
tion of the distance between the electrode and the anode end of the positive 
column. As the electrode is moved back from the discharge, the collector cur- 
rent decreases exponentially at first, but at distances greater than 5 cm from 
the discharge, the current decreases less rapidly. At short distances from the 
discharge where the collector current decreases exponentially, the same pro- 
cesses are involved in the production of current as are responsible for the cur- 
rent when the collector is in the main discharge. For, whether the current 
is due to reception of positive ions, secondary electron emission by metastable 
or excited atoms, or photoelectrons produced by resonance radiation (of short 
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free path) from the positive column, it will fall off exponentially according to 
the laws of diffusion. While most of the resonance radiation has a short free 
path, and will follow the laws of diffusion, there is, as will be pointed out in a 
later section, a small fraction which is not so strongly absorbed and, there- 
fore, will decrease according to some other law. The theory of diffusion down 
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Fic. 6. Variation of negative collector current with distance from end of positive co- 
lumn. Discharge current = 0.05 amps. Neon pressure = 1 mm. 


a long cylinder has been worked out by Schottky.® Assuming that all diffusing 
particles are destroyed when they reach the walls, the number of particles 
which diffuse per second across a cross-section of the tube at a distance Z from 
the origin as derived on the basis of Schottky’s theory by Langmuir and Comp- 
ton’? is . 

t = 3.26Dn,yae- 2-408 Z/a 


where 1, is the number of particles per cm’ at the origin; D the diffusion coeffi- 
cient; and a the radius of the tube. From the equation given above, it is seen 
that the exponential term alone determines the rate of decrease of intensity 
of the diffusing substance along the tube, and, since the attenuation constant, 
2.405 Z/a, involves only the tube dimensions and is independent of the absolute 
value of the diffusion coefficient, the rate of decrease is the same for all sub- 
stances which are destroyed when they reach the walls. Thus, due to diffusion, 
the collector current will be reduced to 1/10th value when the collector is mo- 
ved away from the plasma a distance equal to the radius of the tube. The solid 


* Schottky, Phys. Zeits. 25, 635 (1924). 
1° Langmuir and Compton, Rev. Mod. Phys. 3, 212 (1931). 
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straight line in Fig. 6 represents such a decrease for this tube, and it is evident 
that the large currents at distances greater than 5 cm cannot be accounted for 
by diffusion from the discharge. 


Currents not Caused by Diffusion 


Experimental proof, that the large currents at great distances from the dis- 
charge are not due to diffusion, is supplied by the following experiment. In 
the tube used, the main discharge current of about 1 amp took place in neon 
at about 1 mm pressure between a hot cathode and anode. One collector b 
is placed in the main tube 15 cm beyond the anode end of the discharge; a 
second collector d of the same area as b is placed in a side tube which is atta- 
ched to the main tube at a point about 5 cm from the anode end of the discharge- 
The position of d in the side tube is such that it is the same distance from the 
discharge as 5. Since the mean free path of electrons, positive ions, atoms and 
most of the resonance radiation is small compared to the dimensions of the 
tube, diffusion should be the same in the side tube as in the main tube. How- 
ever, with the collector 75 volts negative to the anode, the current to d in 
the side tube is less than 1/1000th of that to 5 in the main tube. Thus, the larger 
collector currents to b cannot be due to diffusion of ions, metastable atoms 
or resonance radiation, but are caused by something, having a long free path, 
and which, therefore cannot diffuse around the corner into the side tube. 

That these large currents to b are observed only when light from the dis- 
charge can reach the neighborhood of this collector is indicated by a second 
experiment arranged as follows. At a distance of about 6 cm from the end of 
the neon positive column, the main tube, which had a diameter of 2.5 cm, was 
expanded into a bulb of 8 cm diameter, and beyond the bulb the tube diame- 
ter was again 2.5 cm. At a distance of 5 cm beyond the bulb, a collector of 1.9 
cm diameter was placed in the axis of the tube. The side of the collector away 
from the discharge was backed with mica so that only the collector surface 
was facing the discharge. In the center of the bulb was a nickel disk of 3.75 
cm diameter, which could be rotated about an axis perpendicular to the axis 
of the main tube. The disk was so mounted that when it was at right angles to 
the axis of the tube, it shadowed the collector completely from the main dis- 
charge. Since the shutter area was less than 1/4 the cross section of the bulb, 
it is apparent that the orientation of the shutter could have little or no effect 
on diffusion from the discharge to the collector. With the collector 75 volts 
negative to the anode, it was found that when the collector was shadowed from 
the discharge by the shutter (the shutter at right angles to the axis of the tube) 
the collector current was reduced to an extremely small value compared to 
that observed when the shutter was parallel to the axis and the collector could 
“‘see” the discharge. Also, as the angle of the shutter was changed, the effect 
varied as the direct rays from the positive column were intercepted by the 
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shutter. Since positive ions, metastable atoms and electrons all have a short 
m.f.p., one is forced to conclude from the above observations that the secondary 
electron currents from a collector facing the discharge, but situated at a distance 
of several cm from it, are caused by some kind of radiation which originates in 
the discharge and which can travel long distances without change of direction. 


Variation of Collector Currents with Discharge Currents 


The variation of negative collector currents with change of discharge cur- 
rent is shown in Fig. 7, from which it is seen that when the collector is at the 
edge of the discharge, the current to it increases almost linearly with the dis- 
charge current. When the collector is at a distance of 7.5 cm from the plasma, 









































Fic. 7. Variation of negative collector current with discharge current. Neon pres- 
sure = 1mm. 


the current to it increases to a maximum value at a discharge current of 0.5 
amps. With still higher discharge currents the collector current decreases, 
approaching a constant value when the discharge reaches 1 amp. Since the 
results of the previous section show that diffusion from the plasma can con- 
tribute less than 1 per cent of the current observed when the collector is at a 
‘distance of 7.5 cm, it is obvious from the curves of Fig. 7 that the negative 
currents to a collector in un-ionized neon several cm from the plasma do not 
originate from the same source as the negative currents due to diffusion of 
particles from the plasma. The shape of the curve of Fig. 7 for 7.5 cm is very 
similar to the curve of Fig. 8, which gives the variation with discharge current 
of the concentration of metastable atoms in the positive column of a neon dis- 
charge as measured by Kopferman and Ladenburg™ by anomalous dispersion. 


™ Kopferman and Ladenburg, Zeits. f. Physik 48, 26 (1928); Zeits. f. physik Chem. Haber 
Band 375 (1928). 
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This similarity suggests that the currents at large distances beyond the plasma 
are due to metastable neon atoms, or that their production is governed by the 
same conditions which govern the production of metastable atoms in the po- 
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Fic. 8. Concentration of metastable atoms as function of discharge current (Kop- 
ferman and Ladenburg). 
sitive column. Moreover, in the present results, as well as in those of Kopfer- 
man and Ladenburg, the position of the maximum shifts to lower discharge 
current densities as the gas pressure and the tube diameter are increased. 


Discussion of Possible Sources of Secondary Electrons 
from a Collector in Un-ionized Neon 


We have seen that the currents to a negatively charged collector at relatively 
long distances from the plasma are much greater than can be accounted for by 
diffusion of positive ions from the plasma. Also, these currents cannot be due 
to secondary emission by metastable atoms from the discharge as the number 
diffusing down the tube would fall off according to Schottky’s diffusion law since 
they have a short m.f.p. and are destroyed when they come in contact with the 
walls. Since these collector currents appear to be so closely connected with the 
concentration of metastable atoms in the discharge, it may prove helpful to” 
consider the processes responsible for the formation of these metastable atoms. 

A normal neon atom is excited to resonance when an electron with a velocity 
corresponding to 16.6 volts collides with it. Because of the very short m.f.p., 
or high absorption coefficient of resonance radiation in normal gas," this radia- 

18 According to classical theory (R. Ladenburg, Ber. d. D. Phys. Gesell. 16, 770 (1914)) the 


absorption coefficient of a gas for resonance radiation is given by 

Ne 

Vemny 
where N is the number of atoms in the normal state, v) the frequency of the resonance radiation, 
v the average velocity of the gas atoms, ¢ the charge and m the mass of an electron. Substituting 
the numerical values for neon resonance, we find ay = 1.55x 10* or the m.f.p. for resonance radi- 
ation in neon at 1 mm pressure equals 6.45x 10-* cm. 





a = 





vy Google 


240 Study of a Neon Discharge by Use of Collectors 


tion is absorbed and re-emitted millions of times before it reaches the walls, 
and as practically all of the time is spent in the excited state, a collision of the 
second kind is almost certain to take place which will result in a transition from 
the resonance to an adjacent metastable level. This is more probable since 
the energy involved in such a transition corresponds to only 0.05 volts. Thus, 
if the metastable atoms in the plasma and the collector currents at large dis- 
tances from the plasma have a common origin, we must look for the origin 
in the resonance radiation from the main discharge. If the m.f.p. of the reso- 
nance radiation is as short as given by classical theory, it cannot travel great 
distances, and since it is absorbed by the walls it will have the same attenuation 
constant as electrons, positive ions and metastable atoms. However, although 
little is known of the properties of the neon resonance lines (about 740A) it 
is safe to assume from experiments with mercury of R. W. Wood!* that the 
emission line is much broader than the absorption line. The absorption coeffi- 
cient mentioned above applies only to the center of the resonance line, and 
the radiation from the edges of the broadened resonance line will have a much 
lower coefficient and will be able to travel large distances. When this broadened 
resonance radiation, which travels down the tube, is finally absorbed, most 
of it will be re-emitted as a narrow line which is strongly absorbed. Conse- 
quently, such a process consists in the transormation of radiation having a long 
free path to radiation which has a short free path or high absorption coefficient. 
Due to the fact that the re-emitted radiation has a high absorption coefficient, 
only that radiation re-emitted very close to the electrode will be incident on it. 
Also, as described above, the production of metastable atoms from the re-emit- 
ted, strongly absorbed resonance radiation, by collisions of the second kind, 
will be high. The metastable atoms, so formed, will strike the electrodes and 
glass walls of the vessel, and, as shown by Oliphant and Uyterhoeven, wilt 
cause a secondary electron emission from the electrode which would accounl 
for the large currents observed when the collector is at great distances from the 
positive column. The mathematical derivation of this theory, which will be 
presented in detail in a subsequent paper, leads to the following expression 
for the energy E absorbed per unit volume per second at a distance x from 
the source of resonance radiation. 
r? T 1/2 
E=5.9x10 ee ee 

where ay is the absorption coefficient of the resonance radiation of frequency 
¥; I, is the density of resonance radiation per unit volume per unit frequency 
at end of positive column, M the molecular weight, and T the temperature of 
the gas, and r the radius of the tube. 

Since a x is an extremely large number, the expression under the square 
root sign varies only slightly with change in x. It is seen that the energy ab- 


18 R. W. Wood, Phil. Mag. 44, 1111 (1922). 
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sorbed, and hence the number of metastable atoms formed, decreases inver- 
sely as the third power of the distance from the positive column. Experimental 
results are in good agreement with this relation. 

Of course, the electron current from the collector could be attributed di- 
rectly to photoelectron emission by the broadened resonance line. While such 
photoelectrons are undoubtedly emitted, experiments which will now be de- 
scribed indicate that the chief cause of the currents at large distances is the 
formation of metastable atoms by the resonance radiation rather than the reso- 
nance radiation itself. 


Positive Currents to a Collector 


When a collecting electrode, 10 cm or more from the end of the positive 
column, is made positive, it is found that there is a current in the direction 
of electrons to the electrode (positive current) of the same order of magnitude 
as the negative current. The fact that these positive currents vary with the 
discharge current in exactly the same way as the negative currents indicates 
that both originate from a common cause. It is very improbable that photo- 
electric currents of any measurable magnitude come from the glass. It seems 
more plausible to assume a secondary emission from the walls because of bom- 
bardment by metastable atoms which establishes a definite concentration of 
electrons in the space between the collector and the discharge and thereby 
gives it a definite conductivity. 


Effect of Radiation from an External Neon Light 


Penning" has shown that the addition of a slight trace of gas, such as ar- 
gon, which has an ionization potential less than the energy of the metastable 
state of neon, lowers the arcing voltage of neon. This he attributes to ioniza- 
tion of the added gas by the metastable atoms of neon. Furthermore, he has 
demonstrated! that the arcing voltage of such a tube containing a trace of argon 
is increased when subjected to radiation from an external neon tube. This 
increase is accounted for by the destruction of neon metastable atoms by the 
radiation, and hence a decrease in the amount of ionization of the argon. Pen- 
ning’s curves show that these changes in break-down voltage occur only in 
the pressure range in which the break-down voltage for pure neon increases 
with increase of pressure, that is, in the range where the breakdown is deter- 
mined by the energy which an electron gains between collisions with gas atoms. 
Under these conditions, the presence of positive ions causes a redistribution 
of the electric field between the electrodes, which increases the voltage gradient 
at the cathode, thus permitting an electron to gain sufficient energy between 
collisions to ionize, although the voltage impressed between the electrodes 
“4 Penning, Zeits. f. Physik 45, 335 (1928). 

% Penning, Zeits. f. Physik 57, 723 (1929). 


16 Langmuir Memorial Volumes V 


Google 


242 Study of a Neon Discharge by Use of Collectors 


is lower than for break-down in pure neon. In other words, the presence of 
positive ions is equivalent to a reduction of distance between the electrodes. 
At low pressures where the break-down voltage increases with decrease of 
pressure, the electrons gain sufficient energy between collisions to ionize, but 
ionization is limited by the frequency of collision of the electrons with gas 
atoms. Consequently, the presence of positive ions will have practically no 
effect on the starting voltage, as is shown by Penning’s curves at these pres- 
sures. 

Since the function of the positive ions is to change the field distribution, 
it is evident that a slight change in the positive ion concentration will result 
in a comparatively large change in break-down voltage. Such an amplified 
action is necessary to account for the large increase in starting voltage when 
the tube is irradiated by outside neon light. 

The strong lines in the visible radiation of neon arise from transitions be- 
tween ten closely grouped levels of the neon atom and four lower levels, two 
of which are resonance levels and two metastable levels. If metastable neon 
atoms are exposed to radiation from a second neon tube, some will be raised 
to one of the ten higher levels, from which they cannot return directly to the 
normal state, but must return first to one of the four intermediate levels unless 
they absorb radiation of a second frequency which will raise them to a still 
higher level, from which it may be possible to return directly to the normal 
state. However, the probability of such a double absorption is extremely small 
and very few metastable atoms will be destroyed by this process. Most of the 
metastable atoms which have been raised, by absorption of radiation, to a 
higher level will return to a metastable level but some will go to a resonance 
level, from which they will return to normal with emission of resonance rad- 
iation. This does not indicate that atoms returning to normal in this manner 
cause an appreciable decrease in the concentration of metastable atoms, for, 
as pointed out above, the resonance radiation is strongly absorbed and by 
collisions of the second kind, metastable atoms are again formed. From these 
considerations it is quite evident that radiation from a second neon light cannot 
ordinarily be very effective in destroying metastable atoms. 

In view of Penning’s results, volt-ampere characteristics of a collector were 
taken when radiation from an external neon light fell on the un-ionized neon 
between the positive column and a collector placed 25 cm from the discharge. 
Such characteristics are given in Fig. 9 and show that although the collector 
currents at low voltages are only slightly decreased by the irradiation, at higher 
negative voltages, where the electric field is important, the decrease in current 
with radiation is much larger. 

Moreover, not only the negative currents, but also the positive currents 
are decreased, proving that both are due to, or at least influenced by, the con- 
centration of metastable neon atoms. By confining the external radiation to 
small regions of the space between the collector and the discharge, it was shown 
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that the decrease in collector current took place when the irradiated region 
was close to the collector. Thus, the collector currents are caused chiefly by 
metastable atoms, formed close to collector, which reach it through diffusion. 
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Fic. 9. Effect of radiation from external neon lamp operating at 3 amp on collector 

currents. Tube No. 20,091, diameter = 5 cm. Discharge current = 0.5 amp. Neon 

pressure = 1.75 mm. Collector 25 cm from end of positive column (a) without and (b) 
with external radiation. 


No decrease in collector current was observed when the source of external 
radiation was other than a neon tube. Irradiation by helium, mercury and 
argon discharges, as well as by an incandescent lamp caused no change in col- 
lector current. 


Effect of Orientation of Collector 


The conclusions reached above as to the origin of the collector currents 
are confirmed by the results of measurements in which the collectors were two 
disks of exactly the same size, placed with their planes perpendicular to the 
axis of the tube in a 2.5 cm diameter discharge tube at a distance of 10cm from 
the positive column. One of the disks 6 was covered with mica on the side 
facing the source of resonance radiation so that the exposed surface could receive 
no direct radiation. The second disk d was covered [with mica on the opposite 
side. From the curves of Fig. 10 it is seen that although 6 could receive no direct 
radiation from the discharge, its currents were of the same order of magnitude 
as those to d. Jf radiation is the cause of secondary electron currents, one would 
expect the current from d, which is exposed to all the radiations reaching that 
cross-section of the tube to be much greater than the currents from b which is 
exposed to only that radiation absorbed, and subsequently re-emitted in the 
region immediately back of the collectors. On the other hand, on the assumption 
that the secondary emission is due to metastable atoms formed by the resonance 
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radiation, the currents from both electrodes would be proportional, not to 
the resonance radiation reaching them, but to the resonance radiation absor- 
bed close to them, which would not differ greatly for the two cases. 
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Fic. 10. Collector [currents to electrode facing toward and away from discharge. 

Tube No. 23,459, diameter 5 cm. Discharge current = 1.0 amps. Neon pressure 

=0.37 mm. Collectors 10 cm from end of positive column. d faces discharge, b away 
from discharge. 


Preparation of Tubes and Purity of Neon 


The tubes used were baked out at high temperature and all metal parts 
were thoroughly degassed both by high frequency and discharge bombard- 
ment. The tubes were also operated for long periods of time with a discharge 
at low pressure. This was found a very effective method of freeing the glass 
walls and metal parts of gases which might be left after the heat treatment. 
Moreover, the high amperage discharges, which were used, clean up impuri- 
ties very rapidly. After the above treatment, neon was admitted into the tube. 
Before being admitted to the tube, the neon was purified by means of a mag- 
nesium arc and after admission was purified by running a discharge at high 
current for several hours, os 

C. Kenty'® has attributed results with similar apparatus to a photoelec- 
tric effect of the resonance radiation and ionization of traces of impurities by 
metastable neon atoms. However, we believe that the results reported in this 
paper are characteristic of pure neon. We are led to this belief. by the change 
in volt-ampere characteristics of a collector in un-ionized neon, when a min- 
ute amount (0.10 per cent) of an impurity, such as argon, is added. When the 


16 C. Kenty, Phys. Rev. 38, 377-8 (1931). 
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collector is negative, the addition of argon causes very little change either in 
the shape of the curve or the order of magnitude of the currents. However, in 
the range of voltage where the current passes from negative to positive, the 
transition is very much steeper for the admixture and on the positive side the 
rate of current increase is from ten to one hundred times that for pure neon. 
If the original characteristics are due to impurities, an increase of impurity 
might be expected to change the magnitude of the effect, but the change in 
form of the volt-ampere characteristics indicates that the addition of argon 
brings in a new phenomenon. Moreover, when the admixed argon is absorbed 
in charcoal immersed in liquid air, the volt-ampere characteristic obtained is 
the same as before the argon was admitted. A more complete account of the 
effect of addition of gases will be reserved for a future publication. 


Summary 


From the experimental evidence described, we have been led to the conclu- 
sion that the resonance radiation from a neon arc can travel distances as great 
as 20 to 30 cm through un-ionized neon. The absorption of this radiation by 
the normal neon atoms results in the formation of excited neon atoms, which, 
by subsequent collisions of the second kind, arrive in the metastable state. 
The metastable atoms thus produced diffuse to the walls and metal electrodes 
and there liberate secondary electrons from both types of surfaces. 

The writers are pleased to have this opportunity to express their apprecia- 
tion for the assistance of Dr. P. Lowe in making many of the measurements. 
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